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Abstract

We propose the constant h := ‖Z‖ + 1, for a given matrix norm, to
separate two eigenvalues which have the same modulus. This constant
allows us to generalize the theorem of convergence of the QR Francis
method [4] for a matrix Z which has distinct eigenvalues. This constant
implies the convergence of the QR method for Godunov matrix.
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1 Introduction

Let Cn×n (resp. Rn×n) be the complex (resp. real) algebra of square matrices of
order n with complex (resp. real) entries. The identity matrix will be denoted
by I and the null matrix by O.

Theorem 1.1. The Schur form
Any square complex matrix is unitary similar to an upper triangular one.

Proof. See [4].

Theorem 1.2. The convergence of the QR Farncis method
Let Z1 be a square matrix with eigenvalues of distinct modulus. In the QR

algorithm Francis and Kublanovskaya, starting from Z1 we define the sequences
of matrices

Zk = QkRk, and Zk+1 = RkQk

for (k = 1, 2, . . .), where Qk are unitary and Rk are upper triangular. So the
sequence (Zk)k≥1 generated from above converges to an upper triangular matrix
when k → ∞.
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Proof. See [10].

The purpose of this article is to propose a constant to separate two eigen-
values which have the same modulus. This constant allows us to generalize
the theorem of convergence of the method of Francis for a matrix having real
eigenvalues.

2 Origin of the QR algorithm [6]

The QR algorithm dates back to the Rutishauser in 1955 [7] was the first to
propose what is now known as the LR algorithm to determine the eigenvalues
of a matrix. He proposed that for a tridiagonal matrix T one could do an LR
factorization and multiply back in reverse order. In 1958 Rutishauser [8] intro-
duced a shift to speed the convergence. However, this algorithm is unstable if
the matrices are not positive definite. In 1961 Kublanovskaya [5] and Francis
[2, 3] independently proposed to use the stable QR decomposition instead of
the LR decomposition. Francis went on to propose the shift and the reduction
to Hessenberg form. The connection between the QR algorithm and the inverse
power iteration is first mentioned in Stewart 1973 [9]. The connection with
the power method was known right from the beginning. The overall stability
theory for the QR algorithm was given by Wilkinson in 1965 [10, 11].

2.1 The explicit QR algorithm with shifts [6]

The explicit QR algorithm with shifts can be written as follows:
Let Z0 = Z, and let k = 1, 2, 3, ... then given shifts κk

Zk − κkI = QkRk

Zk = QkRk + κkI.

Notice that the iterates satisfy

Zk+1 = RkQk + κkI
= Qk(Zk − κkI)Qk + κkI
= QkZkQk.

2.2 The Implicitly shifted QR algorithm [6]

The explicit QR algorithm computes the general Schur decomposition for a
complex matrix. However, complex arithmetic is expensive and for this reason
it is preferable to determine the ”real” Schur decomposition. With this tech-
nique we move all the complex arithmetics to the eigenvectors and we leave the
QR algorithm in real form. The real Schur form replaces the triangular matrix
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T with a quasi-triangular matrix T with 2× 2 blocks along the diagonal. The
blocks contain pairs of complex conjugate eigenvalues.This is achieved through
a technique called ”implicit shifting”. The implicit shifted QR algorithm was
first proposed by Francis [2, 3].

3 A technique to have a convergence for the

QR algorithm

Suppose that the matrix Z has eigenvalues of equal modulus. We know that if
Z has two eigenvalues λ1 and λ2 such that |λ1| = |λ2|, the convergence of the
QR algorithm is not guaranteed. Our goal is to separate λ1 from λ2 in such a
way that |λ1| �= |λ2|. Let h := ‖Z‖+1. This constant separates two eigenvalues
λ1 and λ2 which have the same sign or such that one is the conjugate the other
for which |λ̃1| �= |λ̃2|, so in two cases we have two distincts eigenvalues.

Our shift proposed to do:

1. In the begining of our program we must do:

Z1 = Z + (h + ih)I.

2. Use the Francis QR algorithm to find eigenvalues of Z1

3. From the end of program we must do:

Vp(Z) = Vp(Z1) − (h + ih).

4 The convergence of QR algorithm for our

shift

Lemma 4.1. Let Z be a matrix which has distinct real eigenvalues {λ1,λ2,λ3,
. . . , λn}. Z+(h+ih)I has eigenvalues {λ1+h+ih, λ2+h+ih, λ3+h+ih, . . . , λn+
h + ih} of distinct modulus.

Proof. Since for i �= j, λi �= λj so λi +h, λj +h are positive and |λi +h+ ih| �=
|λj + h + ih|.

Lemma 4.2. Let Z be a matrix having distinct eigenvalues {λ1, λ2, λ3, . . . , λn}.
If for any l �= j, λl = al + ibl and λj = aj + ibj such that

1. |λl| = |λj| and al + bl �= aj + bj,

2. |λl| �= |λj| and |λl|2 − |λj|2 �= 2h(aj + bj − al − bl).

Then Z + (h + ih)I has eigenvalues {λ1 + h + ih, λ2 + h + ih, . . . , λn + h + ih}
of distinct modulus.

Proof. The proof is immediate.
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5 Numerical evidence

We tested the following examples were be tested with mathlab 6.5., and we
compared the residual

√
‖Z − QkTkQ∗

k‖2 + ‖I − QkQ∗
k‖2 ≤ 10−12

to stop each program.

Example 5.1.

Z =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 2 3 1 2 1 1
2 −1 3 1 2 1 1
2 −1 3 0 0 0 0
1 1 2 0 2 1 1

−1 2 −6 0 −3 1 1
−1 −1 −2 −1 −1 1 0
−3 −1 −1 −1 0 −2 −3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

By using the function schur() in matlab 6.5 the matrix T∞ is

T∞=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

4.0000 −4.2373 −0.1306 1.0940 0.7744 −4.8144 5.3380
−4.0000 −2.3517 −1.0447 −1.8105 −0.3313 0.1313

2.0000 1.8211 0.8028 −0.7566 3.9072
1.0000 2.2459 −2.6197 2.2914

0 0.3217 −1.1703
−2.0000 0.3195

−1.0000

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

and T∞ from the QR Francis algorithm using the our shift is

T∞=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

4.0000 1.4246 −1.3375 1.9093 −2.3076 −4.0588 −6.4945
2.0000 −1.9282 0.6046 −3.9617 −2.1302 0.8586

1.0000 −2.1290 1.5510 3.0888 0.6975
0.0000 0.9094 0.3088 1.8844

−1.0000 0.1848 1.1691
−2.0000 0.8155

−4.0000

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Example 5.2.

Z = gallery(’circul’,4) =

⎡
⎢⎢⎣

1 2 3 4
4 1 2 3
3 4 1 2
2 3 4 1

⎤
⎥⎥⎦
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T∞ from the function schur() is

T∞ =

⎡
⎢⎢⎣

10.0000 −0.0000 0.0000 −0.0000
0 −2.0000 2.0000 −0.0000
0 −2.0000 −2.0000 −0.0000
0 0 0 −2.0000

⎤
⎥⎥⎦

and T∞ from the QR Francis algorithm using the our shift is

T∞=

⎡
⎢⎢⎣

10.0000
−2.0000+2.0000i

−2.0000
−2.0000−2.0000i

⎤
⎥⎥⎦ .

Example 5.3.

Z =

⎡
⎣

0 0 1
0 1 0

−1 0 0

⎤
⎦

T∞ from the function schur() is

T∞ =

⎡
⎣

0 1 0
−1 0 0

0 0 1

⎤
⎦

and T∞ from the QR Francis algorithm using the our shift is

T∞ =

⎡
⎣

1.0000i 0 −0.0000 + 0.0000i
1.0000 0

−1.0000i

⎤
⎦ .

Example 5.4 (Godunov matrix). Let ZG = B−1AB, where

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 μ11 μ8 μ7 μ6 μ5 μ4

−2 μ10 μ9 μ8 μ7 μ5

4 μ9 μ10 μ8 μ6

0 μ9 μ9 μ7

−4 μ10 μ8

2 μ11

−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0 1
1 0 1
0 0 0 1
0 0 1 0 1
1 0 0 0 0 1
0 1 1 0 1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

This matrix ZG is called Godunov matrix if μ = 2. Evidently, ZG has the
eigenvalues {±4,±2,±1, 0}.

Lemma (4.1) proves that the matrix Z + (h + ih)I has the eigenvalues of
distinct modulus. But unfortunately Matlab 6.5 cannot calculate its eigenvalues
using Schur function or using QR Francis with our shift because Matlab. Using
Schur() one gets the diagonal of T∞ as follows:
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Approximate eigenvalues
4.8 + 0.4i
1.8 + 2.7i
2.9 - 2.2i
-2.5 + 2i
-4.6 - 0.3i
-1.4 - 2.5i

-1

and with QR Francis using our shift one sets the diagonal of T∞ as follows:

Approximate eigenvalues
7.5 + 5.5i
3.8 + 9.5i
5.2 - 2.3i

-6.1 + 2.4i
2.9 - 5.1i

-16.7 + 5.6i
3.4 - 15.6i

Because of the commands “Digite”, and the “QRdecomp” in Maple (Ver. 12),
we have calculate the eigenvalues of ZG + (h + ih)I, where h = ‖Z‖ + 1. Af-
ter 40000 iterations the eigenvalue approximations are shown in the following
table:

Exact eigenvalues Approximate eigenvalues
-4 -3.9976830300
-2 -1.9948044292
-1 -0.9975232699
0 0.0002970519
1 0.9980617716
2 1.9945015038
4 3.9977445054

The corresponding errors are all less than or equal to 0.55 × 10−2. To get
better we take 50000 iterations or we use the algorithm with Matlab which was
proposed in [1].

Remark 5.5. The speed of convergence of the QR algorithm determined
essentially by the quantities |λi+1−(h+ih)

λi−(h+ih)
|. If max |λi+1−(h+ih)

λi−(h+ih)
| is close to unity,

then convergence is slow. Using h = ‖Z‖+ 1, max |λi+1−(h+ih)
λi−(h+ih)

| ∼= 0.99925 < 1.

If we take h = 5 we have max |λi+1−(h+ih)
λi−(h+ih)

| ∼= 0.86 < 1 and after 10000 iterations
the eigenvalue approximations are shown in the following table:
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Exact eigenvalues Approximate eigenvalues
-4 -4.0000000011
-2 -2.0000000255
-1 -1.0000000887
0 0.0000001343
1 0.9999998975
2 2.0000000342
4 3.9999999980

The corresponding errors are all less than or equal to 13.43 × 10−8.

6 Conclusion

We conclude that if a matrix Z ∈ Cn×n has a very big norm, and has distinct
eigenvalues which are very closed to each other after adding (h+ ih)I to Z then
the quantity

max
i

|λi+1 − (h + ih)

λi − (h + ih)
|

is closed to 1 and the convergence of QR algorithm is very slow.
ACKNOWLEDGEMENTS. The quality of this experiment was greatly

enhanced by the gracious assistance of Mario AHUES and Alan Largillier in
university of Jean Monnet in Saint Etienne, France. I offer my sincerest grat-
itude to them, who have supported me with his patience.

References

[1] M. Ahues, M. Hama and A. Largillier, Newton methods for refining Schur
and Gauss triangular forms, I.J.P.A.M., 65 No.2(2010).

[2] J.G.F. Francis , The qr transformation part i, Computer Journal,
4(1961)135-148.

[3] J.G.F. Francis , The qr transformation part ii, Computer Journal,
4(1962)332-345.

[4] G. H. Golub and C. F. Van Loan, Matrix Computations, The Johns Hop-
kins University Press, Baltimore, MD, 3rd edition, 1996.

[5] V.N. Kublanovskaya, On some algorithms for the solution of the complete
eigenvalue problem, USSR Computational Mathematics and Mathematical
Physics, 1 (1961)269-304.

[6] M. Latini, The QR Algorithm, A Lecture on Web,February 26, 2004.



72 M. F. Hama
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