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Abstract

In this paper we studied M-small principally projective modules
(In short, M-sp-projective modules) which is the dual notion of M-
sp-injective modules and generalization of M-projective modules. We
provide an example of a M-sp-projective modules which is not M-
projective. We also study some properties related to Summand In-
tersection Property(SIP) and Hopfian modules.
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1 Introduction:

Through out the paper rings are associative with identity and modules are
unitary right R-modules. Let M and N be two R-modules. A module N is
called M-generated, if there is an epimorphism M) — N for some index
set I, if I is finite then NN is called finitely M-generated. In particular, a
submodule N of M is called an M-cyclic submodule of M, if it is isomorphic
to M/L for some submodule L of M, or equivalently to say that there exists
an epimorphism from M to N. A submodule K of an R-module M is said
to be small in M, written as K << M, if for every submodule L C M with
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K+ L = M implies L = M. A non-zero R-module M is called hollow, if every
proper submodule of it is small in M. In [5] Sanh et.al gave the idea of M-
principally injective modules. A module N is called M-principally injective,
if every R-homomorphism from an M-cyclic submodule of M to N can be
extended to an R-homomorphism from M to N. A module M is called quasi
principally (or semi) injective, if it is M-principally injective. In [6] Tansee
and Wongwai studied the M-principally projective modules. In this paper we
introduce the notion of M-small principally projective modules and quasi small
principally projective modules which is abbreviated as M-sp-projective and
quasi-sp-projective modules. In this paper we study M-sp-projective module
and M-sp-projective rings. For undefined notation and terminology see [1].

2 M-Small Principally Projective Modules

Definition 2.1 A module N is called M-small principally projective module,
iof for every small M-cyclic submodule K of M any homomorphism from N to
K can be lifted to a homomorphism from N to M. If M is M-small principally
projective module (In short M -sp-projective) then it is called quasi-small prin-
cipally projective module and the ring R s called small principally projective
ring, if Rr as a right small principally projective R-module.

We now give some example of M-sp-projective modules.

Example 2.2 (1) Z/4Z is Z-sp-projective module but not Z-projective.
(2) Every M-principally projective module is M-sp-projective module.
(3) Every semi-simple module is M-sp-projective module.

Lemma 2.3 Fvery direct summand of M -sp-projective module is an M -sp-
projective module.

Lemma 2.4 Let L C N C M be R-modules:
(1) If L<< N, N << M then L << M;
(2) If L << N and N C® M then L << M.

Lemma 2.5 Let L C N C M be R-modules. If L is an N-cyclic submodules
of N and N is an M-cyclic submodule of M, then L is an M -cyclic submodule
of M.

Proof : Straightforward.
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Lemma 2.6 Let L C N C M be R-modules. If L is small N-cyclic submod-
ules of N and N is small M-cyclic submodule of M then L is small M-cyclic
submodule of M.

Proof : Applying lemmas (2.4) and (2.5) we get the proof.

Proposition 2.7 (1) Let A, B and X be an R-modules with A = B. If A is
X -sp-projective module then B is X -sp-projective module;

(2) Let X, Y and M be R-modules with X = Y. If M is Y -sp-projective
module then M 1s X -sp-projective module.

Proof : Straightforward.

Corollary 2.8 Let N and M be two R-modules. N is M -sp-projective module
if and only if N is X -sp-projective for any small M-cyclic submodule X of M.

Proposition 2.9 &', M; is M-sp-projective module if and only if each M; is
M -sp-projective module.

Corollary 2.10 FEwvery direct summand of M-sp-projective module is an M-sp-
projective module.

Remark 2.11 Projective = quasi-projective = quasi-principally projective =
quasi-sp-projective.

Here, we study some property of quasi-sp-projective modules.
A module M is said to have the Summand Intersection Property (SIP) if the
intersection of any two direct summands of M is a direct summand of M.

Proposition 2.12 If a quasi-sp-projective module M has the SIP, then for
any direct summands A and B of M, A+ B is sp-projective module.

Proof : Suppose that M is quasi-sp-projective and has the SIP and let A
and B be any direct summands of M. Let M = (AN B) @ K for some
K C M. Then A = (ANB)® (ANK), B=(ANB)& (BN K) and
A+B=(ANB)®(ANK)&® (BNK). By hypothesis ANB, ANK and BNK
are direct summands of M and so they are sp-projective and hence A + B is
sp-projective.

Corollary 2.13 If a quasi-p-projective module M has the SIP, then for any
direct summands A and B of M, A+ B is p-projective module.
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Corollary 2.14 If a quasi-projective module M has the SIP, then for any
direct summands A and B of M, A+ B is projective module.

The following proposition is the generalization of Proposition 1 of Varadara-
jan [7].

Proposition 2.15 Let M be quasi-sp-projective module. Assume that either
dimM < oo or CodimM < oo. Then for every integer n > 1, M™ is Hopfian.

Proof : Since dim M" = n(dim M), Codim M" = n(Codim M) and since M
is quasi-sp-projective implies that M™ is quasi-sp-projective we see that M"
satisfies the hypothesis. It is suffices to prove that M is Hopfian.

Let f : M — M be any surjective endomorphism of M. Due to quasi-sp-
projectivity of M there exists a map s : M — M with f os = Idy;. Hence,
M = M & kerf. So, dimM = dimM + kerf and CodimM = CodimM +
kerf. If dimM < oo or CodimM < oo implies that kerf = 0 and so f is a
monomorphism. Hence, M is Hopfian.

Corollary 2.16 Let M be quasi-p-projective module. Assume that either dimM <
oo or CodimM < oo. Then for every integer n > 1, M™ is Hopfian.

Corollary 2.17 Let M be quasi-projective module. Assume that either
dimM < oo or CodimM < oo. Then for every integer n > 1, M™ is Hopfian.

3 Semi co-Hopfian and Semi Hopfian Modules

In this section we study some properties of semi co-Hopfian and semi Hopfian
modules related to quasi principally injective and quasi principally projective
modules. In (2008) Aydogdu and Ozcan [4] gave the idea of semi co-Hopfian
and semi Hopfian modules.

A module M is called Semi co-Hopfian (resp. Semi Hopfian) if any
injective (surjective)endomorphism of M has direct summand image (resp.
kernel).

A module M is called Epi-retractable, if every submodule of M is an M-cyclic
submodule M.

Proposition 3.1 FEvery quasi principally injective module is semi co-Hopfian.
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Proof: Since every quasi principally injective module has (C3) and a module
has this condition is semi co-Hopfian see [[4], Lemma(2.1)] M is semi co-
Hopfian modules.

Proposition 3.2 Fvery quasi principally projective module is semi Hopfian.

Proof : Proof of this proposition is dual to the proof given in above proposi-
tion.

Proposition 3.3 Let M be Epi-retractable, and every submodule of M is M -
principally injective, then M is semi co-Hopfian.

Proof : Let f € S = End(Mg). By hypothesis, f(M) is M- principally
injective. Therefore, it is a direct summand of M, it follows that M is semi
co-Hopfian.
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