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Abstract

In this paper a cohomological approach (the Skjelbred-Sund method)
to classify nilpotent Leibniz algebras in low dimensional cases will be
presented. We distinguish six isomorphism classes (one parametric fam-
ily and five concrete) of three dimensional nilpotent Leibniz algebras and
show that they exhaust all possible cases.
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1 Introduction

The concept of Leibniz algebra was first introduced by Loday [6] in the study
of the so-called Leibniz (co)homology of Lie algebras as a “noncommutative”
analogue of Lie algebra (co)homology initially found by Cuvier [3] and [7]. By
definition, a Lie algebra is Leibniz.

There is a cohomology theory for these algebraic objects whose properties
are similar to those of the classical Chevalley-Eilenberg cohomology theory for
Lie algebras. The central extensions of Lie algebras play a central role in the
classification theory of Lie algebras. In 1978 Skjelbred and Sund reduced the
classification of nilpotent Lie algebras in a given dimension to the study of
orbits under the action of a group on the space of second degree cohomology
of a smaller Lie algebra with coefficients in a trivial module.

Like in the Lie algebras case, the Leibniz central extensions play an crucial
role in the structural theory of Leibniz algebras. Loday-Pirashvili [8] proved
that the Virasoro algebra Vir is a universal central extension of Der(CJt,t™])
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both in the Lie and in the Leibniz framework. In 1978, Skjelbred and Sund
[10] used the central extension in the classification problem of nilpotent Lie
algebras. The aim of this paper is to apply the Skjelbred-Sund classification
method to the classification problem of complex nilpotent Leibniz algebras.
The content of the paper is as follows.

In section 1, we prove analogues of some classical results of Lie algebras
for Leibniz ones. Among them, Theorem 1.1 is quite essential in proving the
classification Theorem 3.3.

Section 2 describes the classification procedure which is a modification of
the similar process for Lie algebras [4]. And then we treat nilpotent Leibniz
algebras applying the classification procedure to low dimensional nilpotent
Leibniz algebras. We distinguish six non-isomorphic classes (one parametric
family and five concrete) of three dimensional Leibniz algebras and show that
they exhaust all possible cases (table in subsection 2.1.3).

Definition 1.1. A Leibniz algebra L is a vector space over a field F' equipped
with a bilinear map

[-, ] Lx L — L
satisfying the Leibniz identity
[z, [y, 2]] = [[z,v], 2] — [[z,2],y], forall z,y,z€ L.

The first pure algebraic motivation of Loday to introduce this class of
algebras was the search of an “obstruction” to the periodicity in algebraic K-
theory. Besides, this purely algebraic motivation some relationships with clas-
sical geometry have recently been discovered, which could lead to investigate
the (co)homological theory of Leibniz algebras in view of concrete applications
in non-commutative geometry and its physical interpretations. Obviously, a
Lie algebra is Leibniz. However, a Leibniz algebra is Lie if and only if

[z,z] =0, forall =€ L.

Let L be a Leibniz algebra and V' be a vector space over F. Then, the
bilinear maps 0 : L x L — V with

O(z, [y, 2]) = 0([z,y], 2) — 0([x, z],y), forall z,y,z€L

are called Leibniz cocycles. The set of all Leibniz cocycles is denoted by
ZL*(L,V). Let € ZL*(L,V). Then, we set Ly = L&V and define a bracket
[.,.] on Ly by

[z + v,y +w] = [z,y], +0(z,y),

where [.,.]; is the bracket on L.
The proof of the following lemma can be found by a simple computation.
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Lemma 1.1. Ly is a Leibniz algebra if and only if 6 is a Leibniz cocycle.

The Leibniz algebra Ly is called a central extension of L by V. Let
v: L — V be a linear map, and define n (z,y) = v ([z, y]). Then it is easy to
see that 7 is a Leibniz cocycle called coboundary. The set of all coboundaries
is denoted by BL? (L, V). Clearly, BL?*(L,V) is a subgroup of ZL? (L, V). We
call the factor space, denoted by HL*(L,V) = ZL*(L,V) /BL*(L,V), the
second cohomology group of L by V.

The following lemma shows that the central extension of a given Leibniz
algebra L is limited to the coboundary level.

Lemma 1.2. Let L be a Leibniz algebra and n be a coboundary, then the cen-
tral extensions Ly and Lg, are isomorphic.

Proof. We define o : Ly — Ly, by 0 (x +v) = (x + v(x) + v) . Then, an easy
computation shows that ¢ is an invertible linear transformation. Moreover,

oz +v,y+wl,) = o2,y +0(z,y))
= ([z.9]p + vz, yle) + 0(z,y)) = ([z,y], + n(z,y) + 6(z,y))
= ([z,y], + (@ +0)(z,y)) = [z +v(2) + v,y + v(y) + WL,
=lo(z+v),0(y+w),, , forallz+ov, y+we Ly

O

When constructing a Leibniz algebra as Ly = L & V', we want to restrict
to such an extent the center of Ly equals V. In this way, we discard constructing
the same Leibniz algebra as central extension of different Leibniz algebras.

The center of a Leibniz algebra L is defined as follows:

C(L)y={xeL]| [x,L]=[L,z] = 0}.
For € ZL? (L,V) set
0-={xcL|0(z,L)=0(L,x) =0},

which is called the radical of § (Rad(#)=60+). We conclude that any Leibniz
algebra with a nontrivial center can be obtained as a central extension of a
Leibniz algebra of smaller dimension.

The proof of the following lemma is straightforward.

Lemma 1.3. If0 € ZL*(L,V) then C(Lg) = (0-NC(L)) + V.

As a consequence of this lemma we get the following criterion.
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Corollary 1.1. 0+ N C(L) = {0} if and only if C(Ly) = V.
Let ey, ...,ex be a basis of V and 0 € ZL*(L, V). Then

k

O(z,y) = Z 0;(x,y)e;,

i=1

where 0; € ZL?*(L, F). Furthermore,  is a coboundary if and only if all §; are.

The automorphism group Aut(L) acts on ZL*(L, V) by ¢0(z,y) = 6(¢(x), (y))

and n € BL*(L,V) if and only if ¢n € BL? (L, V). This induces an action of
Aut(L) on HL? (L, V). The proof of the following theorem can be carried out
for Leibniz algebras by a minor modification of the corresponding result in [5].

k k
Theorem 1.1. Let 0 (z,y) = > 0, (z,y)e; and n(x,y) = > n; (z,y)e; be two
i=1 i=1
elements of HL? (L,V'). Suppose that 6+ N C(L) = n* N C(L) = {0}. Then

~Y

Ly = L, if and only if there is a ¢ €Aut(L) such that ¢n; span the same
subspace of HL? (L, V') as 6;.

Let L = I, 15, where I; and I5, are ideals of L. Suppose that I, is contained
in the center of L. Then I is called a central component of L. In order to keep
away from the Leibniz algebras with central components we use the following
criterion.

k
Lemma 1.4. Let 0 (z,y) = >.0;(z,y)e; € HL*(L,V) be such that 6+ N
i=1

C(L) = {0}. Then Ly has no central components if and only if 6, ...,0) are
linearly independent in HL* (L, F).

Let GL(HL*(L,F)) be the Grassmanian of subspaces of dimension k in
HI*(L, F).
One makes Aut(L) act on G(HL*(L, F)) as follows: W =< 9,7, ...,0;, >€
Gk(HL2(L7F))a
W =< ¢y, ¢V, ..., 9O > .

This definition is legitimate because if {1, s, ..., ¥;} is linear independent so

is {¢791, ¢1927 ) Qb’l?k;}
Define

Up(L) = {W =< V1,9, ..., 0, >€ GL(HL*(L, F)) : 9; N Z(L) = {0},i = 1,2, ...

Lemma 1.5. The set Ux(L) is stable under the action of Aut(L).

Proof. Let ¢ € Aut(L), and W =< 9,09, ...,9, >€ Ug(L). Obviously, one
has (¢9;)F = ¢~ and ¢~ Y(C(L)) = C(L). Therefore (¢p9;)t N C(L) =
¢~ (¥; N C(L)) which prove that W € Ui (L) if and only if oW € Uy(L). O
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The set of orbits under the action Aut(L) on Uy(L) will be denoted by
Up(L)/ Aut(L).

Here is an analogue of the Skejelbred-Sund theorem [10] for Leibniz alge-
bras.

Theorem 1.2. There exists a canonical one-to-one map from Uy (L) [ Aut(L)
onto the set of isomorphism classes of Leibniz algebras without direct abelian
factor which are central extensions of L by F* and have k— dimensional center.

The following theorem will be used in the computation of the automorphism
groups [9].

Theorem 1.3. Let 0 be a Leibniz cocycle on the Leibniz algebra L with values
in'V, and assume 0+ NC(L) = {0}. Then the automorphism group Aut(Lg) of
the extension algebra Ly consists of all linear operators of the matriz form o =

( 0:00 3 ) , where ag € Aut(L), ¢ = o ey € GL(K), and ¢ € Hom(L, V'),

an

6)(0501‘7010y) = 90[‘%‘7y] + ¢9($7y), all T,y € L.

2 The classification procedure

This section deals with the procedure to classify nilpotent Leibniz algebras.
Here all the theoretical observations of the previous sections will be applied.

Definition 2.1. If L is a Leibniz algebra, We may define
L'=1L,LF=[L,L*'] (k>1).
The series
L'DI*D3D ..

is called the descending central series of L. If the series terminates for some
positive integer s, then the Leibniz algebra L is said to be nilpotent.

In this section a procedure will be described through which a nilpotent
Leibniz algebra L of dimension n — k is considered as input. It outputs all
nilpotent Leibniz algebras K of dimension n such that K /C(K) = L, and K
has no central components. It runs as follows (for Lie case see[4]).

1. For a given algebra of smaller dimension, we list at first its center (or
the generators of its center), to help us identify the 2—cocycles satisfying
6+ NC(L) = 0.
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2. We also list its derived algebra (or the generators of the derived algebra),

which is needed in computing the coboundaries BL*(L, F).

Then we compute all the 2—cocycles ZL*(L,F) and BL*(L,F) and
compute the set HL*(L, F) of cosets of BL*(L,F) in ZL*(L,F). For
each fixed algebra L with given base {ej,ea, ...,e,}, we may represent
a 2—cocycles 6 by a matrix 6 = ZZJ':1 cijAi;, where A;; is the n x n
matrix with (7, j) element being 1 and all the others 0. When computing
the 2—cocycles, we will just list all the constraints on the elements ¢;; of
the matrix 6.

We have ZL?*(L, F) = BL*(L, F)®W, where W is a subspace of ZL?*(L, F),
complementary to BL*(L, F), and

BL*(L,F)={df | fe C'(L,F) = L*}

(d is the coboundary operator). One easy way to obtain W is as follows.
When a nilpotent Leibniz algebra L of dimension n = r+k has a basis in
the form {ey,...,er, €01, ..., 6,41}, where {ey,...,e,} are the generators,
and {e,41,...,e,4x} forms a basis for the derived algebra [L, L], with
erst = [€i,, €j,], where 1 <y, jy <r+tand 1 <t <k

Consider C'(L, F') = L* generated by the dual basis

< fl: EERE) fragla < Gk >

of
< ey, vy €y Crgly ooy Crke >

Then

BL*(L,F) ={dh | h € L*} =< dfy, ..., df.,dg, ..., dg > .

Since df;(z,y) = — fi([x,y]) = 0, we have BL*(L, F) =< dgi, ..., dgr, > .
Now we have

ZL*(L,F) =< dg,...,dg, > ©W.

For § € W, we may assume that 6(e;,,e;,) =0, t = 1,..., k, otherwise, if
0(ei,, e;,) = u;,;, # 0, we choose 8 + u;,;,dg, instead. When we carry out
the group action on W, we do it as if it were done in HL?(L, F), and
may identify HL?*(L, F) with T, by calling all the nonzero elements in
W the normalized 2—cocycles.
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5. Consider # € HL*(L,V) with 6(z,y) = >, 6;(x,y)e; where 6; €
HIL2(L, F) are linearly independent, and 8+ N C(L) = 0.

6. Find a (maybe redundant) list of representatives of the orbits of Aut(L)
acting on the # from 5.

7. For each 6 found, construct Ly. Discard the isomorphic ones.

2.1 Nilpotent Leibniz algebras of dimension 3

In this section we use the Skjelbred-Sund method to classify nilpotent Leibniz
algebras of dimension 3. Here and onward all algebras are supposed to be
over the field of complex numbers C and the omitted products of basis vectors
are supposed to be zero. We have two subsections: in each subsection the
central extensions of one particular Leibniz algebra are considered. We denote
the j—th algebra of dimension ¢ by L; ;. To classify three dimensional case we
need the classification of two dimensional nilpotent Leibniz algebras. For the
following lemma we refer to [6].

Lemma 2.1. In dimension two there are two non-isomorphic nilpotent Leibniz
algebras. One of them is abelian denoted Ly, another one is Lo o, can be given
by the following table [e1, e1] = es.

2.1.1 Central extensions of L,

We can get a basis for HL? (Lo, F'), and write “ Basis: Ayq, Ajg, Aoy, Agy”.
In this case, we are considering the 1-dimensional central extension of Ly ;. We
need to find a set of representatives of the orbits of 1—dimensional subspaces
of HL? (Lo, F') under the action of the automorphism group Aut(Ls ;). Here
Aut(Lsy ) consists of

ai; Qa2
o= ,where aj1a2 — a12a21 # 0.
a1 Q22

With the chosen basis, we may denote an arbitrary element in HL?(Lyy, F)
by

0 :=la,b,c,d] = al + bA12 + cAgy + dAgs.
When a generic element ¢ in Aut(Ls;) acts on 6, we get

#0 = a' A1y + V' A1g + I Nogy + d' N,
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we will simply write a — da/, b — V', ¢ — ¢/, d — d'. Now we have

a — ayq(aayy + bagy) + as(cary + dasgy)
b— air(aaiz + bag) + azi(carz + dass)
¢ — aja(aary + bas) + ax(cann + dag)
d — aja(aais + bagy) + ags(cars + dags)

Assume a # 0. By taking as; = 0 (and ensuring at the same time that the
matrix of Ly, is nonsingular). We set a;; = ﬁ, then a —— 1. We get

ar—1

br— aio + ba22

C —— a2 + Cagg

d — a3y + bajaags + cajsagy + dad,

By taking aio = —cags, we get ¢ — 0, and to fix ¢, we require that a;5 = 0.
In this case we get

a—1
b —— basy
c—0

d — da3,

Case 1: b = 0. Depending d = 0 or not, we would have two representatives
(1) [1,0,0,0] and (2) [1,0,0,1]. But (1) is split algebra and (2)= [1,1,1,0] by
e1 — €}, ey — ie] — iel, e3 — ef (such that i = —1). The corresponding
Leibniz algebra with [1,1,1,0] is

L3,5 : [61, 61] = es, [61, 62] = €3, [62, 61] = €3

Case2: b # 0. By taking agy = \/LE’ we get b —— 1. Therefore, we get the
representative [1, 1,0, «]. The corresponding Leibniz algebra is given by

L3y : [er,e1] = e, [e1, e2] = e3, [e2, 2] = aes, a € C
If a =0, then we have

a—0

br— bau(lgg

C —— Ca11Q22

d+— ba12a22 + cay12a99 + dagz

At least one of b, ¢ and d is nonzero. Suppose that b # 0. We choose ag = 1
and a;; = % and get b —— 1. We get

a+—0
br—1
c— ¢

d— ap(l+c)+d
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If ¢ = —1, depending on d = 0 or not, we have two representatives (3)[0, 1, —1, 0]
and (4) [0,1, —1,a]. The corresponding Leibniz algebra with (3) is

Lss: [e1, e2] = €3, [e2,e1] = —es.
But in (4) if a # 0 then it maps to 1, and then (4) & L3, (o = 1) by

/ + ]_ ! 1 / 1 /
e —e€ —e €y —— —e€ ez —— —¢€
1 a 29 20 2 o 3

If « =0, then we get L33 again. If ¢ # —1, we choose aj; = er—dl, we get the
representative [0, 1, o, 0] (o # —1), which we denote by A. But A(a =1) = Lj 5
by

Mo # 1) & Lyy(=%5) by

1 /+C¥—1/ « ’ 1
e e €y ——
a+1 ' a+1 2 ?

€1 />

2.1.2 Central extensions of L,
Aut(Ls o) consists of all operators

a1y 0
= , Where 0
¢ { aoy a% ] where a1, #

HL?(Lyy, F) consists of § = aAy;. Moreover, 8+ N C(L) = 0 if and only if
a # 0. The automorphism group acts as follows a — aa3;. (Here we write
a — d to show that the coefficient of Ay in ¢ is a’.) Then we choose
ap] = 3%/5 such that a is mapped to 1. This yields

Lag :[e1,e1] = ea, [eg,e1] = e3
Remark 1. There is no one-dimensional Leibniz algebra except for abelian.

Definition 2.2. An n—dimensional Leibniz algebra L is said to be nulfiliform
if dimLi=n—i+ 1, where 2 <i <n+ 1.

Remark 2. Up to isomorphism there is only one nulfiliform Leibniz algebra in
each dimension [2].

The Lo is particular case of the following more general result that can be

spelled out in the next theorem. The proof can be found in [9].

Theorem 2.1. A nulfiliform Leibniz algebra in dimension (n+1) is the central
extension of nulfiliform Leibniz algebra in dimension n.
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2.1.3 Table of three-dimensional nilpotent Leibniz algebras

According to lemma 3.2 in dimension 2 there are two nilpotent Leibniz alge-
bras, we have denoted them as L, ;, and Ly . And combining them we get the
algebras Ls; = Lo1 @ I, L3y = Lyo @ I (where [ is a 1-dimensional Abelian

ideal) in dimension 3. The others are presented in the following table:

Basis for Represen— Product in Ly
the set of tative for only non-
L coszc}jes Aut(L) defining orbit zero bracket Lo
. 2 .
(HI*(L)) in (H*(L)) are given
. [61, 62] = €3
[O, 1, 1,0] [62’ 61] ~ ey Lj3
e, el =e
Lo, Ay, Ap a1 ai2 [1,1,0,q] {ei ej _ ei La,
’ Ao1, Agy a1 Q22 aeC [ i >
a11a22—a12a217#0 €2, 62] - acs
[61, 61] = €3
[1,1,1,0] ler,e0) =e3 | Lags
[627 61] = €3
aiq 0 [61 61] = €2
L A 1 ’ L
22 2 [ as1 afl ] 1] lea, e1] = €3 30
a1 7’é 0

This result agrees with the classification of three dimensional nilpotent
Leibniz algebras from [1]. However, the classification method that has been
used in [1] and [2] depended on result of classification of associative algebras
that can not be applied in higher dimensions.
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