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Abstract

A complete solution of a thermal elastohydrodynamic lubrication (EHL)
of rolling/sliding rough surfaces is obtained. The modified average Reynolds
equation, elasticity equation and energy equations are solved simultaneously
using a modified Houpert and Hamrock fast approach. The dimensionless
pressure, film thickness, mean film temperature and surface temperature dis-
tributions are obtained for various values of surface roughness parameters.
The results are compared with that of isothermal rough EHL and thermal
smooth EHL. The inclusion of thermal effect has significantly influenced the
bearing characteristic for rough EHL problem.
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1 Introduction

Surface roughness plays an important role in deciding the behavior of lubricated
machine elements such as gears, cams, roller bearings and ball bearings operating
under heavily loaded conditions. Under such conditions, very high pressures are
generated near the asperity contact regions. This reduces the film thicknesses and
gives rise to large frictional forces resulting in an increase in film and surface tem-
peratures.

The study of surface roughness in hydrodynamic lubrication analysis was pio-
neered by Citron [1] with deterministic surface roughness models having sinusoidal
or saw-tooth distribution. Christensen and Tonder [2] developed the stochastic
Reynolds equation for transverse and longitudinal surface roughness. Cheng and
Dyson [3] obtained a complete solution for the inlet half of line-contact EHL by
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using the Stochastic Reynolds equation. Patir and Cheng [4] introduced a new
method of deriving the average Reynolds equation through flow simulation which
incorporates the effects of surface roughness on EHL of line contacts. Majumdar
and Hamrock [5] and Prakash and Czichos [6] considered the flow model proposed
by Patir and Cheng [4] and used pressure-compliance relationship derived by Green-
wood and Tripp [7] to obtain a complete solution of incompressible EHL of rolling
contact of rough surfaces having identical structure. Wang and Lin [8] employed
the average Reynolds equation developed by Patir and Cheng [4] through flow sim-
ulation to obtain the hydrodynamic pressure in EHL of infinite line contacts with
compressibility and sliding effects.

The solution of thermal EHL of rolling/sliding line contacts incorporating deter-
ministic surface roughness was obtained by many researchers such as Sadeghi and
Sui [9], Kumar et al. [10], Kumar et al. [11] and Almqvist and Larsson [12]. An
attempt to analyze the thermal EHL of rough surfaces using stochastic approach
has not appeared in the literature. Hence, this study may be considered as a first
attempt towards a complete solution of randomly rough EHL including thermal ef-
fects.

In the present study, the elasticity equation, energy equations and modified aver-
age Reynolds equation [8] incorporating the surface roughness through flow factors
and average film gap with Gaussian distribution of asperity height, are solved simul-
taneously to obtain a complete numerical solution of thermal EHL of rolling/sliding
rough surfaces.

2 Mathematical Model

The average Reynolds equation for fluid-film lubrication of rough surfaces employed
by Wang and Lin [8] to calculate the hydrodynamic pressure in EHL line contact
can be expressed as :
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Assuming the same surface structure and the same rms roughness of surfaces, under
such circumstances the shear flow factor φs vanishes and the Reynolds equation for
thermal and steady state conditions can be written as :
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The dimensionless Reynolds equation can be rewritten as:
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ρ and η are functions of pressure and mean film temperature. The boundary condi-
tions for equation (4) are :
P = 0 at X = Xin and P = dP/dX = 0 at X = Xout.

The average film-gap h̄T shown in figure 1, is the expected value of (h + δ) as
follows-

h̄T =

∫ ∞

−h

(h + δ)f(δ)dδ (5)
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Figure 1: The geometry for average film-gap h̄T

where, the normal probability density function f(δ) for a Gaussian distribution is
defined as-
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√
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From equations (5) and (6), the average film-gap in dimensionless form is rewritten
as-
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where erf is the error function and is defined as:

erf

(
H√
2σ

)
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2√
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2σ

0

exp(−t2) dt

The dimensionless pressure flow factor φx at each point Xi is defined as

φx(i) =

{
1 − ce−r(Hi

σ ), for γ ≤ 1,

1 + c
(

Hi

σ

)−r
, for γ > 1,

(8)

The constants c and r are functions of roughness pattern γ and defined in [13].
The asperity contact pressure pc is calculated by using a method developed by

Greenwood and Tripp [7] for Gaussian distribution of asperity height. The same
can be expressed in dimensionless form as follows :

Pc =

{
4.4086×10−5k�E

pH
(4 − Hi/σ)6.804, for Hi/σ < 4,

0, for Hi/σ ≥ 4,
(9)

The elastic deformation hd at any point x on the surface is determined by the
following elasticity equation [14, 15] :

hd(x) = − 2

πE

∫ xout

xin

[p(x′) + pc(x
′)] ln(x − x′)2 dx′ (10)

which in dimensionless form becomes:

Hd(X) = −1

π
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′)] ln |X − X ′| dX ′ + const. (11)
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Figure 2: The geometry of EHL line contact

The EHL film thickness for infinite line contact as shown in figure 2 can be
written as:

h(x) = h0 + hg(x) + hd(x) (12)
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For infinite line contact of cylindrical solids, hg(x) may be expressed by a parabolic

approximation as hg(x) = x2

2Rx
, thus, the film shape in the dimensionless form at

any point Xi is given by

H(Xi) = H0 +
X2

i

2
− 1

π

∫ Xout

Xin

[P (X ′) + Pc(X
′)] ln |X − X ′| dX ′ (13)

H0 contains the constant term of Hd(X).
The density-pressure relation given by Dowson and Higginson [16] with a linear

thermal correction included in [17, 18] is adopted in this paper in dimensionless
form-

ρi =

[
1 +

0.6 × 10−9pHPi

1 + 1.7 × 10−9pHPi

]
× (1 − βT0θi) (14)

The dimensionless form of the viscosity-pressure-temperature relation proposed
by Roelands et al. [19] is employed here-

ηi = exp{[ln η0 + 9.67][−1 + (1 + 5.1 × 10−9pHPi)
Z ] − ΓT0θi} (15)

where, Z = α
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The dimensionless load-carrying capacity WT is
determined by the following expression -
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In the numerical problem the applied load on the surfaces is assumed to be a con-
stant. The dimensionless load balance equation for line contact problem can be
written as: ∫ Xout
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2
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The dimensionless mean unit flow in the X direction is defined as
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The temperature distribution within the lubricant film is calculated from the
energy equation associated with the appropriate boundary conditions. The energy
equation for infinite line contact problems, neglecting heat convection across the
film and conduction along the film, can be expressed as
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where
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A parabolic temperature profile across the film used by Salehizadeh and Saka [20]
which is given below, is employed to reduce the energy equation to a one dimensional
form :

T (x, y) = (3Ta + 3Tb − 6Tm)(
y

h
)2 + (6Tm − 2Ta − 4Tb)

y

h
+ Tb (20)

where

Ta = T (x, h), Tb = T (x, 0), Tm =
1

h

∫ h

0

T (x, y)dy (21)

The moving surface temperature obtained by Carslaw and Jaeger [21] can be
written as

Ta = T0 +
k√

πρacakaua

∫ x

xin

(
−∂T

∂y

)
[x=x′,y=h]

× 1√
x − x′ dx′ (22)
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3 Solution Technique

The Reynolds, elasticity and energy equations are solved simultaneously using a
modified Houpert and Hamrock fast approach, which involves the following compu-
tational steps:
(a) The solution of elasticity equation by the algorithm developed by Venner et al.
[22].
(b) The simultaneous solution of thermal Reynolds equation and load balance equa-
tion by Newton-Raphson method.
(c) The solution of surface temperature equations by Venner et al. [22].
(d) The solution of energy equation by Newton-Raphson iterative scheme.

The standard central difference scheme is used to approximate the Reynolds
equation and the energy equation in the system. For a set of input parameters,
the numerical solution is achieved by a pressure-temperature iteration between the
Reynolds, elasticity, load balance, energy and surface temperature equations. In
the present analysis, a standard hertzian pressure distribution is adopted as the
initial pressure distribution. In most of the cases presented in this paper Xin=-4.5,
Xout=1.5 and a uniform grid of 660 points is used for the whole domain. The com-
mon input data for the thermal solutions are shown in Table 1.

The convergence criteria used for the present study are given below:
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Table 1: Properties of lubricant and solid

Property Value
Coefficient of lubricant thermal expansivity, β(K−1) 6.4 × 10−4

Inlet density of lubricant, ρ0(Kg/m3) 846
Inlet temperature of lubricant, T0(K) 313
Inlet viscosity of lubricant, η0(Pas) 0.04
Pressure-viscosity coefficient, α(Pa−1) 1.59 × 10−8

Specific heat of lubricant, cp(Jkg−1K−1) 2000
Thermal-viscosity coefficient of lubricant, Γ(K−1) 4.2 × 10−2

Thermal conductivity of lubricant, k(Wm−1K−1) 0.14
Equivalent radius of cylinders, Rx(m) 0.02
Thermal conductivity of rollers, ka, kb(Wm−1K−1) 47
Specific heat of rollers, ca, cb(Jkg−1K−1) 460
Density of solids, ρa, ρb(Kgm−3) 7850
Elastic modulus of solids, Ea,b(Pa) 2.0 × 1011

Poisson’s ratio of solids, ν(dimensionless) 0.3
Constant in force-compliance relationship (eqn9), k� 0.003
Materials parameter, G 3500
Dimensionless total load, WT 1.0 × 10−4

Dimensionless speed, U 1.0 × 10−11

1. For Pressure:

Ep =

∑
i |P n+1

i − P n
i |∑

i P
n+1
i

< 1 × 10−5 (24)

2. For Temperature:

Et =

∑
i |θn+1

i − θn
i |∑

i θ
n+1
i

< 1 × 10−5 (25)

where n denotes the number of iteration.

4 Results and Discussion

A numerical solution of the thermal EHL of infinite line contact rough surfaces using
average flow model has been obtained. The contact surfaces are assumed to have
the same surface structure and the same rms roughness. In all the calculations, the
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total load WT has been kept fixed and the central film thickness Hc is calculated .
The results are obtained in terms of surface roughness parameters which are:

(1). surface pattern parameter γ and (2). hydrodynamic roughness parameter Λ.
The surface pattern parameter γ is defined as the ratio of 0.5 correlation lengths of
x and y profiles (i.e. γ = λ0.5x

λ0.5y
). γ < 1, γ = 1 and γ > 1 correspond to transverse,

isotropic and longitudinal surface pattern respectively.
The isotropic and transversely oriented roughness (γ ≤ 1) restrict the pressure

flow and consequently φx < 1. Conversely, longitudinal surface roughness (γ > 1) en-
hances the pressure flow resulting φx > 1. The hydrodynamic roughness parameter
Λ = Hc/σ characterizes the surface irregularities. A higher value of hydrodynamic
roughness parameter Λ indicates a smaller asperity height implying a smoother sur-
face. From the definitions of flow factor and average film-gap, φx tends to 1 and H̄T

tends to H when σ tends to zero (Λ approaches infinity). In this case, the average
Reynolds equation allowing the surface roughness by flow factors and average film-
gap, reduces to the usual Reynolds equation for smooth surfaces. Generally, the data
for Λ = 6 are considered to be equivalent solution for smooth surfaces with small
error. In the present analysis, the results obtained for rough surfaces are compared
with that of EHL for purely smooth surfaces. The difference of most sensitive char-
acteristics of EHL such as temperature, central film thickness obtained for the rough
surfaces for Λ ≥ 6 with that of purely smooth surfaces is also reported. The present
numerical problem is solved with the following set of parameters: 1/9 ≤ γ ≤ 9,
1.5 ≤ Λ ≤ 10, 0 ≤ S ≤ 1.9, WT = 1.0 × 10−4, U = 1.0 × 10−11 and G = 3500. The
results obtained from the present study are compared with those reported by Hsu
& Lee [23], Sadeghi & Sui [24] and Wang & Lin [8] as shown in Table 2, Table 3
and Table 4.

Table 2 shows a comparison of minimum film thickness obtained from the present
method with that of Hsu & Lee [23] and Sadeghi & Sui [24]. It is seen that the present
value is in a close agreement with that of [23, 24].

Table 2: Comparison of the minimum film thickness obtained from Hsu & Lee [23],
Sadeghi & Sui [24] and the present study (G = 3500)

Dimensionless Dimensionless %Slip Dimensionless minimum
load, W speed, U S film thickness

Sadeghi Hsu & Lee present
1.3 × 10−4 7.3 × 10−11 10 0.1305 0.1201 0.1129

20 0.1260 0.1156 0.1122
30 0.1226 0.1119 0.1112

Table 3 compares the convergence of pressure spike, maximum film & surface tem-
peratures, maximum difference in mass flow and computing time obtained from the
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present method for smooth surfaces with that of Hsu & Lee [23]. It is seen from
Table 3 that present results agree well with the results of [23].

Table 4 compares the mass flow rate obtained from the present study under
isothermal EHL of rough surfaces with that of Wang & Lin [8] for WT = 1.0× 10−4,
U = 1.0×10−11, S = 0.0, G = 5000, Ta = Tb = Tm = 40◦C. It is noticed from Table
4 that the mass flow rates obtained for rough surfaces from the present method are
6 − 14% lower than those obtained by Wang & Lin [8]. This is because the present
study excludes the shear flow factor. However, the present values are in qualitative
agreement with that of [8].

Table 3: Comparison of the present work with that of Hsu & Lee [23] for comput-
ing time, convergence of pressure spike, maximum mean film temperature (Tm)max,
maximum surface temperature of ‘roller b’ (Tb)max and the maximum mass flux
defect [U = 1.0 × 10−10, W = 1.0 × 10−4, S=1.0, G = 3500]

Results obtained Pressure (Tm)max (Tb)max Time mass flux
from spike (◦C) (◦C) (sec.) defect(%)

Hsu & Lee 0.9460 155.30 90.90 938 0.1
present 0.9763 166.20 88.20 232 0.07

Table 4: Comparison of mass flow rate obtained from the present study under
isothermal EHL of rough surfaces with that of Wang & Lin [8] [WT = 1.0 × 10−4,
U = 1.0 × 10−11, S = 0.0, G = 5000, Ta = Tb = Tm = 40◦C]

Mass Flow Rate Q × 105

Λ γ = 1/6 γ = 1 γ = 6
Wang & Lin present Wang & Lin present Wang & Lin present

6 2.70 2.36 2.61 2.27 2.580 2.22
3 3.01 2.74 2.67 2.36 2.558 2.19
2 3.39 3.16 2.77 2.42 2.518 2.16

4.1 Effect of Surface Roughness Pattern Parameter on Pres-
sure, Film Thickness, Mass Flow Rate and Temperature

Profile

Figures 3-7 compare the film shape, pressure profile, mass flow rate, mean film
and surface temperature distributions for smooth and rough surfaces under thermal
consideration at various values of surface pattern parameter γ with hydrodynamic
roughness parameter Λ = 2 and slide/roll ratio S = 0.5. Figure 3 shows the
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Figure 3: Dimensionless film-thickness distribution

−1.5 −1 −0.5 0 0.5 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

X  − axis

D
im

en
si

on
le

ss
 P

re
ss

ur
e 

D
is

tr
ib

ut
io

n

 

 

Thermal EHL
Thermal Rough EHL

γ=1

γ=1/9

γ=9
Λ=2
S=0.5

Figure 4: Dimensionless pressure distribution
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Figure 5: Dimensionless mass flow rate
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comparison of film profiles between smooth and rough surfaces. It is seen that the
film thickness for longitudinal surfaces has lower value than that of smooth surfaces
whereas for isotropic and transverse surfaces the value is higher. The reason is that
isotropic and transverse roughness restrict the mass flow in comparison to smooth
surfaces, increasing the lubricant level. Conversely, longitudinal roughness offers less
resistance to flow as compared to smooth surfaces, leading to a reduction in film
thickness.

It is seen from figure 4 that the magnitude of the pressure spike for rough surfaces
increases and the position shifts towards the center as the surface roughness pattern
changes from transverse to isotropic to longitudinal. Among isotropic, transverse,
longitudinal and smooth surfaces, the longitudinal roughness exhibits higher mag-
nitude of pressure spike than that of smooth surfaces and seems to move closer to
the center of the hertzian zone. This is so because longitudinally oriented surfaces
have lower minimum film thickness than the smooth surfaces.

Figure 5 shows that the mass flow rate decreases significantly as the surface pat-
tern parameter changes from γ = 1/9 to γ = 9. The transversely oriented surfaces
have the highest value of mass flow rate, because, they have highest film thickness.

Figures 6 & 7 show the comparison of mean film and surface temperature distri-
bution between smooth and rough surfaces.
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Figure 6: Mean film temperature distribution

The results obtained for rough surfaces indicate that the maximum mean film and
surface temperature are increased as the surface pattern parameter changes from
γ = 1/9 to γ = 9. The maximum mean film and surface temperatures for smooth
surfaces play an intermediate role as longitudinal surfaces have greater temperature
than that of smooth surfaces whereas isotropic and transversely oriented surfaces
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have lower temperature. This is because, longitudinally oriented surfaces have high-
est contact load and least hydrodynamic load whereas isotropic and transversely
oriented surfaces show a reverse trend and for smooth surfaces total load equals the
hydrodynamic load.
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Figure 7: Surface temperature distribution of ‘roller a’

Venner and Napel [25], Kumar et al [26] and Tonder and Jacobson [27] have in-
vestigated the effect of roughness on the EHL using deterministic models. They
reported that the inclusion of surface roughness reduces the minimum film thickness
and higher amplitude of surface roughness leads to higher pressure peaks. Sadeghi
and Sui [9] from their thermal study with deterministic roughness model, added that
film and surfaces temperatures are increased due to surface roughness.

The present study, which is the coupling of thermal effect with stochastic surface
roughness, exhibits that for a fixed value of Λ and other parameters being same, the
minimum film thickness, central film thickness and mass flow rate are reduced as
surface pattern parameter γ increases from 1/9 to 9 whereas, magnitude of pressure
spike, maximum mean film temperature rise and maximum surface temperature rise
are enhanced as γ increases. Among transverse (γ < 1), isotropic (γ = 1) and lon-
gitudinal (γ > 1) surface roughness, the transverse surface roughness (γ = 1/9) has
highest film thickness, mass flow rate and hydrodynamic load whereas, lowest mag-
nitude of pressure spike, mean film temperature, surface temperature and contact
load. On the other hand, longitudinal surface roughness (γ = 9) shows a reverse
trend. The results for smooth surfaces lie between (γ ≤ 1) and (γ > 1).
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4.2 Thermal EHL: Comparison Between Rough and Smooth
Surfaces

It is obvious from the expressions for φx and H̄T that φx → 1 and H̄T → H when
σ → 0 (ie. Λ → ∞, since Λ = Hc/σ and Hc �= 0).

Figure 8 shows the comparison of central film thickness Hc obtained for the rough
surfaces with that of purely smooth surfaces.
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Figure 8: Comparison of central film thickness between rough and smooth surfaces

It is seen from figure 8 that for isotropic and transversely oriented surfaces (γ ≤ 1),
there is a decrease in central film thickness as Λ increases, whereas for a longitu-
dinally oriented roughness (γ > 1) there is an increase in the film thickness with
increasing Λ. This result is in line with those of [6, 8]. The reason is quite simple
because the normally distributed isotropic and transversely oriented asperities re-
strict the mass flow. This causes an increase in the lubricant level in the lubrication
region to maintain the continuity of flow giving rise to a larger central film thickness
for this case. Further, as Λ increases, the relative magnitude of asperity height de-
creases and resistance of flow also decreases so lubricant level and thus the central
film thickness decreases. On the other hand, longitudinally oriented surfaces offer
less resistance to mass flow leading to a reduction in lubricant level resulting in a
lower film thickness that increases with increasing Λ because total load is constant.
It is interesting to see from figure 8 that the central film thickness for all surface
patterns approaches to the central film thickness of purely smooth surfaces shown
by dotted straight line as Λ increases from 6 to 10.

Table 5 clearly indicates that the central film thickness obtained for rough sur-
faces approaches to that of smooth surfaces as Λ increases from 6 to 10. Similar
results are obtained for other EHL characteristics except temperature. Thus, it is
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concluded that the results obtained for Λ = 6 can be considered as a nearly smooth
surface solution with an absolute error around 1%.

Table 5: Percentage difference of central film thickness Hc obtained for thermal
rough EHL for hydrodynamic roughness parameter Λ ≥ 6 with that of thermal
EHL of purely smooth surfaces. [WT = 1.0 × 10−4, U = 1.0 × 10−11, S = 0.5,
G = 3500]

% Error in Hc

Λ γ = 1/9 γ = 1/6 γ = 1/3 γ = 1 γ = 3 γ = 6 γ = 9
6 +1.12 +1.04 +0.90 +0.25 −0.24 −0.67 −1.16
7 +0.62 +0.58 +0.51 +0.16 −0.18 −0.52 −0.91
8 +0.36 +0.34 +0.31 +0.11 −0.13 −0.41 −0.73
10 +0.16 +0.15 +0.14 +0.08 −0.07 −0.27 −0.50

Figure 9 illustrate the mean film temperature distributions for various surface rough-
ness patterns with S = 0.5 and Λ = 6. The dotted curve represents mean film tem-
perature obtained for purely smooth surfaces by neglecting surface asperities. It is
observed that the maximum mean film temperature for rough surfaces is increased
as surface patterns parameter γ changes from 1/9 to 9. A comparison of mean film
temperature for rough and smooth surfaces reveals that longitudinal surfaces have
higher temperature whereas isotropic and transverse surfaces have a lower temper-
ature when compared with the results for smooth surfaces.
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Figure 9: Comparison of maximum mean film temperature between smooth and
rough surfaces
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The percentage difference of maximum mean film temperature obtained for rough
surfaces for Λ ≥ 6 with that of smooth surfaces is reported in Table 6. It is noticed
from Table 6 that the temperature results obtained for Λ = 8 may be considered as
the nearly smooth solutions with an absolute error around 1%. Therefore, Λ = 8
can be considered to produce nearly smooth surface solution for thermal rough EHL
problem with an absolute error around 1%.

Table 6: Percentage difference of maximum mean film temperature (Tm)max obtained
for thermal rough EHL for hydrodynamic roughness parameter Λ ≥ 6 with that of
thermal EHL of purely smooth surfaces .[WT = 1.0×10−4, U = 1.0×10−11, S = 0.5,
G = 3500]

% Error in (Tm)max

Λ γ = 1/9 γ = 1/6 γ = 1/3 γ = 1 γ = 3 γ = 6 γ = 9
6 −2.39 −2.17 −1.79 −0.59 +0.54 +0.88 +1.27
7 −1.70 −1.53 −1.26 −0.33 +0.49 +0.76 +1.07
8 −1.19 −1.00 −0.88 −0.20 +0.45 +0.67 +0.93
10 −0.57 −0.50 −0.40 +0.05 +0.41 +0.56 +0.75

4.3 Effect of Hydrodynamic Roughness Parameter on Ther-
mal EHL

Figures 10-17 show the relationship between the EHL parameters and the surface
roughness parameters for slide/roll ratio S = 1.0.
It is observed from figure 10 that minimum film thickness for transverse (γ = 1/9,
γ = 1/6, γ = 1/3) and isotropic (γ = 1) surface roughness patterns is a decreasing
function of hydrodynamic roughness parameter Λ. However, for longitudinal sur-
face patterns (γ = 3, γ = 6, γ = 9), it has increasing trend with increasing Λ. The
physical reason is the same as in the case of central film thickness shown in figure 8.

Figure 11 shows the variation of the magnitude of pressure spike with respect to
Λ for various surface roughness patterns. For longitudinal roughness, the magnitude
of pressure spike decreases whereas for isotropically and transversely rough surfaces
this exhibits an increasing trend with increasing Λ. The physical reasoning of this
behavior lies in the inverse effect of minimum film thickness. The variation of mass
flow rate shown in figure 12 follows the same trend as of minimum film thickness in
figure 10.

Figures 13-15 show the surface roughness effect on the maximum mean film
temperature rise, maximum surface temperature rise of faster moving ‘roller a’ and
maximum surface temperature rise of slower moving ‘roller b’ respectively. It is seen
that the maximum mean film temperature rise and maximum surface temperature
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Figure 10: Effect of surface roughness on the minimum film thickness
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Figure 11: Effect of surface roughness on the pressure spike
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Figure 12: Effect of surface roughness on the mass flow rate
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Figure 13: Effect of surface roughness on the maximum mean film temperature rise
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Figure 14: Effect of surface roughness on the maximum surface temperature rise of
roller a
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rise increase with increasing Λ for transverse surfaces (γ = 1/9, γ = 1/6, γ = 1/3)
and isotropic surfaces (γ = 1). However, for longitudinal surface pattern (γ = 3,
γ = 6, γ = 9), the maximum mean film temperature rise and maximum surface
temperature rise exhibit decreasing trend. Further, it is seen that for a fixed value
of Λ, the longitudinal surface roughness has highest film and surface temperature
rise, whereas transverse roughness has least. This is because longitudinally oriented
surfaces have highest contact load distributed over a large contact area giving rise
to a larger temperature.
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Figure 16: Effect of surface roughness on the contact load
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Figure 17: Effect of surface roughness on the hydrodynamic load

Figures 16 & 17 show the influence of surface roughness on the contact load Wc

and the hydrodynamic load Wh respectively. It is observed that the hydrodynamic
load Wh increases and consequently, the contact load Wc decreases with increasing
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Λ for all surface roughness pattern having γ = 1/9, 1/6, 1/3, 1, 3, 6, 9. Further, it is
seen that contact load Wc is maximum for longitudinally oriented surfaces (γ = 9)
and decreases as γ decreases for a fixed value of Λ and same speed, slide/roll ra-
tio, total load and material parameters, however, the ratio Wc/WT is significant
for Λ ≤ 3. The reason of this behavior is that for longitudinally oriented surfaces,
the central film thickness Hc is lowest, therefore for a fixed value of Λ (= Hc/σ),
relative magnitude of asperity height is higher than Hc, resulting in a higher con-
tact load and consequently lower hydrodynamic load (∵ total load WT is fixed and
WT = Wc + Wh).

In the present study, combined thermal and roughness effects are investigated
stating that for isotropic and transversely oriented surfaces (γ ≤ 1), the minimum
film thickness, central film thickness and mass flow rate are decreasing functions
of Λ whereas, magnitude of pressure spike, maximum mean film temperature rise
and maximum surface temperature rise are increased as Λ increases. The longitudi-
nally oriented surfaces show reverse trend. Further, the contact load decreases and
consequently hydrodynamic load increases as Λ increases for all patterns.

4.4 Isothermal and Thermal Rough EHL

Figure 18 compares the pressure and figure 19, the corresponding film thickness
profiles between isothermal and thermal rough EHL for different surface roughness
patterns: transverse surface (γ = 1/9), isotropic surface (γ = 1) and longitudinal
surface pattern (γ = 9) for Λ = 2 & S = 1.5.
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Figure 18: Dimensionless Pressure Distribution

It may be observed from figure 18 that for γ = 1/9, 1 & 9 the pressure exhibits
a spike almost at the same location near the exit zone in case of isothermal rough
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conditions. However, for the same parameters under thermal rough conditions, the
magnitude of the pressure is increased and the spike seems to move closer to the
center.
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Figure 19: Dimensionless Film-Thickness Distribution

A significant reduction in the minimum film thickness due to thermal effect is
seen from figure 19.

It is obvious from figures 18 & 19 that among these three surface roughness
patterns, the longitudinal surface roughness causes the largest increment in the
magnitude of pressure spikes and the greatest reduction in the minimum film thick-
ness under both thermal and isothermal EHL.

The quantitative effect of surface roughness on isothermal and thermal EHL are
summarized in Table 7 where the comparison of minimum film thickness Hmin, mag-
nitude of pressure spike Ps, mass flow rate Q, contact load Wc & hydrodynamic load
Wh between isothermal and thermal conditions at various values of surface pattern
parameters, are made for Λ = 2, S = 1.5.

It may be noted that the reduction in minimum film thickness for isothermal
rough EHL is 17% as the surface pattern parameter changes from γ = 1/9 to γ = 1
and almost same when γ changes from 1 to 9 . However, for the same parameters
under thermal consideration the minimum film thickness shows a reduction of about
29% for the first change & about 30% for the second.

The increase in the magnitude of pressure spike when surface roughness pattern
changes from transverse (γ = 1/9) to isotropic (γ = 1) is 14% for isothermal case
and 8% for thermal; from isotropic surface (γ = 1) to longitudinal surface (γ = 9)
the increment becomes 13% for isothermal case and about 8% for thermal case.

In the case of isothermal EHL, the reduction in mass flow rate is about 13%
when γ changes from 1/9 to 1 and about 11% from γ = 1 to γ = 9. However, an
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Table 7: Comparison of the minimum film thickness Hmin, magnitude of pressure
spike Ps, mass flow rate Q , contact load Wc and the hydrodynamic load Wh between
isothermal rough EHL and thermal rough EHL. [WT = 1.0× 10−4, U = 1.0× 10−11,
S = 1.5, Λ = 2, G = 3500]

Property Rough-EHL γ = 1/9 γ = 1/3 γ = 1 γ = 3 γ = 9
Isothermal 0.0724 0.0671 0.0600 0.0532 0.0499Hmin Thermal 0.0572 0.0492 0.0404 0.0309 0.0283

Isothermal 0.5741 0.6258 0.6542 0.7116 0.7414Ps Thermal 0.7449 0.7833 0.8038 0.8462 0.8693

Isothermal 2.2766 2.1627 1.9860 1.8447 1.7699
Q × 105

Thermal 2.2799 2.1470 1.9504 1.7878 1.7076

Isothermal 4.1363 4.1621 4.1849 4.2665 4.3153
Wc × 107

Thermal 5.7308 6.4151 7.3119 9.5243 10.203

Isothermal 9.9586 9.9583 9.9581 9.9573 9.9568
Wh × 105

Thermal 9.9426 9.9358 9.9268 9.9047 9.8979

increase in mass flow rate, to the extent of about 15% when γ changes from 1/9
to 1 and about 13% from γ = 1 to γ = 9, has been observed due to the thermal
consideration.

A less than 2% increase in contact load Wc from γ = 1/9 to γ = 1 and 3%
from γ = 1 to γ = 9, has been observed under isothermal EHL. However, for ther-
mal EHL, a significant increase in the contact load Wc extends to about 28% from
γ = 1/9 to γ = 1 and about 40% from γ = 1 to γ = 9.

Hence, it is seen that thermal effect has significantly reduced the minimum film
thickness, mass flow rate and hydrodynamic load whereas, it has significantly in-
creased the magnitude of pressure spike, contact load, mean film temperature and
surfaces temperatures.

5 Conclusion

A complete numerical solution to the problem of thermal-EHL of infinite line con-
tact rough surfaces has been obtained. Both the surfaces are assumed to have same
surface structure and the same rms surface roughness. The effects of surface rough-
ness pattern, hydrodynamic roughness and thermal actions on EHL characteristics
was investigated. The study yielded the following conclusions:

1. The inclusion of thermal effect has significantly influenced the bearing char-
acteristics for rough EHL.
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2. For a fixed value of Λ and other parameters being same, the minimum film
thickness, central film thickness and mass flow rate are reduced as surface
pattern parameter γ increases from 1/9 to 9 whereas, magnitude of pressure
spike, maximum mean film temperature rise and maximum surface temper-
ature rise are enhanced as γ increases. Thermal consideration enhances the
effect of surface roughness on EHL characteristics.

3. The longitudinal surface roughness commonly causes the largest increment in
the magnitude of pressure spikes and greatest reduction in the minimum film
thickness under both thermal and isothermal EHL.

4. For Λ = 2, S = 0.5, an increase (about 5%) in the mean film and surface
temperatures is observed due to longitudinal surface roughness (γ = 9) over
that of smooth surfaces. On the other hand, a reduction (greater than 5%) in
the mean film and surface temperatures is observed due to isotropic surface
roughness (γ = 1) from that of smooth surfaces. Further, as the pattern
changes from isotropic to transverse (from γ = 1 to γ = 1/9), there is an
additional reduction in the temperature which is more than 15% from the
value for the smooth surfaces.

5. The maximum mean film temperature rise and maximum surface temperature
rise are increasing functions of Λ for transverse and isotropic surfaces (γ ≤ 1),
whereas decreasing for longitudinal surfaces (γ > 1).

6. The results obtained for Λ = 8 may be considered as a nearly smooth surface
solution for thermal EHL problem with an absolute error around 1%.

List of Symbols
b half Hertzian contact length, 4Rx

√
W/2π (m)

ca, cb specific heat of roller a and b (J/kg-K)
cp specific heat of lubricant (J/kg-K)
Di,j discretized kernel
E equivalent Young’s modulus (Pa)

2/E = [(1 − ν2
a)/Ea + (1 − ν2

b )/Eb]
Ep error in pressure (eqn24)
Et error in temperature (eqn25)
G dimensionless material parameter, αE
h film thickness (m)
h0 film constant (m)
hc central film thickness (m)
hd elastic deformation (m)
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hg separation of surfaces in their undeformed state (m)
H dimensionless film thickness, hRx/b2

H0 dimensionless constant
Hc dimensionless central film thickness, hcRx/b2

He dimensionless film thickness where dP/dX = 0
H̄T dimensionless film-gap, h̄T Rx/b2

k thermal conductivity of lubricant (Wm−1K−1)
ka, kb thermal conductivity of rollers (Wm−1K−1)
k� constant in force-compliance relationship (eqn 9)
M number of grid points used in the system
n number of iteration
p pressure (Pa)
pc contact pressure (Pa)
pH maximum Hertzian pressure, Eb/4Rx(Pa)
P dimensionless pressure, p/pH

Pc dimensionless contact pressure, pc/pH

Qi mean unit flow in the X direction
Rx equivalent radius of cylinder (m)
S slide/roll ratio, ud/um

T0 inlet lubricant temperature (K)
Ta, Tb surface temperature of the rollers ’a’ and ’b’ (K)
Tm mean temperature of lubricant film (K)
ua, ub velocity of the roller a and b (m/sec)
ud sliding velocity, ua − ub (m/sec)
um average rolling velocity, (ua + ub)/2 (m/sec)
u lubricant velocity (m/sec)
U dimensionless speed parameter, η0um/ERx

w load per unit length (N/m)
W dimensionless load, w/ERx

Wc dimensionless contact load, wc/ERx

Wh dimensionless hydrodynamic load, wh/ERx

WT dimensionless total load, WT = Wc + Wh

X dimensionless coordinate, X = x/b
x coordinate (m)
Z Roelands pressure-viscosity parameter
α pressure-viscosity coefficient (Pa−1)
β� mean radius of curvature of asperities
β thermal expansivity of lubricant (K−1)
Γ thermal-viscosity coefficient of lubricant (K−1)
γ surface pattern parameter(= λ0.5x

λ0.5y
)

λ0.5x 0.5 correlation length of x profile
λ0.5y 0.5 correlation length of y profile
δ1, δ2 random roughness amplitude of surfaces a and b
δ combined roughness, (δ = δ1 + δ2)
σ̄1, σ̄2 standard deviations of roughness heights δ1 and δ2

σ̄ combined rms roughness, (σ̄ =
√

σ̄2
1 + σ̄2

2)
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σ dimensionless combined rms roughness, σ̄Rx/b2

Λ hydrodynamic roughness parameter, (Λ = Hc/σ)
Δ distance between two neighboring grid points
η0 inlet viscosity of lubricant (Pa s)
η̄ viscosity of lubricant (Pa s)
η dimensionless viscosity of lubricant, η̄/η0

θ dimensionless mean temperature, Tm/T0 − 1
ρ0 inlet density of lubricant (Kg/m3)
ρ̄ density of lubricant (Kg/m3)
ρ dimensionless density of lubricant, ρ̄/ρ0

ρa, ρb density of solid a and b (Kg/m3)
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