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Abstract

I have already reported ”Property of Tensor Satisfying Binary Law
2”. This article is the article that I revise contents of ”Property of
Tensor Satisfying Binary Law 27, and increased the report about new
characteristics. We may arrive at the deeper understanding in this about
Property of Tensor Satisfying Binary Law.
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1 Introduction

I have already reported ”Property of Tensor Satisfying Binary Law 2”.[2]
This article is the article that I revise contents of " Property of Tensor Satisfying
Binary Law 27, and increased the report about new characteristics. I show
below the part which I added in this article newly. These are Definision?7,
Definision12,Definision19,Proposition3,Proposition6. The part that revision
was most greatly carried out is Chapter 3.

2 Definition

Definition 1 zF£xH x7#x¥, xF = x¥, 27 = x# is established.[1]
I named xF#at wV#a"  xF = z¥, 27 = " "Binary Law”.[1]

Definition 2 [f z##xt xV#x”, ot = z¥, x¥ = z* is established, x, = " is

established.[1]

Definition 3 If x##x!, xV#a", x# = x¥, 2V = x* is established, v, = z¥ is
established.[1]
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Definition 4 If zF#x#, aV#2", x# = z¥, 27V = zt is established, x, = —x,, is
established.[1]

Definition 5 If xixt aV#£x”, ok = x¥, x¥ = z# is established, v¥ = —x* is
established. [1]

Definition 6 If all coordinate systems x*, x", %, x>, - - satz’sﬁes Th£H aV £
¥ TF = x¥, 7V = a*, all coordinate systems x*,x¥, x%, x>, - - shifts to only two
of x“, zv.[1 ]

Definition 7 [ express x when all coordinate systems satisfies Binary Law in
l.l/(e).

Definition 8 ¢/ = 1,9/ = 0: (u#v) is establishment.[3]

Definition 9 87“3“ = M s established for 5—=7"-— i i

¥ Oz¥ OV vozvoxV
Definition 10 The first-order covariant derivative of the covariant vector sat-
i1sfied
— 8:@1 — I 8x” — 1 et 8.9#6 Ogve _ ag,uu
Tuw = G — U, = 556 — 0597 (50 + 5o — 5e) (4]

Definition 11 The first-order covariant derivative of the contravariant vector
satisfied

uw o Ozt TP _ Oz# 71 ep [ Ogre 99ve _ Ogrv
Tiw = 9av +x FTV ~ Ozv t+x 29 ozv + ox™ Ox¢ /4/

Definition 12 The second-order covariant derivative of the covariant vector
satisfied

_ Ozupn L
Tpwio = ggr — Tuwlle = Tuulg
_ 0 Oxy T _ (Ox, T ¢ _ [0z 7' L
 Ox° (696” xTFMV) (8x” xTFW) FHU <8z F FVO'

82-'[;1, 0 ague dgve agHU

= 92v0x°  9z° ($7'2'g (8$V + drt — Oze ))
8$L agué 8906 _ 89#‘0'
B 29 (ax" + Ozt Oxe

1 er (Ogie | Ogue _ Ogu O9uc | Ogoc _ O9us
+a-597 (8:1:1’ + o axe) 39 (W’ t G0 T e
Oz, 1 Agve 990c __ Ogvo
Ozt 29 (axa + dxv Ox¢

1 89#6 891/6 _ 6!];LL 1 e 8.9116 agae _ aguo
+I7—2g (Bx" + Oxh oxe 29 oz + oxv Ox€ /4/

Definition 13 The second-order covariant derivative of the contravariant vec-
tor satisfied
_ax;uu_}_ LT /J,I‘L

o T 9z Tolic =T
_ _0 ozH T T wo_
= % (& + a8 + (W +aTT, ) Tt — (%2
Y o) 71 ep [ Ogre Ogve _ Ogrv
T Ozvox° + Ox° (QL' 29 ozv + ox™ Ox€

ox* 1 (973 8gbe 890’6 _ 8gbo'
+8x” 2 (81}" +

9" + ITFM ) Fﬁ/a

oxt oxe
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71 e 9gre Ogve _ 9grv 1 €L 99, 99ce _ 99,0
+r 29 (awl’ + ox™ Ox€ ) 29 Ox° + Ox* Oxe
_&r“ 1 e 9gve + 09ce _ 99vo

Oxt 2 ox° oxv Ox¢

71 €W 8,976 69/,6 _ 8gTL 1 e ague 3906 _ 891/0

X 2g (8:1% + ox™ oxe 29 oz + oxv oxe /4/
Definition 14 The third-order covariant derivative of the contravariant vec-
tor satisfied

©w

xff/;a;)\ = oz + 2] v O'F Ii o 1’3)\ - xfll;;/irg)\

= g (o (G +o” ¢V) (2 v o) T — (% a7 T )

{02 (% +aT%,) + (85 + 27Ty, ) Ty, — (25 + 27Ty, 1, ) T

~{ oo (G + oD )+ (B + 27T ) Tl — (52 +27T8 ) T P I,

R (s v I s W ) A A A D W S
= BzV%gxxcuax)‘ + axoagﬂ ( % a@i; %iyfe - %))

i ox* 1 [ 891,5 690‘6 _
+8x>‘ (d;v” 29 (axf’ + ozt aze

_0_ 99re 99ve _ 0grv 1 en 9gue 99oe _ 99.0
+833/\ ( (893” + oxT Oxe ) 29 Ox° + Ozt Ox¢
_i $“1 891/5 —I— 8906 _ 891/0

Ox 0x° OxV Ox¢

_0_ 0gre 0gie _ Ogr. Ogve 990e _ Oguvo

oz ( <8:L"’ + oz st) 29 (81‘7 + OxV Oxe ))

o9 (G + G — 92)
+52% (f%g“ (G + Qe — 9me)) oo (G + 0 — Om)
+awu 1% (G + e — o) Lo (G + % — 92
+a7 g (G + G — o) Lo (G + Yoe — Qo) Lo (G + B — 92

_8m” 1 e (391/5 _|_ 99oe _ 8gua) lgEu (89-%6 + 99xe _ 8914)\)
2

ozt 2 0x° Oxv Ox¢ OxA Oxk Ox¢

T1en (O09re 4 O9e  99r\ 1 e (Ogve | 990e _ Ogvo | 1 ep (O9ne | 9grne _ 9gmr
T 39 (8# + ox™ oze ) 29 ox° + oxv oz ) 29 oz + ox*r Oxe

02k 1 ex (891/5 _|_ Ogxe o 89,,A)

T 9x0zC 2 Oz OxV Oxe
o (0750 (G + G — ) 5o (e + G — )
G (3 2 ) b i+ 2 — )
o (3 + 5 — ) e (3 3 ) b B+ 2 — 30)
0 (e e ) (e e )

1 agTe agLe _ agn s agne 890’6 _ agna l €ER 8gue ag)\g _ agw\
+a” 29 (8$L + ox™ Ox€ 29 0x® + Ox"r oze ) 29 Ox + OxV Ox€

62:1:/‘ 1 ex (8906 + 69)\5 _ ago')\)

T 9zvdzt 2 ox* Ox° Ozx¢

_ o) ’Tl 973 3gre ague _ agrl/ ago'e 8g/\e _ 890')\
ox*r (.CL’ 29 (8:13” + ox™ Oxe 2g oz + ox° Oxe
_ ox* l (973 agLe 89145 _ 89u@ agv'e 89)\5 _ ago')\

ozv 29 (8:5"" + Oxt Oxe 2g Oz + ox° Oxe

Tl €L agTe ague _ 897'1/ 1 en agLe agm _ 6gui l ER ago'é 8g>\e _ aga)\
T 39 (890” + ox™ Oxe 29 Ox"r + oxt oz ) 29 oz + ox° Ox€
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_I_Ba:“ 1 e (891/6 _|__ Ogre 691/»@) 1 _ex (%io‘/\e + 99x¢ _ 99s

oxt 59 oxr dzv ~  0z¢ 59 ox° Oxe

T1 € Ogre 09, _ 9gr. 1 e Ogve OFke _ Ogvk 1 _ex 9o 9gxe _ Ogax
+z 29 (BxL + oz oz ) 29 Oxr + oxV oz ) 29 Oz + Oz dze ) -

Definition 15 When the next conversion equation is established, x1, is com-
ozt dz¥ v
OzV OzH "V

ponents of a tensor of rank zero. xt, =

Definition 16 When the next conversion equation is established, x** is con-

. v _ Ozt 0z .o\
travariant components of a tensor of the second rank.[{] 2" = §7= 55

Definition 17 When the next conversion equation is established, x,, is co-

. _ 9z° 9z
variant components of a tensor of the second rank.[4] x,, = S S T oA

Definition 18 When the next conversion equation is established, x¥ is com-

. _ 9zH oz o
ponents of the mized tensor of the second rank.[4] vt = 575 57 a5

Definition 19 When the next conversion equation is established, x,,, is co-

. . A
variant components of a tensor of the third rank.[4] ..o = gi—”‘gﬁ g;f, e

Definition 20 When the next conversion equation is established, z¥  is com-
ponents of the mixed tensor of the third rank of the second rank covariant in

; __ Ox* Ox' 0z A
the first rank contravariant.[{] xl, = 575 575 5515,

Definition 21 When the next conversion equation is established, z*,_, is com-
ponents of the mixed tensor of the fourth rank of the third rank covariant in
the first rank contravariant.[}] z" , = 0t 0x° 92% Ox 1.

voX T 9zt Oz¥ dxz° Az Veaf

3 About Covariant Derivative for the Scalar
in Tensor Satisfying Binary Law

Proposition 1 When all coordinate systems satisfies Binary Law, 555 =0
15 established.
. 3 8213“ o 82Iu . ..
Proof:I rewrite 5= = 5554 using Definision2 and get
0z 0*x
K [ ) (1)
Oxv0xv  Ox,0x"
aiig;cv is tensor satisfying Binary Law in consideration of Proposition6 here.

If a dimensional number is 2, I get

821’1 821'2 . 821‘1 82$2

02,05 | 0ra0it 02,042 | 9rg0i?

=0 2)
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0%z
from 8%8;. I get
0%z,
=0 3
Ox,0x" )
from (2). I get
%z,
=0 4
OxvoxY (4)
from (1),(3).
— End Proof —
Proposition 2 When all coordinate systems satisfies Binary Law, % =0, ag;vagi% =
0 s established for %g’% =M.
Proof:I get
oM
=0 5
oxV ' (5)
foaiia
=0 6
Ox¥Oxv Ox¥ dx” (6)
from (4),(106).
— End Proof —

4 About Covariant Derivative for the Vector
in Tensor Satisfying Binary Law

Proposition 3 When all coordinate systems satisfies Binary Law, x,, =

gzﬁ — x,,(T)FZ(VT) is established for x,,, = gz’;‘ — .17,
Proof:I get
83:# T
Ty = o L (7)

from Definision10. If a dimensional number is 2, I express (7) in components
and get

o0xy ox
. 1 - o 1 o 1 . 2
LL= 50 &'y — Zol'yy, 21 = 9i2 175 — ZoI95,
0o ox
. 1 .2 o 2 . 1 )
Tl = 50~ 11Ty — 2919y, 200 = 912 11Ty — @215, (8)
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If all coordinate systems satisfies Binary Law, I get

ox ) ox .
T11 = 0 1 l’lr :C2F%1,x1;2 i ; xlf F%Z’
ox . or )
To1 = 5 i 1Ty — @915, 2o = oF ; @105y — ol'5,. 9)

from (8). If all coordinate systems satisfies Binary Law, I get

ax# v
o z, I, (10)

Lpw =

from (7). It should accord with (9) if I express (10) in components if a dimen-
sional number is 2 here. If I adopt dummy index of (10) like

O, v(o)

oxV Tl (o) (11)

Lpw =

The components indication of (11) does not accord in (9). On the other hand
if I adopt dummy index of (10) like

ox o
Ly = 871‘5 - :U,,(,,)FM(V ), (12)

The components indication of (12) accords in (9). Because I don’t choose (11)
I rewrite (10) in consideration of Definision7 and get

ax# v(T
Ty = @ — fL',/(T)FM(V ) (13)
— End Proof —
Proposition 4 z,, = gi’;,x/f gi—“ — ,,%%‘ﬁu is established in tensor satis-

fying Binary Law.

Proof:If all coordinate systems satisfies Binary Law, I get

oz, 1 dg dg 0
_O0ry 1 ou) [(9wme 09 O
T = g T oY ( oxV + Oxt Oxv(©)
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from Definision10 in consideration of Proposition3,Definision7. I get

Oz, 1 (9g4)
L= =2 1
Tuw = g Y ( Oxh (15)

99uu(e) O

by establishment of =5 oy = 0 from (14). If (15) is a tensor equation,

(15) must be expressed in

Ox 1 (0g7

o= 20k (22), B
Ox 1 (0g2

LTy = axl: ~Tu(ng <3:L‘“> : (17)

It is (16) that dummy index accords in Definision10. I decide not to handle
(17) when dummy index doesn’t accord in Definision10. Three kinds of the
index exist in (16). Therefore, I get the conclusion that (16) doesn’t satisfy
Binary Law in consideration of Definision6. This is a problem. I rewrite (16)
using Definision2 and get

. ox 1 [(Ogh® ox 1 [0gH
e _ e
Tu 0z, Toy ( oxH > oz, vy ( OxH > ’ (18)

The problem of (16) was solved in (18). I rewrite (16) using Definision4 and
get

oz, 1 (9g; oz, 1 (9g,
U T R T . 1
rin Ox+ * oy <8x” OxH . 2 \ Ox+ (19)
The problem of (16) was solved in (19). I get
Oz,
T = T o0n (20)

in consideration of Definision8 for (19). Because the second term of the right
side doesn’t exist in (20),

_ 0%

x#;” - axl, (21)

can rewrite (20) using Definision4. In addition, w,,, can’t rewrite zi#* of (18)
using Definision2 because the second term of the right side exists in (18).
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— End Proof —

Proposition 5 zf}, = giﬁ 15 established in tensor satisfying Binary Law.

Proof:If all coordinate systems satisfies Binary Law, I get

Dt | dg ) B
v(t) = (e v(r)v(e) Guv(e) _ Ju(r)v 29
g " 20 < ov T 9p T g (22)

po—
xh, =

from Definision11 in consideration of Proposition3,Definision7. I get

ozt 1 (9g,
A v(T) — v(r) 23
T T G Tt 2 ( oxrv (23)
by establishment of 229 — %%@r — () from (22). 1 get
y establishment of 75 — =205 = 0 from (22). I ge
oxt 1 ( Og"
- v(r) Z v 24
T = gm 705 <6xuﬁ)> (24)

by establishment of 8g”8(;)y”(€) — %9;52; = 0 from (22). If (23),(24) is a tensor

equation, (23),(24) must be expressed in

oxt 1 (0g*
T T g L 2 (89{;”) ’ (25)
oxt 1 (0g"
o g_ v
T T o Ty <8x"> ' (26)

It is (25),(26) that dummy index accords in Definisionl1. I decide not to
handle it when dummy index doesn’t accord in Definision11. Three kinds of
the index exist in (25),(26). Therefore, I get the conclusion that (25),(26)
doesn’t satisfy Binary Law in consideration of Definision6. This is a problem.
I rewrite (25),(26) using Definision4 and get

ozt 1 [ Ogt ozt 1 [ 0g"

a2 o o _ v v
T orn T2 (8:6“) oxr 2 (81}“) ’ (27)

ozt 1 (0g" ozt 1 (Ogt

Y A e U0 e 2 M
L ok . 2 <8x”> ok o 2 <8x"> ) (28)

The problem of (25),(26) was solved in (27),(28). I get

ozt
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in consideration of Definision8 for (27),(28). Because the second term of the
right side doesn’t exist in (29),

n
o ox
4 axl/

(30)

can rewrite (29) using Definision4. I rewrite (25),(26) using Definision2 and

get
. ozt 1 [ 0gh ozt L1 (0g
i o o) _ - v 1
T oz, + (8%) oz, +x 9 ((%M) (31)
: ozt 1 [ Ogh* ox" 1 [ Ogh+
s o - - ) 2
’ 8x”+x2<8x”> 8x#+ 2<8 ) (32)

The problem of (25),(26) was solved in (31),(32).

— End Proof —

Proposition 6 z,,., = 8332@; is established in tensor satisfying Binary Law.

Proof:1If all coordinate systems satisfies Binary Law, I get

_ O,
Lusviv(o) = 505 (o)

0 L v [O9uwie . Oy O
(xV(T)g()()< wAe) (© _ Y99

"~ 9z (@) 2 oxV ok Oxv ()
0,1 o) (9w | 09w OGu(o)
orv 2 Ozv(9) Ozt Ozv(€)

L ow) [O9vwve | 09w O9u(yw
+$V(T)§g e ( ox” + O 0

L vtow) (099 | O9viowe _ 3gw<o>>

1
29 00"@ T opn 0av©
. axp, 1 v(e)v(e) agyu(e) agu v (e) aguu (o)
dzv(®) 2 0@ T o D (©)
1 dg B )
= v(e)v(r) pv(e) Jv()v - Juw (1)
() 29 ( Oxr(®) Oz Ox(©)
1 dg ) )
L v(ew(v) vv(e) Gu(o)v(e) Guv(o) 33
59 (8:6”(") dzv v (e (33)
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from Definision12 in consideration of Proposition3,Definision7. I get

2
0%z,

Lyss(o) = 92" Oz (@)

Oz 1 895(2—)) N
Ty(r
dxv 2\ oxn

0 agu (1)
9@ dxt

agll(b) agzx (o)
Oz OxH

v(7)
) 1/ v(t) 1 agl/L 1/0 v(0)
_ 9T L[99y + s @ (9% (34)
dxv(®) 2 \ 9zv() 2\ Ozr ) 2\ Jxv()
byaestablislgment of aga‘;”f) — 8?;‘9 =0, gi%f)) - 689;555) =0, %Q;VV((S) - aag;uV((!)) =
0, St — Sl — (), Zulela. _ Zhta) — () from (33). 1 get
Bzxu o 1 (9g4™)
Ty = - iy = =
wv(@) = G pr@  Gprie) \ T \ gan
COxyy 1 ag;((;)) L A 895(;))
oxv 2\ Oz+ T)2 Ozv() oxt
v(T) v(e)
) g, 1(99,0) \ 1 (995
B xu 1 (o) + T (ORI (0) (35)
Oxv () oxv 2\ Ox+ ) 2\ Oxv
by establishment of a%“;f) — ;xgy“(i) =0, %1‘;”(23) = a;; w2 =0, aag;;((f)) - %g;f((ﬁ)) =
0, vt Wvwe g Yt %";;;5) = 0 from (33). If (34),(35) is a tensor

oxV Oxvie) ) v (o)

equation, (34),(35) must be expressed in

2
0z,

mM;VW(U) = axyaxy(g)

ax# ag°
927 2 (awi)) i

2
0z,

0 1 (0g5
e <$02 (83:“))
Ory 1 (@3@)) Lk
C9zv 2\ Oxe 72

995 } g,
(91:# 2\ Oxvlo) )’
1

dge } 997()
ox” oz

‘r/i;l/%l’( ) axyaxy o')

Ozl
0x° 2

8$U agu(a) +x
COxv 2\ Ozr

893(0) .
oxV 02

dg,
8x”(" < 79 (Eh“))
<8x“> 2 ( ozt >

995 i 395(0)
oxrt ) 2\ oxv |-

It is (36),(37) that dummy index accords in Definision12.

(36)

(37)

I decide not to
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handle it when dummy index doesn’t accord in Definision12. Three kinds of
the index exist in (36),(37). Therefore, I get the conclusion that (36),(37)
doesn’t satisfy Binary Law in consideration of Definision6. This is a problem.
I rewrite (36),(37) using Definision4 and get

9%z, 0 1 (99

L psp(o) = Orrorie) gl llfag ozt
Oz, 1 aQZ(U) 1 (0g7

_Yhu2<e%w T\ o

oz, 1 ( 9Jg;, 1 (095

S 0z72 (@J;M(U) * Y7o\ Oar

_ *x, 0
= 9zrorr@  Hpnle) \ v

00,1 (0940 1 (992 1 (99
ozt 2 \ Oz "2\ 0xr ) 2\ Oxr
dz, 1 ( Og, 1 (0g

S 01v 2 (8:6“(") * o\ Gan

0%z, 0 (

L) = G rndan@)  an(@)
Or, 1 (097 1 (9g;
_mm<aw+%2ay
Ox, 1 (097 1 (0g2
_mw<aw+%28w

D%z, 0 1 (g,
= 0wrdzr @ grr@ \ 72 \ gn

0w, 1 (0G0 1 (0gu\ 1 (990
ozt 2 \ Oxt "2\ 0zv) 2\ Oxr
O, 1 (995 1 (0gv\ 1 (990
8:1:”2( Oxk +xu§ ozt ) 2\ oxr |- (39)

The problem of (36),(37) was solved in (38),(39). I get

(38)

Pz,
Ty =
#,u,ﬂ(a) axuax“(g) ’
0%z,

Lussin = 5 non (40)

in consideration of Definision8 for (38),(39). I decide not to use the notation
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of Definision7 in (40) here. Because the second term of the right side doesn’t

exist in (40),

(921:#
[ P
BV v Oz

(41)

can rewrite (40) using Definision4. I rewrite (36),(37) using Definision2 and

get

(o) — an“ — 0 xgl 09"

’ 895#8%(0) 8Iu(0) 2 \ Ox+
Ox, 1 (0gH) Lo L (0971 dg"@)
0r,2 \ Ox+ o9 v, ) 2\ Ozt
0w, 1 ( dgM° L 1 /9gg\ 1 [ dg"

0x° 2 ax#@? 72\ Ozn ) 2 a%u@j
- Px, 0 . 1 (0g™
N 8%8%(0) 8xu(g) "2\ Oxr
o1 (99" 1 (g
Ox,2 \ Ozt "2\ Oz,
Ox, 1 ( Og" 1 (0g}
S orv 2 (8%(0)) + x,,§ (81*‘)
(o) — 0z — 0 x 1 %
’ axuaxu(a) axu(g) 72\ Oxr
_axol agu(a)a i 1 agua 1 89M(U)U
O0r,2 \ Oxt 72\ 0z° ) 2\ Oxr
Oz, 1 Dgh)e oy 1/(0gz\1 dgH@)
0z 2 oz, 72\ Ozn ) 2 oz,
_ O 0 ek 9g™”
N Gx“c‘)xu(a) 8xu(a) "2\ Oxr

3%} agu(o)v N 1 g 1 agu(o)v
O, 2 Oxt %2 oxv | 2 Oxt

31;”1 agu(v)v N 1 dg, 1 3gu(0)v
dxv 2\ Oz, o \gar | 2 ox, )

The problem of (36),(37) was solved in (42),(43).
— End Proof —

92zH

(43)

Proposition 7 21, = 5755 is established in tensor satisfying Binary Law.
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Proof:1f all coordinate systems satisfies Binary Law, I get

2
o _ 0°x
svsv(o) x”@m” o)

0 1 09, 0 0
V(T) v(e)u v(T)v(e) gl/u(e) Gu(r)
METZOR Y ( F TR )

L0 L ey @MW>8%WM_5ML@
oz 2 Oxv(@) Qv V(e
1 09,( 0 0
v(T) v(e)r(t) v(T)v(e) gw/(e) Gu(r)v
BT < R T B )
1 dg 0 0
L (e v(v)v(e) Gu(o)v(e) . Gu()v(
39 ( I R 0 e 5)
_ 0 L g (09wt | Oguiamta 99w @
Oxv(®) 2 Oxv(?) ox” Oxv(9)
0L grow (09w | Oguints  Outrviy
2 Oxr(®) Oxv(7) Oxv(©
1 0Guu( dg 0
= v(ev() vv(e) v(o)v(e) Guv(o
X — 44
29 (83:1/ (o) + 83:1/ 8:1:”(6) ) ( )
from Definision13 in consideration of Proposition3,Definision7. I get
Ot 0 1 (09,
xﬁz-l/( ) = . + J]V(T)f Iu(r)
vivla) Qv dave) - Qgv(o) oxv
+3$V(L)1 991.) n ol 895(@) 1 99,
Oxv 2 \ Oxv(@) 2\ Ozv | 2\ 9xv(@
ozt 1 [ OgyW 1 (0g"% \\ 1 [9g"W
_ T - gl/ _ :L‘V(T)f 'g ( ) - gl/ (45)
Oz 2 \ Oxv(@) 2\ 0zv@ | 2 \ zvlo)

by establlshment Of aguu(e) _ agl/(T)U — 0 8gu(a‘)u(s) _ agu(b)l/(a) — O agl/(o‘)u(e) _

o o 8 OV (7) Oxv(€) v (L) Oxv(€) OxV
Gvv(o) __ Guv()v(e) _ v(r)v() __
awu(e) - O, BZEU(T) 8CEV(€) — 0 fI‘OIn (44) I get
2
t — o7t + 9 xV(T agy
swiv(o) OxvOxv(o) Oxv() Oxv(7)

1

2

L0 (00 uml 99, \ 1
ozxr 2 \ Oxzv(® ozv(™) ) 2
1

2

ozt 1 89”” 1 (0g, dgu.
()t v(t) l/(O'
0] ( ox? T (8:}6”(T)> oxV? (46)
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891/1/(6)
9 61}”(0)

by establishment of 89"3(;)5(6) - %(7;52)” = 0, 8?,2(3(7.()6) - 695;9{230) =
36“[’;5((5) =0, 85’5;)(5)(6) - 8%”;;2’;;” = 0 from (44). If (45),(46) is a tensor equation,
(45),(46) must be expressed in
i Qe N o 1 [og*
Lww(o) = O Orv(0) axu(a)x 2 \ o

] )

Ox 2 \ Ozv(@) 2\ 0z ) 2 \ Qv (@)
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It is (47),(48) that dummy index accords in Definision13. I decide not to
handle it when dummy index doesn’t accord in Definision13. Three kinds of
the index exist in (47),(48). Therefore, I get the conclusion that (47),(48)
doesn’t satisfy Binary Law in consideration of Definision6. This is a problem.

I rewrite (47),(48) using Definision4 and get
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The problem of (47),(48) was solved in (49),(50). T get
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(50)

(51)

in consideration of Definision8 for (49),(50). I decide not to use the notation
of Definision7 in (51) here. Because the second term of the right side doesn’t

exist in (51),

2
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can rewrite (51) using Definision4. I rewrite (47),(48) using Definision2 and

get
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The problem of (47),(48) was solved in (53),(54).
— End Proof -

BxH

(54)

Proposition 8 /)., = 5-575— is established in tensor satisfying Binary

Law.

Proof:If all coordinate systems satisfies Binary Law, I get
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from Definision14 in consideration of Proposition3,Definision7. I get
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(56),(57) must be expressed in
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It is (58),(59) that dummy index accords in Definisionl4. I decide not to
handle it when dummy index doesn’t accord in Definision14. Three kinds of
the index exist in (58),(59). Therefore, I get the conclusion that (58),(59)
doesn’t satisfy Binary Law in consideration of Definision6. This is a problem.
I rewrite (58),(59) using Definision4 and get
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0%t 1 (39;%)) + 0 (xal (89;;)) 1 (69,;’@))
Oxrdx 2 \ Ozr() Ox° 2\ 0z° )] 2 \ Oxro)
L 071 (&%‘i) 1 <895(A>> Lok (89/3> 1 (QC/?) 1 <895<A)>
Oxrt 2 \ 0z | 2 \ Ozrlo) 2\ 0z ) 2 \0x° ) 2 \ Ozn(o)
Ozt 1 (992 \ 1 [ 9gn S1(0g"\ 1 (0g2\ 1 [0g5
9272 (895“) 2 (89&“(”)) ~y <8az“’> 2 (895#) 2 (89&“(0))
- &P 2 10"
T T 9 0rr 9™ @ g 2 <8xl’>
o 9z'1 (0, & 1 (0g"\ 1 (09
9z 9xr 2 ( oz ) Ozt 2 (E)x”) 2 ( oz )
0 oat1 (3%(0 ) L9 (Q%) 1 <39Z<o>>
8x“(/\) Oxv 2 \ Oxr OxrN ™ 2\ 9xv ) 2\ zn
0" 09,,(0) 9 L1 (09 \\ 1 (99,0
- Qrrdzr@) 2 < ox” )  amlo) (:p 2 (81’”)) 2 < Ox” )
O0x” 1 (09,5 1 agZ()\) dg;\ 1 1 895(/\)
8:6”2(81:“)2(8;1:”) <8x”>2< )2(8:6”)
L0l (agﬂw)) 1 (agﬁfu)) <5’gy> 1 (3 ) 1 <39L‘(A>>
Jzv2 \ Ox+ ) 2\ Ox¥ or? ) 2 2\ Oxv
NPT A
OxvOx9) 2\ OzH Oxr@) 2\0zv ) ) 2\ Ox+
2100 A )
Oxv2 \ Oz ) 2\ Oxt 2\0zv) 2\ Oxv )2\ Ozt
0" 1 (9950 \ 1 (99 _ L1 (0951 (9910 1 (99
_axl‘Q(@x”)Z(ax“)_ 2(8:6”)2(83:”)2(895”)
ot 1 (89;1 o ) + 2 (xul (895)) 1 (élqzm)
(92:”8x” D) ox” 2\ 0zv ) ) 2\ Ozr@)



Property of tensor satisfying binary law 3 225

L0 1 (QCJ#) 1 <595(A)> Ll <39Z> 1 ((‘1@5) 1 (agﬂ@ )
Oxr 2 \ Ozv ) 2 \ Oxr@) 2\0xv ) 2 \0xv ) 2 \ Oxnlo
Azt 1 (Dgy\ 1 (99, L1 (g \ 1 (Dgu\ 1 (09
v 2 (893“) 2 <8x“(")> ) (093”) 2 (01:“) 2 (8:5“(‘7)) - (61)

The problem of (58),(59) was solved in (60),(61). I get

— | =

i 3t
“Lsulo)nn) T T Ot (@) §n(N)
3t
" _
Vi "~ 9zrOTrOTH (62)

in consideration of Definision8 for (60),(61). I decide not to use the notation
of Definision7 in (62) here. Because the second term of the right side doesn’t
exist in (62),
Pt
oI (63)

VY Qv Qxv Oxv

can rewrite (62) using Definision4. I rewrite (58),(59) using Definision2 and
get

phtsp(o)i(x) — Ot + o 1095
8%8% 0)(%”@) 8%((,)(%“( 2 (9%
0 0x°1 Ogt 0 10971 Ogt
8xu ) 0, 2 0T (o) 8xu(>\)x §8x#§8xu(g)
0 Oxt1 Ogh° 0 _10g*1 Og*
_6J;p(A) 8[EU§3:L’M(U) B 8 (M) v 28[E028$u
0%z 1 Ogt ,10g2\ 1 Ogt
+8xuﬁxﬂ(g) iaxu()\) + 83}# (o) ( 2 891:#) 58%@)
et ()3 (o) * 3 (56) 2 (e )2 (505
+ = 5 +x = = =
8% 2 8%(0) 2 8%@) 2 8% 2 &vu 8%@)
dz71 [ g \ 1 [ dgh o1 (0gZ\1 [ 0g" \1/[ Og¥
- 072 (3% cr)) 2 (3%@)) T (358") 2 (3%(@) 2 (3%@))
*ar 1 [ Ogho 0 1 (0g8\\ 1 [ Ogi
027 0y(0) 2 (5’%@)) - 5%(0) (x 2 <0$">> 2 (5%@))
oz’ 1 agt \ 1 [ 0g"° g2 dght \ 1 [ 0g"°
0272 (8% 0)) 2 (axu(/\)> - 2 <8x0> 2 (855#(0)) 2 <8x“(,\)>
ox*1 ( 0g2 \1( Og"° o1 (O0gt\1 [ Og7 \1/[ Og"
T o272 (5%(0—)) 2 (3%@)) Ty (593”) 2 (8%(0)) 2 (3%@))
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Pat 1 [dg)e 0 1 (0g#\\ 1 [0gH)e
_6xuax"§ (8:@(,\) ) - Oa° (x 2 <8xu>> 2 <8x# )
0x°1 (0g"\ 1 [0go)e -1 (092 agt\ 1 (0gH ")"
o) 3 () 3 (52)2 (52) (5
D) A ) )
0x72 \ 027 ) 2 \ Oy 2 \ 0x° dz° ) 2 \ Oz,
B Pt N o? 1 gt
arua(ﬂu(g)ax#()\) 6%(0)8% 2 8:EM
N 0 0z”1 Ogl 0 xylé’gyl dgl
a$u()\) 8$u 2 aZL’M(U) 8$u()\) 2 (%M 2 OIH(U)
0 Ox*1 Og* o ,10gk1 Og*
_8:1:“@) oxv 5837#(0) B axu()\)x 5833”5833#(0)
Oz’ 1 0gy D ( y1395> 1 gt
8%6%(0) 2 8%@) 8%(0) 2 895# 2 8%@)
+8x”1< dgy >1<895 >+$V1<395>1< dgy, ) dgt;
aib‘u 2 895“(0 2 (%N(A) 2 61*“ 2 &L’H(U) 695#@)
ox"1 ( 0g"™ \ 1 ([ Og¥ L1 (0gh\ 1 [ Og agh
a2 (5%(0 ) 2 (axuu)) 02 (ax”> 2 (3%(0) O

P dg"™ \ 0 L1 (dgh
0¥ 0T (o) O (0 0 (o) o 2 \ OzV

oxr” dg" g dgh\ 1
a2 (5’%(0 ) (5’%@)) (5’93”> 2 (3%(@
Oz 1 ( gy, ) < dg ) , <8gu> 1 ( dgy, dg"
+ +x =
9”2 \ 97 (0 DT, 0z ) 2 \ 00 O ()
Pat 1 (0gh” J1 (0g8\\ 1 [0gH)
837M8x 2 <8Iu A) ) - Oav (x 2 (8:5#)) 2 (8:%(,\)
dz" 1 (dgy dg" dgv\ 1 [(0g*\ 1 [OgHtelv
83:“ (31:”) <8x“ ) ) (8;@) 2 (axy> 2 (axu(/\)
o1 (g \ 1 (dgh 1 (9gh\ 1 (g™ \ 1 (0g""
o (o) () 3 (32) 3 (503 (35 ) o
phtsp(o)ix) — &zt + o U} <8g““>
8:@8:6# J)aa:u O ()0 () 2
. 9 Ox° 1(89“ ) <8glw> 1 (89#(0)#>
Oz, (n) Oy, 2 0x° Gxu 0x® | 2 0x°

B o @xul agu(a)o dg* 1 agu(a)a
Oz, 0272\ Oy 8:6“ 0z ) 2\ Oz,
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() () )
ax,ﬂxu(g 2\ dz° 0T (o) 2\ Ox° 2 ox°®
L) )
Ox, 2\ Ox° 2\ 0x° oxe | 2\ 0x° 2\ Ox°
0x° 1 [ 0gHo)e It g2\ 1 (0gMo\ 1 [ dghMm
_8x02< oz, )2( ox° ) B <(‘3x")2< Oz, )2( ox° )
Ozt 1 [9grNVe 1 (0g*\\ 1 [0grNe
“rines am) e (72 (50))2 (75
027 1 Dghlr dgh™ 1 (0g2\ 1 (9g™om\ 1 [9ghNe
9272 ( ox° )2( 0z, )—x2<0$0>2< ox° >2< Oz, )
ox* 1 8g“(")" 1 89“(”" ,1 (O0ght\ 1 (0gH (@) 1 GgM(A)"
+8w"2< ox° >2< oz, >+x2<8x">2< ox° )2( Ox,, )
0t 1 [OghNe ) S 1 (0g"\\ 1 [0ghNe
0,017 2 (f%fu(o) ) - Oa0 <$ 2 (356" )) 2 (3%@7) )
0x°1 (Ogh\ 1 [OghNe J1 (0g"\ 1 (0g"\ 1 [0grNe
_Eh“i (EM") 2 <8mu(g) ) -7 2 <8x0 ) 2 <8x"> 2 (8:10#(0) >
Oxt1 (092 \ 1 [0gHMe 1 (0g8\ 1 (095 1 (0gHNe
+8$U (8:@) 2 (ax#(cr) ) I 2 <8:UU> 2 (835“) 2 (axu(o) )
Pt 02 1,1 dgh+
8m,ﬁxu 0)8% 6%(0 0T () b ox” >
o o1 agu(ff) g\ 1 gu (o)
+8xu(,\) 8:@5 ( oxV ) + Gxﬂ (8:1:"’ ) 2 ( oxv >
o Oxt1 (g dgh\ 1 [9gtolv
_8:10#(,\) ox¥ 2 ( Oz, > 8xu <8m”> 2 ( oz, )
P2z 1 aqu()\)u o dgH 1 agu(/\)u
+8xuaxu(o)§ ( oxv ) + 0T (o) ( (833” )) 2 ( oxv >
oz’ 1 agu(g)v 1 agu(/\)u dg*\ 1 [ dgH (@r\ 1 agu(k)u
+6xu2< or” )2( ox” ) <0x”>2< foknd )2( ox” )
oz’ 1 (9gM@V\ 1 [ 9gHMm dgu\ 1 (0g"@\ 1 [9gHIm
_8$V2<8$M>2<8 )‘ (8m”>2<8xu>2<8x”>
Par 1 (g 1 (0gE\\ 1 [0gHVY
_&U”@xu(g 2 < 8:@ ) 81,'“ < 2 (8:5”)) 2 ( Gmu )
oz’ 1 [ Oghom g ogu\ 1 (0g"@r\ 1 [9gh™N)
C91v 2 ( oxr” > 2 ( 8xu ) <8x”> 2 ( oxr” ) 2 ( axu >
ox* 1 (0g*\ 1 [9grN dgh\ 1 [0g"@\ 1 [0ghM)
dxv 2 < Oz ) 2 ( Oz, ) <8x”> ( Oz > 2 ( Oz, >
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O?xt 1 (gt 0 L1 (0g"\\ 1 [0gr
O, 0072 (5’%@ ) - O (m 2 < ¥ )) (3%@ )

Oxv'1 (dgt\ 1 (gt L1 [Og" DtV
0w, 2 (390”) 2 (3%(0) ) 2 (8:1:" (3%@) )
1
.

~_ — IO
DN | —
VRS
Q|
SRS
R INE®E
~__—

v\ 1 w(A)v 1 2\ 1 v\ 1 w(Av
+6‘:v dg,\ 1 (99 L A AR (65)
Oxv 2\ 0z, ) 2 \ Oz, 2\0zv) 2\0x,) 2 \ 0x,)

The problem of (58),(59) was solved in (64),(65).

— End Proof —

5 About a Coordinate Transformations Equa-
tion in Tensor Satisfying Binary Law

Proposition 9 When all coordinate systems satisfies Binary Law, xl; = x, is

established for xt; components of a tensor satisfying Binary law of rank zero.

Proof:When all coordinate systems satisfies Binary Law, I get

Ox* Oz
2 — v o __ v
T = 5 gy = Lo (66)

from Definision15. Because (66) accords in Definision15, the components of a
tensor of rank zero is equivalent with components of a tensor satisfying Binary
law of rank zero. I adopt @fi—zit!, vy —x}/,(18), u, v-inversion form of (18) for
(66) and get

Oz, 1 (0g"\ Oux, 1 (0g""
oz, “‘”z(axu)—axy %(aﬁ‘ (67)

— End Proof —

Proposition 10 When all coordinate systems satisfies Binary Law, ¥ = x**
is established for x*¥ contravariant components of a tensor satisfying Binary
law of the second rank.

Proof:If all coordinate systems satisfies Binary Law, I get

_ 02t 01
Oxv(@) vV

uv

(68)
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from Definision16 in consideration of Proposition3,Definision7. Because %

in (68) expresses conversion to the same coordinate systems, it is a problem.
Therefore, I rewrite dummy index v of (68) in p and get

0" 0" von,

o = ———
8331’(‘7) axﬂo\)
oxH dx”
uy o v VW
= ot = (69)

I decide not to use the notation of Definision7 in (69) here. The problem
mentioned above is solved in (69). I rewrite (69) using Definision2,Definision3
and get

Ozt 0z,

83;1/ 873;”:6” =Z,. (70)

T, =
I rewrite x* = oM, x"* = x"* using Definision2,Definision3 and get
' =, 2 = ap. (71)
I get (69) from (70),(71).
— End Proof —

Proposition 11 When all coordinate systems satisfies Binary Law, x,, = x,,
is established for x,, covariant components of a tensor satisfying Binary law
of the second rank.

Proof:If all coordinate systems satisfies Binary Law, I get

axu(a) 81‘”0‘)
v = v(o)v 72
Tu orr ogv VOO (72)
from Definision17 in consideration of Proposition3,Definision7. Because 8‘5;(3)

in (72) expresses conversion to the same coordinate systems, it is a problem.
Therefore, I rewrite dummy index v of (72) in p and get

Or¥(@) HprN)

Lyw = Ot le/(v)u(z\%
ox” Oz
Tpy = 5o o = Lo (73)

I decide not to use the notation of Definision7 in (73) here. The problem
mentioned above is solved in (73). I rewrite (73) using Definision2,Definision3
and get

m
v _ O aia:” = af). (74)

¥ = —= =
Y Oz, 0zv M
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I rewrite x,, = ¥, T, = ., using Definision2,Definision3 and get

Ty = Ty, Ty = Thy. (75)

Lget (73) from (74),(75). Tadopt ., =T, Tup—>Tu,, h—ail, xp—ai) (18),(21),
i, v-inversion form of (18),(21) for (73),(75) and get

Oz, Ox,
oxrv Ozt (76)
oz, B oz, 1 (0g""\ O, B Oz, 1 (0g"
dzv Oz, D <8x" ) "Oxn Oz, vy <8x“ ' (77)
— End Proof —

Proposition 12 When all coordinate systems satisfies Binary Law, x! =

giﬁ gxﬁ x;, 1s established for xj components of the mized tensor satisfying Binary

law of the second rank.

Proof:1f all coordinate systems satisfies Binary Law, I get

ozt 81‘”( ,,(0)

f]:l/f = 782711(0') 8xl/ l/(/\) (78)

from Definision18 in consideration of Proposition3,Definision7. Because ag;(;)
in (78) expresses conversion to the same coordinate systems, it is a problem.
Therefore, I rewrite dummy index v of (78) in p and get

oxt 83:'“(” v(o)

b
Tv = 9@ g i)
Ozt Ozt

I decide not to use the notation of Definision7 in (79) here. The problem
mentioned above is solved in (79). T adopt 2, —x%,, 2 —a?,,(30), p, v-inversion
form of (30) for (79) and get

u 1Yyt v
7 = o o) )
I get components indication
4=
22 = ox? 0z | , 0x*02* (81)

il 9i1 22T gi2 g2

for (79) if I assume the number of the dimensions 2.
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— End Proof —

Proposition 13 When all coordinate systems satisfies Binary Law, ., =

yn . . . . .
giu Ty 15 established for x,,, covariant components of a tensor satisfying

Binary law of the third rank..

Proof:If all coordinate systems satisfies Binary Law, I get

9r’® 9xr© Hgv(e)
Tyvv(o) = ol Oz’ 9pr©) Tu(Nv()v(e)

(82)
from Definision19 in consideration of Proposition3,Definision7. Because 6;;(:) g;:((z
in (82) expresses conversion to the same coordinate systems, it is a problem.
Therefore, I rewrite dummy index v of (82) in p and get

Ox?N) Ggpr(e) Hghle)
‘IHVV(U) = axu axy a{L‘V(U) xl/(A)[l/(L),U,(E)7

ox¥ Ozt Oxt oz

Lpvw = Ozt Ox” Or” Lvpp = Oxv Lypp-

(83)

I decide not to use the notation of Definision7 in (83) here. The problem
mentioned above is solved in (83). There is two same index in z,,,, %,,, of
(83). This is a problem. I rewrite (83) using Definision2,Definision3 and get

B Oz, Ozt Ozt u ox# i

14
xy, = xh = ah . (84)
vv
Ox, Oxv dxv M Qav M
I rewrite .00 = Tpw, Tupy = Topy using Definision2,Definisiond and get
— Y = — el
Ty = Ty, = Ty, Ty = Ty, = 2. (85)

I get (83) from (84),(85). The problem mentioned above is solved in (85). I
adopt T =T s Topp—>Topp, (41), p, v-inversion form of (41) for (83),(85)
and get

%z, ox* 0%z,
Orvox”  Oxv dxrdxt’ (86)
0%z, x,
B Y TR (87)
— End Proof —

Proposition 14 When all coordinate systems satisfies Binary Law, zV, =
%xZ# is established for xt, components of the mized tensor satisfying Binary

law of the third rank of the second rank covariant in the first rank contravariant.
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Proof:1f all coordinate systems satisfies Binary Law, I get

4 ozt OxvW Px© v(N)

Ton(o) = G g @) Trlm(o)

(88)
from Definision20 in consideration of Proposition3,Definision7. Because ag;(;) gj:((a))
in (88) expresses conversion to the same coordinate systems, it is a problem.
Therefore, I rewrite dummy index v of (88) in x4 and get

ot OtV 9y N

weoo Sy
vv(o) Orv™ Oxv Oxv(o) n()ple)?

, 0zt Ot Ot

zh = .
" Ozv Qv Oxv M
I decide not to use the notation of Definision7 in (89) here. The problem
mentioned above is solved in (89). There is two same index in z¥ , "  of (89).

T

(89)

v Lup
This is a problem. I rewrite (89) using Definision4,Definision5 and get
Oxt Ox¥ Oz ox"
t = xy, = xy,. (90)
BE Qv Ok Ok Oxt
I rewrite a4, = o, 2}, = x},, using Definision4,Definision5 and get
Ty, =T, =Ty, T, =T, = Ty (91)
I get
_ Oz! Ox” Oz

i el v
Tow = Oxv Oxt Oxt Tun (92)

from (90),(91). T get
Oxt Ozt Ox” Ox”
Oxv Oxv Ok Oz
from (89),(92). If (93) assumes it false, I rewrite (93) using Definision5 and
get

(93)

Ox” Ox”  Oxt Oxt

Orv dzv  Oxt Ozt
Because (94) isn’t established, (93) is established. The problem mentioned
above is solved in (91). T get

(False). (94)

w0 (95)

Loy O HH

from (89),(93). I adopt x¥,—a* .,z —a¥, . (52), u,v-inversion form of (52)

s L™ Vs
for (91),(95) and get
0%t 0%
= _— = vy 96
9rvdr” M Dpre (96)
82 o or? 82 v
ot Ox x (07)

Oxvox”  Oxt dxrdxt’
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— End Proof —

Proposition 15 When all coordinate systems satisfies Binary Law, xt,, =

x,,, s established for x,, components of the mized tensor satisfying Binary

law of the fourth rank of the third rank covariant in the first rank contravariant.

Proof:If all coordinate systems satisfies Binary Law, I get

ozt Oz oxr(@ gv B
o O 00 0 g (99
vv(o)v(X) oxv®) 9xv Oxv(@) Hrv(N) v(ev(a)v(B)

from Definision21 in consideration of Proposition3,Definision7. Because
v(€) g (@) gav(B) . . .
agzu ‘giy(‘;) giyw in (98) expresses conversion to the same coordinate systems,

it is a problem. Therefore, I rewrite dummy index v of (98) in x and get

. ot HrtE) §pr(@) §pr(B) v(0)
Tov(@w) = Huv) Jav 9rr(@) g L ulOu(a)u(8)’
Oxt Oxt Ozt Ozt
xuzxmxasxy (99)

ey Qv Qxv Oxv Oxv MM

I decide not to use the notation of Definision7 in (99) here. The problem
mentioned above is solved in (99). There is three same index in z#,, 2  of

vvv g
(99). This is a problem. I rewrite (99) using Definision4,Definision5 and get
Ozt Ox¥ Ox” Ox*
= zy, .. (100)
RV Qv Ozt Ok Qv 7
I rewrite o, = ¥}, z,,,, = x,,,, using Definision4,Definision and get
T, =T, = T, T = T, = Ty (101)

I get (99) from (93),(100),(101). The problem mentioned above is solved in
(101). I rewrite (101) using Definision2,Definision3 and get

T, = Ty = Ty, Ty, = Ty = T, (102)
I get
T, =T (103)

m n v v v
from (93),(99). Tadopt @, =k, T =Ty, Ty—T) 0 =T, Ty =Ty,

n
wh—ait (18),(21),(63), p, v-inversion form of (18),(21),(63) for (102),(103) and
get

O3t Oz, Oz, 1 [(0g""
u§ )

xvdrvor’ Oz’ ox, B oxv
B Oz, Oz, 1 [(0g*

= = — = 104

Jzrdxrdzt  Jdxt  Oxy, Ty <8x#> ’ (104)
3 a4 3 4V

o0°x _ 0°x (105)

oz’ OxrvOxv  OxtOxrHOTH
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I get
Bt oz, Ox, 1 [Og"+
OxvOxvoxy  Oxv Oz, Ty <8x”> ’ (106)
B3xv Ox, Oz, 1 (0g*
OxtQxrdzt Ozt Oz x'/2 ((‘3;1;“ > (107)

from (104),(105),Definision9.
— End Proof -

6 Discussion

About Propositiond

The collecting of the dummy index o can consider two of (16) and (17) from
(15). It is (16) that dummy index accords in Definision10. I decide not to
handle (17) when dummy index doesn’t accord in Definision10. A reason of
the prohibition of the handling of (17) becomes clear by Proposition3. These
coping considered it in the whole Chapter 4,Chapter 5 as well as Proposition4.
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