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Abstract

We complete the proof of Weinberg’s no-go theorem on the cos-
mological constant problem in classical gravity when the theory has a
(global) scale symmetry. Stimulated with this proof, we explore a solu-
tion to the cosmological constant problem by the help of renormalization
group equations. We find that the manifestly scale invariant regulariza-
tion method provides a physically plausible solution to the cosmological
constant problem, in particular, to the issue of radiative instability of
the cosmological constant.

1 Introduction

The cosmological constant problem (CCP) has been discussed in uncountably
many papers since it was realized that radiative corrections in quantum field
theory (QFT) give rise to a vacuum energy density which is many orders
of magnitude greater than that allowed by cosmological observation [1, 2].
The extremely tiny value of the cosmological constant (CC) at the present
epoch, which is observed to be around 1(meV )4, appears especially mysterious
in considering the fact that our universe thus far underwent several phase
transitions or symmetry breakings which greatly change the value of the CC.

In QFT, symmetry breakings naturally lead to a CC of order E4 where
E is the characteristic energy scale of each symmetry breaking. For instance,
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the Standard Model (SM) of particle physics informs us that we have expe-
rienced at least two stages of symmetry breakings, those are, the Higgs con-
densation 〈H†H〉 ∼ M2

EW ∼ (200GeV )2 and the QCD chiral condensation
〈q̄q〉 ∼ Λ3

QCD ∼ (200MeV )3. Each symmetry breaking produces a huge value
of the CC, but the last symmetry breaking must produce a very tiny CC to
very high accuracy, which is like a magic. This fact might suggest that the
CC behaves as if it were completely blind to a huge vacuum energy density
coming from symmetry breakings.

In order to account for such a tiny value of the CC, one could envision
a few viable scenarios, one of which is to make use of some symmetry which
reduces a large CC to the tiny one or zero. The difficulty with this symmetry
approach is that no appropriate symmetry is known at present which can do
such the job. However, since the CCP and the gauge hierarchy problem are
intrinsically related to energy and mass scales, it is natural to expect that a
(local) conformal symmetry or a (global) scale symmetry might play a role to
some degree in understanding the two problems. Actually, we will see that the
scale symmetry provides us with a playground for attacking the CCP.

The other popular scenario is to utilize some dynamical mechanism which
makes the CC relax to the tiny value or zero. A natural candidate realizing such
a scenario is that some matter field almost ”eats up” the large CC, thereby its
small fraction, which the matter field could not eat up, being left behind. This
scenario must confront and overcome the Weinberg’s venerable no-go theorem
to provide a plausible solution to the CCP [1, 2, 3].

In this article, we wish to pursue the third scenario which is in a sense
a compromised scenario between the above two scenarios, i.e., symmetry ap-
proach and dynamical mechanism. It turns out that it is the Weinberg’s no-go
theorem for a theory with scale invariance that gives us a hint of exploring
such a solution to the CCP.

In general relativity we are familiar with one fact that the presence of the
CC makes it impossible for a flat Minkowski space-time to become a classical
solution to the Einstein equation. This fact has been upgraded to, what we
call, the Weinberg’s no-go theorem, in an attempt to search for a solution to
the CCP [1]. The Weinberg’s no-go theorem in classical gravity can be stated
as follows: General coordinate symmetries, which are in general violated by
the presence of a fixed background metric, cannot be broken without any fine-
tuning of the CC in such a way that the translational invariance, which is a
subgroup of general coordinate symmetries, is exactly preserved. As empha-
sized by Weinberg [1], this situation is unusual from the QFT viewpoint since
given a theory invariant under some gauge group G, we would not expect to
have to fine-tune the parameters of the theory to find vacuum solutions which
preserve any subgroup H ⊂ G. Incidentally, the Weinberg theorem in classical
gravity is naturally generalized to quantum gravity on the basis of both the
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BRST invariance and the effective action [4].
The rest of this paper is organised as follows: In the next section, we review

Weinberg’s no-go theorem in classical gravity. In Section 3, we complete a
proof of the Weinberg theorem when there is a scale symmetry. In Section
4, we look for a solution to the CCP by the help of renormalization group
equations [5, 6, 7]. In Section 5, we find that a scale invariant theory provides
a solution to the CCP, in particular, to the issue of radiative instability of
the CCP, when renormalizing it in terms of the manifestly scale invariant
regularization method. Finally, we conclude in Section 6.

2 Weinberg’s theorem in classical gravity

In this section, we begin by reviewing the Weinberg’s no-go theorem in classical
gravity [1] and point out that there is a loophole in the argument in the presence
of scale invariance.

The argument by Weinberg starts with a Lagrangian density L(gµν , ϕA)
which consists of the metric tensor gµν and generic matter fields ϕA where
the subscript A takes the values A = 0, 1, 2, · · · and labels different fields
with suppressed tensor indices. The point in the Weinberg’s argument is to
assume that the vacuum is translationally invariant, by which all fields must be
constant in space-time. For such constant fields general coordinate symmetries
are reduced to a global GL(4) symmetry [1]-[4]

xµ → x′µ = (M−1)µ νx
ν , (1)

where Mµ
ν is a constant 4× 4 matrix satisfying detM 6= 0. Under the GL(4)

transformation, the constant fields and the Lagrangian density are transformed
as

gµν → g′µν = gαβM
α
µM

β
ν , ϕA → ϕ′A = DAB(M)ϕB,

L(g, ϕA) → L′(g′, ϕ′A) = detM · L(g, ϕA), (2)

where DAB(M) is an appropriate representation matrix for the tensor structure
of the fields ϕA. With Mµ

ν = δµν + δMµ
ν (|δMµ

ν | � 1), the infinitesimal
GL(4) transformations for the metric tensor and the Lagrangian density read

δgµν = δMµν + δMνµ, δL = TrδM · L, (3)

where TrδM ≡ gµνδMµν . Note that the latter transformation implies that the
Lagrangian density indeed transforms as a density under the GL(4) transfor-
mation.

Given constant fields, under the infinitesimal GL(4) transformation, the
Lagrangian density transforms as

δL = TrδM · L =
∂L
∂ϕA

δϕA +
∂L
∂gµν

(δMµν + δMνµ). (4)
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This relation is used to show that given the matter field equation ∂L
∂ϕA

= 0, the
dependence of L on gµν is too simple to allow a solution to the gravitational
field equation ∂L

∂gµν
= 0 unless we pick up the vanishing CC by hand. Choosing

the vanishing CC by hand is interpreted as a fine-tuning of the CC. Incidentally,
provided that the matter fields are a scalar field ϕA = ϕ, its GL(4) variation
is identically vanishing, δϕ = 0, so that the first term on the right-hand side
(RHS) of Eq. (4) becomes zero. Even in this case, subsequent arguments are
still valid.

Let us consider two distinct cases separately: one case is that both of the
field equations, those are, ∂L

∂ϕA
= 0 and ∂L

∂gµν
= 0, hold independently whereas

the other case is that they are not independent and related to each other via
a certain relation, which means the existence of scale invariance in a theory.

For the former case we will first assume ∂L
∂ϕA

= 0 without assuming ∂L
∂gµν

= 0

for the moment. Then, Eq. (4) is simply solved to be

L =
√
−gV (ϕA), (5)

where V (ϕA) satisfies ∂V
∂ϕA

= 0 and it is some function depending on only
matter fields ϕA. As mentioned before, we see that the dependence of L on
gµν is too simple to allow a solution to the gravitational field equation ∂L

∂gµν
= 0

unless V (ϕA) is vanishing. Let us recall that choosing V (ϕA) = 0 by hand
corresponds to a fine-tuning of the CC. In other words, in the case that the
metric tensor and matter fields are independent fields, the CCP cannot be
solved except for a fine-tuning of the CC, which is a very well-known result.
So far, so good!

Next, let us turn our attention to the second case where the two field
equations are related to each other through the relation [1]

2gµν
∂L
∂gµν

=
∑
A

fA(ϕ)
∂L
∂ϕA

, (6)

where fA(ϕ) is a certain function depending on ϕA. This relation can be
rephrased as the existence of a global symmetry in the theory under consider-
ation

δεgµν = 2εgµν , δεϕA = −εfA(ϕ), (7)

where ε is the infinitesimal transformation parameter. By redefining the fields
in an appropriate way, one can take at least locally [1]

δεgµν = 2εgµν , δεϕ = −ε, δεϕa = 0, (8)

where we have defined ϕ = ϕ0 and ϕa = ϕA 6=0. Note that this transformation
coincides with the conventional scale transformation if we identify Φ ≡ eϕ and
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ϕa with scalar and gauge fields, respectively, and assign mass dimension to
the both fields. With this identification, it is reasonable to set up a GL(4)
transformation, δϕ = 0 or δΦ = 0. Since we can construct a scale invariant
metric

δε(e
2ϕgµν) = 0, (9)

a scale invariant Lagrangian density can be described as

L = L(e2ϕgµν , ϕa) ≡ L(ĝµν , ϕa), (10)

where we have introduced the scale invariant metric ĝµν = e2ϕgµν .
As in the previous case, let us take the variation of L under the GL(4)

transformation

δL =
∂L
∂ϕa

δϕa +
∂L
∂ĝµν

δĝµν , (11)

where we have used δϕ = 0. Next, following the same line of reasoning as
before, we first impose the matter field equation ∂L

∂ϕa
= 0 without imposing the

gravitational equation ∂L
∂ĝµν

= 0, and then we get the relation

δL = TrδM̂ · L =
∂L
∂ĝµν

(δM̂µν + δM̂νµ), (12)

where we have defined M̂µν = e2ϕMµν , TrδM̂ = ĝµνδM̂µν and ĝµν = e−2ϕgµν .
The solution to Eq. (12) reads

L =
√
−ĝV (ϕa) =

√
−ge4ϕV (ϕa). (13)

Finally, imposing the gravitational field equation ∂L
∂ĝµν

= 0 requires us to

take V (ϕa) = 0 or e4ϕ → 0. As before, the former case corresponds to a fine-
tuning of the CC. In order to understand the meaning of the latter case, it is
convenient to recall that Φ = eϕ is a scalar field. Then, the limit e4ϕ → 0 is
equivalent to the vanishing limit of the scalar field, Φ → 0. Since the scalar
field is expected to ”eat up” the large CC, this case should be excluded from
our consideration from the physical viewpoint.

It seems that the above proof completes the Weinberg’s no-go theorem in
the presence of scale invariance. Any proposal for attempting to solve the CCP
must confront this theorem and explain how the proposal escapes its clutches.
This is especially true when we assume an approximate translational invariance
and constancy of all fields at small scales. However, it is fortunate that there
is a loophole in the proof when there is a scale symmetry. In the next section,
we shall present a slightly modified but complete proof clarifying the loophole,
and stimulated with this new proof we will explore a new solution to the CCP
in the following sections.
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3 New proof of the Weinberg theorem in the

presence of scale symmetry

In the latter part of previous section, we have presented a proof of the Wein-
berg’s no-go theorem in classical gravity in the presence of scale invariance.
However, this proof is incomplete in that it neglects the fact that the potential
is also constrained by scale symmetry. For instance, in the classically scale
invariant λφ4 theory, the potential V (φ) satisfies the relation at the classical
level

T µ µ = 4V (φ)− φ ∂

∂φ
V (φ) = 0, (14)

where Tµν is an ”improved” stress-energy tensor introduced by Callan et al.
[8]. In fact, it will be found shortly that Eq. (14) is the key relation for
providing a complete proof for the theorem.

In this section, we wish to present an alternative and complete proof of the
Weinberg’s no-go theorem in classical gravity when a scale symmetry exists. To
this end, let us start with a Lagrangian density L(gµν , φi, ϕA) with a manifest
scale symmetry from the beginning. Here φi denote a set of scalar fields and
ϕA are matter fields but scalar fields. The infinitesimal scale transformation
is defined in a usual manner as

δεgµν = 2εgµν , δεφi = −εφi, (15)

in addition to δεϕA. Of course, as before, it is easy to construct a scale invariant
metric ĝµν out of gµν and a set of scalar fields φi as

ĝµν =

∑
i,j

cijφiφj

 gµν ≡ φ2gµν , (16)

where cij is an n× n constant matrix and we have defined φ2 ≡ ∑i,j cijφiφj.
The dynamics is described by the Lagrangian density L(gµν , φi, ϕA) at the

classical level and by an effective action Γ at the quantum level. For con-
stant fields due to the translational invariance, the Lagrangian density and
the effective action reduce to the classical potential and the effective poten-
tial, respectively. For the generality of presentation, in this section, we will
consider the effective potential V (gµν , φi, ϕA). Then, a scale invariant effective
potential takes the form

V (gµν , φi, ϕA) = V (ĝµν , ϕA). (17)

Under the GL(4) transformation,

δV =
∂V

∂ϕA
δϕA +

∂V

∂ĝµν
δĝµν , (18)
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where the scalar fields do not transform under the GL(4) transformation, δφi =
0.

Next, let us impose the matter field equations ∂V
∂φi

= ∂V
∂ϕA

= 0 without doing

the gravitational equation ∂V
∂ĝµν

= 0. Consequently, we obtain the relation

δV = TrδM̂ · V =
∂V

∂ĝµν
(δM̂µν + δM̂νµ). (19)

The solution to Eq. (19) is then of form

V =
√
−ĝV̂0(ϕA) =

√
−gφ4V̂0(ϕA) ≡

√
−gV0(φi, ϕA), (20)

where V0(φi, ϕA) ≡ φ4V̂0(ϕA). Since the constant fields ϕA, which do not
include scalar fields, do not play a special role any more, let us put ϕA = 0 for
simplicity. Accordingly, we arrive at the solution

V =
√
−gV0(φi), (21)

where V0(φi) ≡ V0(φi, ϕA = 0) and φi are constant scalar fields satisfying
∂V0
∂φi

= 0.

Finally, it seems that imposing the gravitational field equation ∂V
∂gµν

= 0

leads to the previous result, V0(φi) = 0, which corresponds to a fine-tuning of
the CC. However, there is a loophole at this point. At the classical level, since
there is no trace anomaly, as in Eq. (14) the scale invariant potential V0(φi)
must satisfy the relation

4V0(φi)−
∑
j

φj
∂

∂φj
V0(φi) = 0. (22)

Now V0(φi) also satisfies the field equation ∂V0
∂φi

= 0, so the relation (22) requires
us to take

V0(φi) = 0. (23)

Hence, at least at the classical level, the potential V0(φi) is automatically zero,
which means that we do not have to fine-tune the CC by hand. This new
proof not only demonstrates that the Weinberg’s no-go theorem does not hold
at least at the classical level when a theory possesses a scale symmetry, but
also strongly suggests that a scale symmetry could play an important role for
the CCP since the Weinberg’s no-go theorem has been regarded as closing
off all hopes in this direction thus far. However, the point is that a scale
symmetry is explicitly broken by trace anomaly at the quantum level, so the
above conclusion is limited to hold only at the classical level.
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4 A solution to the cosmological constant prob-

lem

We would like to explore a solution to the cosmological constant problem
(CCP). As pointed out in the last section, the point is to deal with the breaking
of scale symmetry at the quantum level which ruins nice properties of a classical
scale symmetry. In this section, we use the semiclassical approach where only
matter fields are treated as quantum fields whereas the gravitational field is
regarded as a classical field, i.e., a fixed classical backgound. It is worthwhile
to stress that the semiclassical approach is physically plausible in finding a
solution to the CCP since the CCP stems from a clash between particle physics
which sources the vacuum energy density via quantum effects and gravity
responding to its vacuum energy density classically. Moreover, it is sufficient
to take a Minkowski background, gµν = ηµν for understanding the essential
point of the CCP in the framework of the semiclassical approach.

We also adopt the viewpoint of the effective field theory: even if a scale
symmetry at some high energy is broken spontaneously, a new scale symmetry
at the lower energy reappears after integrating out massive states made by
the scale symmetry breaking at the high energy. This viewpoint is new and
has been recently advocated as the multi-step spontaneous breaking of scale
symmetry by Kugo [9], so let us explain it briefly: First, suppose that our world
has no dimensional parameters, thereby realizing a classical scale invariance.
Then, also suppose that the total physical system is composed of three kinds
of scale invariant potentials

V (φ) = V1(σ) + V2(σ, h) + V3(σ, h, ϕ), (24)

where the vacuum expectation value (VEV) of each field is assumed to have

〈σ〉 = MPl, 〈h〉 = MEW , 〈ϕ〉 = ΛQCD, (25)

whereMPl ' 2.4×1018GeV denotes the Planck mass scale. Because of the scale
invariance, the vacuum energy at any stationary points, 〈φ〉 = φ0, is vanishing,
V (φ0) = 0. The important point in the multi-step spontaneous breaking is
that this holds at every stage of spontaneous symmetry breakings. Concretely
explaining, in the total potential V (φ), we can retain only V1(σ) in discussing
the physics at the scale MPl since the fields h and ϕ are expected to have VEVs
of the lower scales. Then, the scale invariance ensures V1(σ0) = 0. When we
discuss the next stage of spontaneous symmetry breaking of scale symmetry
at the scale MEW , we take the potential V1(σ) + V2(σ, h) and can conclude
V1(σ′0) + V2(σ′0, h0) = 0. Similarly, at the third stage of symmetry breaking at
the scale ΛQCD, the potential must be chosen to be V1(σ)+V2(σ, h)+V3(σ, h, ϕ),
and we can then conclude V1(σ

′′
0 ) + V2(σ

′′
0 , h

′
0) + V3(σ

′′
0 , h

′
0, ϕ0) = 0. In this
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way, the vanishing CC can be realized at each stage of symmetry breaking
of scale symmetry since the scale symmetry is valid at every energy scale of
spontaneous symmetry breaking.

In order to consider quantum aspects of the theory, it is useful to start with
the conventional dimensional regularization (DR) of renormalizable QFTs and
work with the renormalization group equation (RGE) for the effective potential
V (φ) whose form is given by [5, 6, 7][

µ
∂

∂µ
+
∑
a

βa(λ)
∂

∂λa
+
∑
i

γi(λ)φi
∂

∂φi

]
V (φ) = 0, (26)

where µ is the renormalization mass, and βa(λ) and γi(λ) are the beta function
and the anomalous dimension, respectively. The solution to this RGE is well
known and reads [10]

V (φi, λa;µ
2) = V (φ̄i(t), λ̄a(t); e

2tµ2), (27)

where φ̄i(t) and λ̄a(t) are running parameters whose t-dependence is deter-
mined by

dλ̄a(t)

dt
= β(λ̄a(t)),

dφ̄i(t)

dt
= −γφ(λ̄a(t))φ̄i(t), (28)

with intial conditions λ̄a(0) = λa and φ̄i(0) = φi.
In the case at hand, since the effective potential V (φ) is a homogeneous

function, having only a dimensional mass parameter µ, we have the relation
at the quantum level(

µ
∂

∂µ
+
∑
i

φi
∂

∂φi

)
V (φ) = 4V (φ). (29)

Eliminating the term µ∂V
∂µ

from Eqs. (26) and (29), we obtain[∑
i

(1− γi(λ))φi
∂

∂φi
−
∑
a

βa(λ)
∂

∂λa

]
V (φ) = 4V (φ). (30)

At stationary points 〈φi〉 = φ
(0)
i such that

∂V (φ)

∂φi

∣∣∣∣∣
〈φi〉=φ

(0)
i

= 0, (31)

Eq. (30) reduces to the form

V (φ(0)) = −1

4

∑
a

βa(λ)
∂V (φ)

∂λa

∣∣∣∣∣
〈φi〉=φ

(0)
i

. (32)
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This relation informs us that the anomalous dimension γi(λ) is irrelevant to
the CCP while the beta function βa(λ) makes a contribution to the CC.

An obvious possibility for the vanishing CC is that all the coupling con-
stants λa are attracted to the infrared fixed points λ(IR)

a

βa(λ
(IR)) = 0, (33)

where

λ(IR)
a ≡ lim

t→−∞
λ̄a(t). (34)

However, since our world is not scale invariant at low energies, this possibility is
not physically appealing and should be thrown away. Another more interesting
possibility pointed out in Ref. [9] is that the potential V (φ(0)) at the stationary
points is vanishing at any scale µ even before reaching the infrared limit µ→ 0
or t → −∞.1 However, it seems that this possibility might be realized only
when the scale invariant theories could generate a non-zero scale spontaneously.

Thus, in order to solve the CCP on the basis of scale invariance, we should
explore alternative possibilities. One promising possibility is to make use of
spontaneous symmetry breakdown of scale symmetry which is derived via the
manifestly scale invariant dimensional regularization (SD) [11]-[20]. In the
standard method for evaluating radiative corrections a classical scale sym-
metry is explicitly violated through the regularization procedure involving a
subtraction scale such as the renormalization scale µ in the dimensional regu-
larization (DR) and the ultraviolet scale Λ in the cut-off regularization. In the
SD procedure, the renormalization scale µ in the DR is replaced with a scalar
field which acquires a vacuum expectation value (VEV) after spontaneous sym-
metry breaking of scale symmetry. In the whole process of renormalization, the
scale symmetry is maintained and we have a Goldstone mode called ”dilaton”
which is exactly massless and remains a flat direction of an effective potential.
The point in the SD scheme is that all masses are generated from a VEV of the
dilaton and the requirement that the bare coupling constants are independent
of a parameter relating the renormalization scale to the dilaton naturally leads
to the running of renormalized coupling constants which is the same as that
obtained via the conventional DR method.

Of course, there are some disadvantages in the SD procedure. First of all,
an exact scale invariance at the quantum level is preserved at the cost of non-
renormalizability and the theory therefore makes sense only as an effective field
theory. However, this issue may not be problematic when coupling to general
relativity since general relativity is in itself non-renormalizable.2 Secondly,

1µ and t are related by the relation µ = µ0et where µ0 is a certain constant having mass
dimension.

2We have recently derived general relativity from conformal gravity [21]. In this case,
since conformal gravity is renormalizable, the non-renormalizabilty becomes a problem.
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it is not clear how to define the unbroken phase of scale symmetry in the
SD scheme. In the usual QFT, the unbroken phase, 〈σ〉 = 0, is smoothly
connected with the broken phase, 〈σ〉 6= 0 whereas in the SD scheme, the VEV
of the dilaton appears in the denominator of various equations so it is difficult
to take the limit, 〈σ〉 → 0. This situation makes it difficult to understand a
relation between the unbroken phase and the broken phase in the SD method.
Finally, it is not clear either whether or not the flat direction in the potential
is maintained against quantum corrections. This problem is very important in
considering the CCP within the present formulation, so it will be discussed in
detail in the next section.

In the SD method for the scale invariant theories, the RGE for the effective
potential in general takes the form[

z
∂

∂z
+
∑
a

βa(λ)
∂

∂λa
+
∑
A

βA(λ)
∂

∂λA
+
∑
i

γi(λ)φi
∂

∂φi

]
V (φ) = 0, (35)

where z is a parameter relating the renormalization scale to the dilaton, and
λA are the coupling constants generated by the non-renormalizability of the
theory. Since we have not introduced the independent renormalization mass
scale and the scale invariance is maintained even at the quantum level, the
dimension counting equation is the same as that of the classical case:

∑
i

φi
∂

∂φi
V (φ) = 4V (φ). (36)

Thus, at any stationary points, 〈φi〉 = φ
(0)
i , we have

V (φ(0)) = 0, (37)

which implies that the CC is vanishing even at the quantum level in addition to
the classical level due to the exact scale invariance. Incidentally, at stationary
points, Eq. (35) is reduced to the form[

z
∂

∂z
+
∑
a

βa(λ)
∂

∂λa
+
∑
A

βA(λ)
∂

∂λA

]
V (φ(0)) = 0, (38)

which must hold at the quantum level in an exact manner.

5 A simple scale invariant model with two scalar

fields

The aim of this section is to consider the issue of a flat direction in the scale
invariant theories. This issue has been already investigated in [13], and we
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would like to examine it again by using a more detailed model developed in
[16] since the problem of the flat direction is closely related to the fine-tuning
problem in the CCP.

As a concrete model of the scale invariant theories, let us work with the
simple and familiar Lagrangian density with two real scalar fields [16]

L = −1

2
∂µφ∂

µφ− 1

2
∂µσ∂

µσ − V (φ, σ), (39)

where we call the scalar fields φ and σ the Higgs field and the dilaton, respec-
tively, and the scale invariant potential V (φ, σ) is of form

V (φ, σ) =
λφ
4
φ4 +

λm
2
φ2σ2 +

λσ
4
σ4, (40)

where λφ, λm and λσ are dimensionless coupling constants. Note that this
Lagrangian density has a discrete symmetry: It is invariant under the operation
φ→ −φ, σ → −σ.

The stationary conditions for the classical potential, Vφ ≡ ∂φV = 0 and
Vσ ≡ ∂σV = 0, yield two equations:

φ(λφφ
2 + λmσ

2) = 0, σ(λmφ
2 + λσσ

2) = 0. (41)

We therefore have two configurations with the minimum energy, one of which
is a symmetric ground state, 〈σ〉 = 〈φ〉 = 0 where both the dilaton and the
Higgs boson are massless. Hereafter, we will ignore this trivial configuration.
The second configuration, which is more interesting, is that of spontaneous
symmetry breakdown of scale symmetry when 〈σ〉 6= 0:

〈φ〉2

〈σ〉2
= −λm

λφ
, λ2

m = λφλσ, (42)

where λφ > 0 and λσ > 0 owing to the stability of the potential while
λm < 0 from Eq. (42). In this case, the potential contains two flat direc-

tions, 〈φ〉 = ±
√
−λm

λφ
〈σ〉, and the vacuum is degenerate. Let us notice that

the spontaneous symmetry breakdown of scale symmetry also triggers the elec-
troweak symmetry breakdown at the tree level with a vanishing CC, and all
particle masses are generated by the VEV of the dilaton, 〈σ〉.

In the manifestly scale invariant dimensional regularization (SD) procedure,
the subtraction scale is a generic function of the dilaton and the Higgs field,
µ = µ(φ, σ). But the requirement that quantum interactions between φ and
σ switch off in the classical decoupling limit, λm → 0, leads to the condition
that the subtraction scale function µ(φ, σ) is a function depending on only the
dilaton

µ(φ, σ) = µ(σ) = zσ, (43)
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where z is an arbitrary dimensionless parameter.
Then, by evaluating the determinant of quadratic terms in the action, the

one-loop effective potential is obtained via the SD method in d = 4− 2ε

U = µ(σ)2ε

V (φ, σ)− 1

64π2

 ∑
s=φ,σ

M4
s

(
1

ε
− log

M2
s

κµ(σ)2

)
+

4Tr(M2N)

µ(σ)2

 ,(44)

where κ ≡ 4πe
3
2
−γE (γE ≈ 0.5772 is the Euler-Mascheroni constant), M2

s is the
eigenvalue of the matrix (M2)αβ ≡ ∂α∂βV ≡ Vαβ, and

Nαβ ≡ µ(µαVβ + µβVα)− µαµβV, (45)

with µα ≡ ∂αµ and Vα ≡ ∂αV (α, β = φ, σ).
The counter-terms removing the divergences associated with the simple

pole 1
ε

are given by

Uct = µ(σ)2ε
[
a1φ

4
(

1

ε̄
+ c1

)
+ a2φ

2σ2
(

1

ε̄
+ c2

)
+ a3σ

4
(

1

ε̄
+ c3

)]
, (46)

where we have defined 1
ε̄

= 1
ε

+ log(4π) − γE. The standard MS corresponds
to the case of c1 = c2 = c3 = 0. Here the constants ai(i = 1, 2, 3) turn out to
be given by

a1 =
1

64π2

(
9λφ +

λ2
m

λφ

)
λφ,

a2 =
1

32π2
(3λφ + 4λm + 3λσ)λm,

a3 =
1

64π2

(
9λσ +

λ2
m

λσ

)
λσ. (47)

With these constants, one finds the finite one-loop effective potential

U1−loop = U + Uct

= V (φ, σ) +
1

64π2

 ∑
s=φ,σ

M4
s

(
log

M2
s

z2σ2
− 3

2

)
+ ∆U

 , (48)

where ∆U is defined as

∆U =

(
9λφ +

λ2m
λφ

)
c1λφφ

4 + 2 (3λφ + 4λm + 3λσ) c2λmφ
2σ2 +

(
9λσ +

λ2m
λσ

)
c3λσσ

4

+ λφλm
φ6

σ2
−
(
16λφλm + 6λ2m − 3λφλσ

)
φ4 − (16λm + 25λσ)λmφ

2σ2 − 21λ2σσ
4. (49)

Eq. (48) is a scale invariant one-loop result where the terms except ∆U
coincides with the Coleman-Weinberg potential [22] if µ is a constant while
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∆U is a new term induced by scale invariance. Note that the appearance of
the φ6

σ2 term expresses the non-renormalizability of the SD method.
At this stage, let us assume that

λσ � |λm| � λφ, (50)

which is true for phenomenological applications. To enforce this hierarchy, it

is convenient to introduce a small parameter ε ≡
(
MEW

MPl

)2
'
(

102GeV
1018GeV

)2
=

10−32 � 1, and regard the magnitude of coupling constants as λφ = O(1),
λm = O(ε), and λσ = O(ε2). With these assumptions and the classical relation
〈φ〉2
〈σ〉2 ∼

λm
λφ

in Eq. (42), one can approximate ∆U as

∆U ' 9λ2
φc1φ

4 + 6λφλmc2φ
2σ2 + λ2

mc3σ
4. (51)

Moreover, with these assumptions, the square of two eigenvalues M2
s is given

by

M2
1 ' 3λφφ

2 + λmσ
2 +O(λ2

m), M2
2 ' λmφ

2 +O(λ2
m). (52)

Then, the requirement that the classical flat directions, 〈φ〉 = ±
√
−λm

λφ
〈σ〉, are

not lifted by quantum effects, which is equivalent to ∂φU1−loop = ∂σU1−loop = 0
at the classical flat directions, gives us the relations

c2 = 3c1 − 2 + 2 log
−2λm
z2

,

c3 = 9c1 − 6 + 8 log
−2λm
z2

. (53)

With these relations (53), it is easy to check that the one-loop effective po-
tential is vanishing at the classical flat directions, which means that the CC is
zero at the one-loop level in addition to the tree level.

Here it is worth reflecting what we have done thus far in this section and its
implications for the CCP. It is well known that a flat direction at the tree level
is not generally maintained at the quantum level if there is no symmetry for
protecting the flat direction. In the process of renormalization the finite parts
of the three coupling constants, λφ, λm and λσ, are fixed by renormalization
conditions. To put differently, what we have shown above is that under the
assumption (50) the flat direction is still preserved at the one-loop level by
taking two renormalization conditions. Even if we have shown this procedure
explicitly at the one-loop level, there is no obstruction to repeat this procedure
at all orders of perturbation theory. In QFT, imposing renomalization con-
ditions at each stage of perturbation theory is the standard procedure, so we
have no problem with this fine-tuning. Of course, the relation λ2

m = λφλσ at
the tree level in Eq. (42) is a true fine-tuning and might be interpreted as an
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incarnation of the CCP. However, in order to construct a phenomenologically
viable model, a scale symmetry must be broken spontaneously at low energies
such that the dilaton has a non-vanishing VEV. This situation demands that
the classical potential should have flat directons. In this sense, the relation
λ2
m = λφλσ is not a simple fine-tuning but the requirement for making a viable

perturbation theory from the scale invariant theories.
However, it should be stressed that the CCP is not a problem of a mere fine-

tuning. In some respects, the biggest problem of the CCP is that it is rarely
stated properly. To solve it, we had better make clear what the problem really
is. In order to account for the essence of the CCP, as the simplest example,
let us consider a real scalar field of mass m with the λφ4 self-coupling, which
is minimally coupled to the classical gravity (Gravity is a purely classical field
merely serving the purpose of detecting vacuum energy):

S =
∫
d4x
√
−g

[
M2

Pl

2
R− Λb −

1

2
gµν∂µφ∂νφ−

m2

2
φ2 − λ

4!
φ4

]
, (54)

where R is the scalar curvature3 and Λb is a bare CC which is divergent. Using
the standard dimensional regularization, it is straightforward to calculate the
one-loop contribution of the scalar field to the CC:

U1 =
i

2
Tr

[
log

(
−iδ

2S

δφ2

)]

=
1

2

∫ d4pE
(2π)4

log(p2
E +m2)

= − m4

64π2

[
1

ε
+ log

(
µ2

m2

)
+ · · ·

]
, (55)

where the ellipsis denotes the remaining finite parts. The divergence associated
with the simple pole requires us to take the bare CC which depends on an
arbitrary subtraction scale M :

Λ1−loop
b =

m4

64π2

[
1

ε
+ log

(
µ2

M2

)]
. (56)

Then, the one-loop renormalized CC is given by

Λ1−loop
ren = Λ1−loop

b + U1 =
m4

64π2

[
log

(
m2

M2

)
− · · ·

]
. (57)

This 1-loop renormalized CC is finite, but depends on the arbitrary scale M ,
so we cannot have a concrete prediction. According to QFT, what we need to

3We will follow the conventions and notation by Misner et al. [23].
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do is to replace it with the measured value, not predict the value theoretically.
Once this is done, one can go on and make predictions about all the physical
quantities which are not ultraviolet (UV) sensitive.

Cosmological observation requires us to take

Λ1−loop
ren ∼ 1(meV )4. (58)

If the particle mass m is around 1TeV ,

U1 ∼ 1(TeV )4 = 1060(meV )4, (59)

Eq. (57), together with Eqs. (58) and (59), suggests that the finite contribution
to the 1-loop renormalized CC is cancelled to an accuracy of one part in 1060

between U1 and Λ1−loop
b . (This big fine tuning is sometimes called the CCP as

well.) Following the lore of QFT, at this stage of the argument, we have no
issue with this fine-tuning. However, the problem arises when we go to higher
loops. Namely, at the n-loop level, the effective potential Un is proportional to
be λn−1m4, where the coupling constant λ is about O(0.1) for the SM Higgs.
Thus, at the full quantum level, the renormalized CC must satisfy the relation

1(meV )4 = Λren = Λb + U1 + U2 + U3 + · · · . (60)

For perturbative theories, the cancellation at the 1-loop level is spoilt, so at the
2-loop level we must retune the finite contribution in the bare CC term to the
same degree of accuracy owing to O(U1) ' O(U2) ' O(U3) ' · · ·, compared
with Λren = 1(meV )4.

In other words, at each successive order in perturbation theory, we are
required to fine-tune the CC to extreme accuracy! This issue is called “radiative
instability” in the CCP, i.e., the need to repeatedly fine tune greatly whenever
the higher loop corrections are included, which is the essential property of the
CCP. What this is telling us is that the CC is very sensitive to the details of
UV physics which we are ignorant in the effective theory [24]-[31].

On the other hand, in the scale invariant theories under consideration,
quantum corrections to the CC are so small that we are free from the is-
sue of radiative instability and we are happy to tolerate one fine-tuning, that
is, the classical fine-tuning λ2

m = λφλσ, but not order by order retunings.
Also note that despite the existence of an infinite number of operators in the
SD procedure which ultimately ensure scale invariance of the quantum the-
ory, they are all supressed by the VEV of the dilaton, i.e., the Planck mass.
Consequently, such an infinite number of new operators coming from the non-
renormalizability do not change the one-loop result so much. Related to this
fact, let us recall that an essential point of the CCP is that the vacuum energy
associated with various symmetry breakings such as the Higgs condensation
and the QCD chiral condensation must cancel neatly, leaving only its very tiny
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value behind. It is obvious that the energy scale of such symmetry breakings
is far below the Planck scale, so that it is sufficient to take account of the
low energy physics and classical gravity. Hence, the large field regime such as
〈h〉 ∼ MPl (where h is the Higgs field) and quantum gravity are irrelevant to
the resolution of the CCP.

6 Discussion

In this article, we have explored a solution to the cosmological constant prob-
lem (CCP) by the help of renormalization group equations. The motivation
behind this study is that the complete proof of the Weinberg’s no-go theorem
in the presence of scale symmetry suggests that the scale symmetry might play
an important role for providing for a solution to the CCP.

In applying the scale symmetry for the CCP, we always encounter the prob-
lem that the scale symmetry is broken by trace anomaly at the quantum level,
so a nice property that scale invariance forbids the cosmological constant (CC)
to exist in the classical action is not valid any longer in the quantum regime.
In order to overcome this impasse, we have used a manifestly scale invariant
dimensional regularization (SD) method where the scale symmetry is sponta-
neously broken owing to the nonzero VEV of the dilaton field, for which the
classical potential must have flat directions. The point is that flat directions
are not generally preserved but lifted by quantum corrections. However, we
have shown that in the phenomenologically viable situation where the dilaton
and the Higgs field have VEVs of the Planck scale and the electroweak scale,
respectively, the flat directions are maintained by taking appropriate renor-
malization conditions. Compared with the conventional approaches for the
CCP, radiative corrections are very mild in the present theory, so our solution
to the CCP is free from the issue of radiative instability of the CCP. Since we
accept to tolerate one fine-tuning, that is, the classical fine-tuning λ2

m = λφλσ,
but not order by order retunings, the present approach sheds light on the res-
olution to the CCP, in particular, the problem of the radiative instability of
the CCP.

There are still several questions to be clarified in future. Here is only a
partial list of them. First of all, it is absolutely unclear how to give a very tiny
value to the CC since the present formulation naturally produces the vanishing
CC. Secondly, the present theory is not renormalizable so it makes sense only
as an effective theory. We wish to understand the high energy theory of this
theory. Finally, in this article, we have never touched another important hier-
archy problem, that is, the gauge hierarchy problem. We conjecture that scale
symmetry also plays a critical role in accounting for this problem. But it is
not clear at present how the stability of the electroweak scale against radiative
corrections is achieved. We wish to return these important problems in future.
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