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Abstract

In this paper we establish a condition for the fifth-degree polynomial
forcing function f(¢) = a¢? + B¢> + d¢* + €¢, under which the one
dimensional non homogeneous Klein-Gordon equation ¢y — ¢z + ¢ =
f(@), admits a solution of the traveling wave type that is obtained by
using the Omega Function Method. Once this condition is determined,
some specific solutions are analyzed.
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1 Introduction

In 1924, the French physicist Louis de Broglie see [3], proposed for the first
time the idea of the matter wave for quantum particle similarly as in 1905, the
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physicist Albert Einstein developed the wave-particle theory of light. In 1926
Erwin Schrédinger an Austrian theoretical physicist see [9], supposed that the
wave equation should be:

1 9% 9 mc 2

aoe Vo= (%) ¢ (1
Where the scalar field ¢(z, t) represents the wave of matter or the wave function
associated with each quantum particle, in the direction z € R™ at time ¢t. The
resting mass is m, its speed ¢ and h represents the reduced planck constant.
Equation (1.1) uses the relativistic kinetic energy expression E? = m?ct +
c?p? where p is the momentum. However, this equation presented several
disadvantages as the presence of positive and negative values for energy. Even
more serious, a probability distribution of ¢ with negative values. Unmotivated
by these problems, Schrodinger discarted that equation. Later, he proposes a
new equation using the nonrelativist kinetic energy expression £ = p?/2m +
V(x) where V' (z) is the potential energy; that is now known as the Schrédinger

equation:
h?Vv? o)

finally, the physicists Oskar Klein and Walter Gordon, they were able to explain
satisfactorily the inconveniences that Schrédinger found and so again equation
(1.1) was accepted as the most appropriate model to describe the wave function
of a neutral charge particle. For this last reason the equation (1.1) is today
known as the Klein-Gordon equation, That in simplified form it can be written
as,

(D*+ %) =0 (1.3)

and [ represents the d’Alembert operator,

mc

where k = 7

1
0= C—ngtt - V2U (14)

This equation has been widely studied, see for example [1] [5] and [2]. However
in the last few years there has been a lot of interest in generalizations of this
equation, and in the non-homogenous case,

Pt — Guz + ¢ = f(P) (1.5)

Where f(¢) is some smooth function. Several forms of (1.5) are analyzed in
[4], including the well-known sine-gordon equation that is obtained from (1.5)
when f(¢) = sin(¢). Our purpose is to establish some conditions under which
equation (1.6) has solutions in the form of a traveling wave. To achieve that
goal we use the omega function method, see [6].

00— baa + 6= A + B + 66" + e6” (1.6

with ¢(z,t) e Rz € R, ¢t >0 and ¢ # 0, a, 3, 0, € real constants.
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2 Algorithm of the Omega Function Method

Various methods, see [7] and [8] are currently used to find solutions of the
traveling wave type for nonlinear evolution equations, of the form:

Q((ba ¢ma¢ta¢xza¢tt;¢mt;--~) =0 (21)

where @) is a polynomial function, ¢(z,t) is a real-valued function, z € R and
t>0.

In this section we give a short description of a method to find soliton-type
solutions for (2.1). The method we will use is described more broadly in [6].
This method there is called the Omega Function Method. Here we present
three basic steps:

a) First, let’'s do ¢(z,t) = ®(¢) with ¢ = pz — A, where g and A are real
constants, and consequently we have an ordinary differential equation:

Q (P, 0" ¢ ...)=0, (2.2)
where () is a polynomial function in ® and its derivatives.

b) Let’s assume that 7'(¢) is a solution of % =93 —1)? and that the solution
of (2.1) can be written as:

O(T) = oT" (2.3)
k=0
c) With this it is achieved that equation (2.2) becomes,
» C.Tm =0 (24)
k=0

where the C; depend on the parameters of the original equation (2.1). From
(2.4) an algebraic system of equations is generated, which when solved
finally allows to find some solutions of (2.1).

3 Solution of a non-homogeneus Klein-Gordon
Equation

Now, let’s see what conditions the forcing function f(¢) = a¢?+B¢*+5p*+eg®
must have, so that Equation (1.6) has some solutions. Making the substitutions
given in the previous section, we have

1 ,d*® AL

szd_@_ﬂd—@+c1>:aq>2+5q>3+5cb4+e@5 (3.1)
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From the highest derivative and the higher order non-linear term in the equa-
tion (3.1), we can determine by balancing that 5m = m + 4, this is m = 1 and
therefore of (2.4) we have,

de o
dr — v oar?
From (3.2), and calculating the derivatives of ® with respect to ( we can
replace this in (3.1) and obtain the equation:

(I)(T) =Co + ClT, (32)

32 52
( 0201 — e —3uPe))T° + (— 0261 — 10 + buPey — begere)T!
2/\2
+(—10c5cse— 36— B)T°+(—10cicle—6cici6—3cocs f—act)T?

+ (=5cgcre — 4ceid — 300016 — 2cpac; + )T —che — 30 — 3B — cBa+cy =0

(3.3)

In this way from (3.3) we obtain the algebraic system of equations:

3A01 — e —3u*c; =0 )

s —i— 5ute; — begete) = 0

—10c3cde — 2u%cy + ch# — 4coc3o — clﬁ =0 (3.4)
—10c3ce — 6330 — 3cociff — act =0
—503016 — 400015 303616 — 2cqac; +¢1 =0

5 4 3 2 _
—cje —cy0 — g —cjoe+co =0 )

When solving the system (3.4) with the help of a computer algebra system we
obtain the following results expressed in terms of the parameter .. The First;

6 6 >
04:04700:—701:_—;#:%)\: ,u2—lc,
(07

0]
T T e
p=-1 e

Q

(3.5)

and the second,

1 3 / 27
— = — = —— = 2 —
a=aq, cg= = c1 50 W=, N=/4u*+ 5 c, (3.6)

B =3a% 6 =—-b5a> e=2a"

therefore for two forms of equation we can find the form of solution we are
looking for,

Lou— oot o= ag® — ¢+ 306! — £ 6% and, .
3.7

SO — o+ 0= ad® + 3029 — 5ot 4 201"
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now, since the solutions of equation % =3 — )%, are:

Yy(z,t) = [W(kexp(=14+¢)+1]7", } 38)

Yo(w,t) = In (%) +%+k:

where W denotes the Lambert-W function. Then we have the following families
of solutions for the equations (3.7):

qﬁl(x,t):g—g [W (k exp <—1—i—,ux—ﬁct)> +1}_1 (3.9)

-1
1 3 27
Po(x,t) = ——— |W kexp| —1+pr—/4u>2+—ct] | +1 (3.10)
a 2« 2
6 6 —1 —put=1lct 1
o3(x,t) = ——— |In Al a )+ +k
a o pr —\/p?—1ct pur —/p?—1ct
(3.41)
/ 27
1 3 —1+ua:— 4M2+—Ct 1
Gy(z,t) = ——— |In : + +k
a 2a px — \J4p? + 2 et pr — J4p2 + 2 et

(3.12)

4 Some particular cases

Four particular cases are shown here. In all four cases (3.9), (3.10), (3.11) and
(3.12) be =1, p=2,and ¢ =k =1 , so the solutions that we will denote
as 1,2 ,ps and @4 are given by,

<p1(x,t)26—6[W <exp (—1—|—2:c—\/§t>> +1]_1 (4.1)

902(:v,t)=1—; [W (exp (—1+2x—\/5;9t>> +1
o —14+22—+3t 1
903(%7t)—6—6[ln< 2o 31 >+2x_¢§t+1] (4.3)

—1—|—2I—1/%t 1
+ +1
2x—,/5—29t 2$—@/%t

-1

(4.2)

In

(4.4)

DN o

pa(z,t) =1—
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Figure 1: @1 ,02 @3 ,04 with a« =1, p =2, c=1, and, k=1

As we can see the graphs of ¢ and @y are smooth surfaces, contrary to
what appears in @3 and ¢, that show a critical zone, near the strip where these
solutions are not defined. this is, for 3 the region between the lines z = ‘/7515

and r = % + \/7575, and for ¢, the region between the lines r = %,/%t and

v= b/

5 Conclusions

In the present work we have found some conditions under which the non-
homogeneous Klein-Gordon equation (1.6), admits solutions of the traveling
wave type. We have also found quite interesting solutions, of two completely
different kinds, some expressed in terms of the Omega function, which as we
know can not be expressed in terms of elementary functions, and others in
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terms of logarithmic functions, which generate singularities near the region
where the solutions are not defined.
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