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Abstract

In this paper we construct a resonance of the discrete Schrodinger equa-
tion in presence of a potential. To achieve this, we use Whittaker-Kotelnikov
interpolation, Fourier transform and Neumann series.
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1 Introduction

It was constructed the asymptotic for natural frequencies of the Schrodinger
equation using the (WKB) method [4]. It was encountered a formula explic-
itly to the eigenvalue that appears below the essential spectrum of the discrete
equation Klein-Gordon [3]. It was found a resonance for the discrete shal-
low water equation in the case of an underwater trench [1]. It was proposed
a simple method for the construction of an asymptotic of a small negative
eigenvalue for the Schrodinger equation in the presence of a shallow potential
well [2]. It was encountered exact solutions describing trapped water waves
over an underwater ridge of small height in the shallow water and resonances
(antibound states) over an underwater trench [5].

In this paper, we will construct a resonance of the discrete Schrodinger
equation, we use the Whittaker-Kotelnikov interpolation, Fourier transform
and Neumann series to find a solution that characterizes resonance.

2 Preliminary Notes

We consider the discrete Schrédinger equation

1
T (P10 — 205 + ;1) +eVip; = By, (1)
where ¢(jh) = ¢; with j € Z, h >0 and e — 0%. Vj} is a discrete potential
with
V; =0, for |j| > R, for some R € R"

Definition 2.1 A solution p; of equation (1) is called a discrete resonance,

if it satisfies
jhl

pj o 9] = o0 (2)

with 3> 0, and E = —(2.
3 Main Results

The main result is as follows

Theorem 1 Let ) V; > 0, then for € sufficiently small, the equation (1) has
a discrete resonance for E = —(%, where

he 9
B=72 Vi+O(E) (3)
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Proof. We consider the equation (1) with E = —3%. Applying Whittaker-
Kotelnikov interpolation and the Fourier transform, we obtain

&n(p) = 2mC16(p — p) + 2m0(p — p-).
isinh—1 (£
where the zeros of % sin? (%) +6%=0, are p. = % + %(2)
Then ¢, (z) = C1eP+* + Coe-*. Now, considering the equation (1), we
obtain

Alp) = —\/LQ—W /_h W(p—p)ou(@)dp, (4)

where W (p) = £ 3 ; Vje77" . The above expression has the form

(72D + ) 6ut0) = A 5)
We are looking for the resonance in the following form
op(x) = i /Z e Alp) dp + C1eP+* 4 Che-2. (6)
21 Jop msin®(F) + 57

We will take the of integration contour in the complex plane
r, — [—%,—1} U{p+qgi: P+ =1,¢>0}U [1%} ,
r. = [—%,—1} U{p+qg:p+¢=1¢<0}U [1,%} .
Applying the Cauchy residue theorem to the equation (6), we obtain

1 , A A
ezpz (p) 2dp+ Cl+ T (p+)

o7 r, %sirf(%)—i—ﬂ 3 1+h2fz

o () eP+T 4 Che'P=7

mA(py)

;2[32
By 14+~

for x > 0. Considering the right hand side of the equation and C} = —

-z . A ) )
¢h<x> € / etPT (p + Z) de + C2ezp,x'
Iy—i

- o h(pti
2m 5 sin’( (p2+ 48

Since the last integral is bounded, then ¢, (z) = Coe®?* + O(e™*) when x —
+o0. Similarly, ¢, (z) = C1e®+*4+0(e®), when Cy = ——22)_ and 2 — —cc.

By 141222

Therefore,

1 [+ . A . .
op(x) = — /h e'Pr (p) sdp + Cre™t + Che™ 7. (7)

4 sinQ(%) +p
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The Fourier transform of (7) has de form

A(p)

%sinz(%) +

Pn(p) =

=

7 +27C10(p — p4) + 276(p — p-). (8)

Replacing (8) into (4), we obtain

e W(p—p)AP) .
Alp) =~ L D) ngp —eCYW(p—py) — eCoW(p —p-). (9)

=3

Applying the Cauchy residue theorem to the equation (9), we obtain

3 Wi(p—p)A(p)

s 7
2m Jr, 5 sin? (%) 4 B

Alp) = dp — eCoW (p — p_). (10)

We define the operator T : H — H as
1 W (z — QA(S)

Con T, %sinQ(%) +

[T5A(C)] (2) d¢, 2z € Bz,

where H is the space of bounded analytic functions in Bz = {Z €C:|lmz| < %}
with the norm ||A|| = sup,cp, |A(2)|. Equation (10) can be rewritten
h

[14+eT3AQ)] (2) = —eC:W(z —p-)

where 1 is the identity operator. As T} is analytic and bounded, then it is
contraction operator, then we can take its inverse,

Az) = —eCy [1 + T " W(z — p_)

TA(p—)

Using Neumann series at z = p_, with Cy = —W, we obtain
em
/8 = —hQﬂQ W(Z - p_) |z:p7 +O(€2)
I+ =

|
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