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Abstract

In this paper, we will consider one family of Sheffer sequences satisfying a gener-
alization of the classical power sum identity. Also, we will study another family of
Sheffer sequences satisfying a generalization of the classical alternating power sum
identity.
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1. INTRODUCTION

© g
]—“:{f(t):Zak% CLkE(C}. (1'1)

For P = C [z], let us assume that P* is the vector space of all linear function-
alsonP. (L|p(z)) denotes the action of the linear funcdtional L on p () which
satisfies (L + M| p () = (L|p (x))+(M]|p (2)), and (cL|p (x)) = c(L|p(x)),
where ¢ is a complex constant. The linear funcdtional ( f (¢)|-) on P is defined
by {f (t)|2") = an, (n 2 0), for f(t) € F.

Thus, we have

(t*|2™) = nlonp, (n,k>0), (see[l4,17)), (1.2)

where 9,, ;, is the Kronecker’s symbol.
The order o (f (t)) of a power series f (t) (# 0) is the smallest integer k for
which the coefficient of t* does not vanish. If o (f (t)) = 0, then f (¢) is called

an invertible series; if o (f (t)) = 1, then f(¢) is called a delta series (see
[10, 17]).
Let us assume that fr(t) = > oo, (L|2" tk—k, From (1.2), we note that

(fr(®)|2™y = (L|2™). So, the map L — fL () is a vector space isomor-
phism from P* onto F. Henceforth, F denotes both the algebra of formal
power series in ¢ and the vector space of all linear functionals on P, and so
an element f (t) of F will be thought of as both a formal power series and
a linear functional. We call F the umbral algebra and the umbral calculus
is the study of umbral algebra. Let f(t), g(¢) € F, with o(f (t)) = 1 and
0(g(t)) = 0. Then there exists a unique sequence s, (z) (deg s, (x) = n) such

that <g (t) f (t)k‘ Sn (:L')> = nld,k, (n,k >0). Such a sequence s, (z) is called

the Sheffer sequence for (g (), f (¢)) which is denoted by s, (z) ~ (g (t), f (1)) .
The sequence s, () is Sheffer for (g (¢), f (t)) if and only if

1 = - tn
T =N " (1) =,
where f (t) is the compositional inverse of f (¢) with f(f (t)) = f (f(t)) = t.
Let f (t) € F and p (x) € P. Then, by (1.2), we get

(x€C), (seellb, 17]), (1.3)

FO=3 (01 5 p@ =S (Fpe) . 1)
k=0 ) k=0 ’

From (1.4), we can derive the following equations:
dk
t*p (z) = p¥ (z) = @), @) =p@+y), ([p()=pQ).
(1.5)
In this paper, we will consider one family of Sheffer sequences satisfying a
generalization of the classical power sum identity. Also, we will study another
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family of Sheffer sequences satisfying a generalization of the classical alternat-
ing power sum identity. One family consists of those Sheffer sequences s,, (x)

for the pair (g (t) = <ea1t_1]2(“t')(rew_1),f (t)), where f(t) is any delta series,

r € Zo, and ay, as, ..., a, # 0. Note that ¢ (¢) is an invertible series. That is,

N (ealt_ 1)_“<€art_ 1)
o)~ (=R ) (16)

We will show later that this family contains many interesting Sheffer se-
quences. Another family is composed of those Sheffer sequences s, (x) for the

pair
<g () = H (“5) s <t>> 7

where ay,as,...,a, # 0, and f(t) is any delta series. Again, we will see that
this family also has many interesting members.

In the previous paper ([10]) “A generalization of power and alternating power
sums to any Appell polynomials”, we introduced Barnes’ multiple Bernoulli
and Appell mixed-type polynomials and Barnes’ multiple Euler and Appell
mixed-type polynomials. Then we established one main identity for each of
them connecting a sum for the Appell polynomial and that for the mixed-type
polynomial. We note that the present result has overlaps with those ones only
when f (t) =t.

2. FAMILIES OF SHEFFER SEQUENCES SATISFYING GENERALIZATIONS OF
POWER AND ALTERNATING POWER SUM IDENTITIES

Let a # 0. From (1.5), we note that

e(erl)at -1 m . e(m+1)at -1 m .
WP(%‘)Z;J?(HM), <W’p(fv)>=;p(m),
(2.1)
and
(=1)™elmthat 41 i .
@) = S et e,
(=1)™ elmtDat " (22)
‘ p) =3 (-1)'plai),
< ed +1 —
where p () is any polynomial.
Lemma 1. Let my,ma,...,m, € Z withm; >0 (i=1,2,...,r), ai,...,a, €

C\ {0}. Then, for any polynomial p (x), we have
(elmetiant 1) (elmthat 1 p (1) (23)
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:T ”Zp<w+2m]+1 )

i=0 JC[lr JjeJ
|J|=1

Proof. We prove Lemma 1 by induction on r. It is easy to check that it holds
for r = 1.

Assume that, for » > 1, the following holds:

(elmrrF et 1) L (lmt et 1) p () (2.4)
r—1
:Z (-1 Z p <x - Z (m; +1) aj> .
i=0 JC[1,r—1] Jjed
|J|=i

Thus, by (2.4), we see that the LHS of (2.3) is

=0 JC[1,r—1] JjeJ
|J|=1

r—1 '

=0 JC[1,r—1] JjeJ
|J|=i

:}_ (—=1) Z p(x—l—z m; + 1) a; + (m, )a)

1=0 JC[1,r—1] Jj€J
|J|=i
r—1
S S (o na)
=0 JC[1,r—1] jeJ
|J|=1
=p|z+ Z (m; +1)a;
]6[17T]
r—1
S S (e S e
i=1 JC[1,r—1] jeJ
|J|=i—1
r—1 '
+Y (=D Y p<x+Z(mJ+1)aj) +(=1)"p ()
i=1 JC[1,r—1] jeJ

|J]=i
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=p|x+ Z (mj +1)a,

JeEl,r]

r—1 A
S Y (HZ(ij)aj) )

i=1 JC[L] ieJ

T |=i
DUCIES I W}
=0 JClr jeJ
\Jl

OJ

f()
ai,ag,...,a, € C\ {0}, r € Z withr >0 and o(f (t)) = 1. Then, we have

Theorem 1. Let s, (x) ~ <(ealt1)m(reart1) f (t)) , Wy (z) ~ (1, f(t)), where

i"'iwn($+a1i1+”‘+arir) (2.5)

11=0 i-=0

:ﬁ Z (_1)7"71‘ Z Sntr (1’ + Z (mj + 1) aj) )

T =0 JC[Lr] JjeJ
|J]=i

where (z), = x(x—1)---(x—n+1) = Y ;51 (n,0) 2" and Si(n,l) is the
Stirling number of the first kind.

Proof. The result is obtained by computing the following in two different ways:

(mr+Dart _ 1 (mi+Dait _ 1
<€—) X oo X <€—) wy () . (2.6)

eart —1 ealt —1
On one hand, it is
(mr+1)art _ 1 (mi1+ait _ 1
e e
<—_1) X <—_1) twn () 27)

e(mr—l-l)art 1 €(m2+1)a2t

— -1 (& ‘
Ry e e | (an(x+a1u)>

11=0

! e(mr"rl)art 1 e(m3+1)a3t

N - —1 (& o
:Z cat — 1 et —1 (an(x+a1u+a2@2)>

11=0 12=0
myp m2 mr+1 Jart _ 1 6(m3+1)a3t -1

= Wy, (T + ayt Q9ly) .
=Y T e (& ariy + ayia)
11=012=0

Continuing in this fashion, we obtain the expression on the LHS of (2.5).
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On the other hand, we first observe that
(ealt _ 1) .. (eaTt _ 1)
f@
Thus, by (2.8), we get
(e —1) - (e" = 1) sn (x) = f (1) wn (z) = (n), Wnyr (7). (2.9)
Replacing n by n + r, we have
(e = 1)+ (€™ = 1) $ppr (z) = (n+7), wy (2). (2.10)

From (2.6) and (2.10), we can derive the following equation:

Sp = wy (z), f(t)w, () = nw,_1 (x). (2.8)

6(mr—I—l)a,»t -1 e(m1+1)a1t -1

ot 1 a1 wy, () (2.11)
(mr+1)art _ 1 (mi141)ait _ 1 1 r

_° L6 at _ q
eart — 1 eart — 1 <(n n T)'r zll (6 ) Sn+r (:L')
1

— (mr4+1)art 1) --- (mi1+1)azt -1

(n + 7”) (e ) ( )S”‘H’
Now, we get the expression on the RHS of (2.5) from Lemma 1. ]

Corollary 1.
(a) Let s, (x) ~ ((ealt_l)m(eart_l),f (t)), wy, () ~ (1, f (1)), whereay, ay, ..., a, €

fF®"
C\{0}, r € Z withr >0 and o (f (t)) = 1. Then we have

Z"'iwn(alil“‘"""arir): (nir) Z ) ¢ Z Sntr (Z mj+1)aj).

i1=0 ir=0 T =0 JC|1, r] JjeJ
| =i

(b) Let s, () ~ ((e;(;;) ,f(t)), wn () ~ (1, f (1)), where o (f (1)) = 1 and
r > 0. Then

Z‘.'er”(x—i_il—i_”'—i_i”):ﬁz TZZS"JFT(x—i_Z m; +

i1=0  i,=0 T i=0 JC[1r] jeJ
|J|=i

(c) With s, (z),w, (z) as in (b), we have

Z'Hzrw"(il—i_”'—i_i?"): (nir> Z(_l)r_i Z Sn+r (Z(m3+1))

i1=0  i,=0 i=0 JCir] jeJ
| T|=i
(d) With s, (x),w, (x) as in (b), we have
- . . 1 . r—i [T .
Z wn(:v+21+---—|—zr):(n_i_r)rZ(—l) <Z_>sn+T(9§+(m+1)z).

i1, 8 =0 i=0
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(e) With s, (z),w, (z) as in (b), we have

m 1 T ) r
n (2 ) = ————— -1 . | Sn+r 1)2).
3l i) = s ) () s (s 100
Lemma 2. Let mqy,mg,...,m, € Z withm; >0 (i=1,2,...,r), ai,...,a, €
C\ {0}. Then, for any polynomial p (x), we have
()™ st 1) (1 e ) (@) (212)
=53 O™ p+ ((m+1)a),),
=0 JC[1,r]
\T|=i

where my =3 .. ;my, (m+1)a); =3 c;(m; +1)a;.

Proof. We show this by induction on r. It is easy to check that it holds for
r = 1. Assume that, for » > 1, the following holds:

((_1)mr,1 e(m,«_1+1)aq~—1t + 1) . ((_l)ml e(m1+1)alt + 1) P (z) (2.13)

—Z > (x+ ((m+1)a),),

1=0 JC[1,r— 1]
\J\

From (2.12) and (2.13), we note that the LHS of (2.12) is

( mr mr—i-l Yart + 1) ((_l)ml 6(m1+1)a1t + 1) D (CL’) (2.14)
r—1
=2 (Eymem i) 0 (=)™ p(e+((m+1)a),)
i=0 JC[1,r—1]
|| =i
r—1

= (=)™ p(z+ ((m+1) a); + (m, +1)a,)

i=0 | Jc[r—1]
|| =i

Y ()™ p(a+((m+1)a),)
JC[1,r—1]
|J|=i

= (=)™ p (2 + ((m+ D) a) )
+Z S D)™ p e+ (m+1)a), + (my+1)a,)

=1 JC[1,r—1]
| T|=i—1
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+Z > plz+ ((m+1)a),) +p(x)

=1 JC[1,r—1]
|J|=i
= (=)™ p (24 ((m+ D) a) ) Y +((m+1)a),) +p (@)
=1 ,]Cl'r]
| J]=i

=0 JC[1,r]
|J|=1

0

Theorem 2. Let s, (x) ~ <H: 1( t+1> ), wy (x) ~ (1, f(t)), where

ar,ag,...,a, € C\ {0}, r € Z withr >0 and o(f (t)) = 1. henwehcwe

Z . Z (_1)i1+“.+ir Wy (T + ayiy + - - - + ayiy) (2.15)

i1=0  i,=0
1 — .
:§Z Z (=)™ s, (:C+Z(mj+1)aj> ,
=0 JCl[1,r] jeJ
|J|=i

where my =% . ;m;.
Proof. The result is obtained by computing the following in two different ways:
(_1)m7‘ 6(mTJrl)anf +1 (_1)?’”1 6(m1+1)a1t +1
et + 1 ent +1
On one hand, it is

wy, () . (2.16)

—1)"™r e(mrtDart 4 1 —1)"™2 p(matl)agt ™ ; ‘
(=1) (=1 Z(—l) Yy, (+ ariy) (2.17)

6“”—}—1 eazt_'_l —~
1=
_1)mr e(mr+1)art +1 (_1)m3 e(ms+1)ast (_1)m2 p(ma+1ast .
= Z:O B eart + 1 . e €a3t + 1 ea2t + 1 Wy, (:L' + alll)
1=
1 . my my+1)a,t o ms3 m +1)a3t mo
()™ etmtet£1 ()™e ; L
:Z:O -1 et + 1 east 1 1 Z:O<_1)2wn (x‘f‘alll‘f‘aglg) .
1= -

Continuing in this fashion, we get the expression on the LHS of (2.15).
On the other hand, (2.16) is
1 T

— ((=1)™ elmrtDart 4 1) ((=1)™ elmthat 4 ) H ( - 2 ) wy, ()

2r et + 1
(2.18)
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Here we observe that

my 6(m,n-l—l)art + 1) .

which follows from

I1(

=1

e%t 41
2
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. ((_1)Tn1 6(mﬁ-l)aut + 1) s (ZL‘) ‘
. 2
Il (@ait 8 1) wn (),
) 50 (@) = wn (@) ~ (1, £ (1)
OJ

Now, we obtain the expresssion on the RHS of (2.15) from Lemma 2.

Corollary 2.
e+l

(a) Let s, (x) ~ (( 5

series. Then we have

Z...i(_l)

11=0 1-=0

=0 JC[1,r]
|J]=i

(b) With s, (z),w, (x) as in (a),

>3 ) w4

11=0 ir=0

(c) With s, (z),w, (x) as in (a),

S (=D (i +

(d) With s, (x),w, (z) as in (a),

m

Z (_1)i1+"'+7§7> w, (Zl 4.

i1, ,ir=0

DIPINE

)T,f(t)>, wy, (x) ~ (1, f(t)), where f(t) is a delta

)mJ Sn

<x+2(mj+1)

i1t . .

! "wy (T A+ )
jeJ

we have

s+ = %Z Z (=)™ s, (
i=0 JC[L,r]

|J|=i

> (my+1)

jeJ

we have

<

- 2i > (—1)™ (:)sn (x4 (m+1)1).
we have
)= 5 20 (alma )

3. EXAMPLES ON THEOREM 1

(A) Let s, (2)

Here B, (z|aq, ..
generating function is given by

t’f’

B, (x| ay,...

aa'r) ~

(ealt_l)..,(eart_l) y

tr Y

) une) ~ 1.0

.,a,) are the Barnes’ multiple Bernoulli polynomials whose

tTL

(ealt — 1) o o (eart — ]_

m.

)ezt:ZBn(x | ai,...,a,)
n=0
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From Theorem 1, we have

Zl~~~§(x+a1i1+-~+arir)”

i1=0  i,=0
1 . T’ 7
:(n—H“) Z ZBnH(x—i-Z (mj +1)aj|la,...,a )
T =0 JC[1,7] jed
IJI
Letting x = 0, we also get
m1 my
> D> (avi 4+ agdy)"
i1=0  i,=0
1 - r—i
ZWZ(—D Z Bty (Z(mj—i-l)aj al,...,ar> .
T =0 JC[1,7] jeJ
|| =i
For r =1, a; = 1, m; = m, we have
S (i) = = (Bua (4 m) = By (1))
= n+1

Thus, for x = 0, we get the classical power sum identity:

Z nt 1 Bui1(m) — Buya)

=0

) et s, (1) = 8 ()~ ( (1) A= D) ) 0) = (2 [0, =

z(@—A)-(—=A(n—1)) ~ (1,5 (eM—1)). Here, B (A, z) are the degen-
erate Bernoulli polynomials of order » whose generating function is given by

t ' .

— | (1 +X)> B (N, )
((1 + AR — 1) Z

They are called the degenerate Bernoulli polynomlals of order r, since

lim 8 (X, z) = B (), lim AN (X, Az) = b\ ().
A—0 A—00

Here B (x) are the Bernoulli polynomials of order r, with

( ) ZBT n,, (see [1-20]) ,

and by (z) are the Bernoulli polynomials of the second kind of order r, with

t t
—— ) (14+1t)" b () —.
(10g(1+t)) " Z n!
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From Corollary 1 (b), we have

i~~~2(az+z’1+~-+ir|)\)n

11=0 ir=0

1 T
RCETN E (-1 Y B (A Ty (my+ )
T =0 Jc1,r] JjedJ

|J|=i
For x = 0, we obtain

Z...Zr(i1+...+ir|>\)n

11=0 ir=0

n—f—r Z TZZB”+T<>‘ZmJ+1>

=0 JC[1 r] jeJ
| J|=i
which reduces, in the simplest possible case, to
m . 1
(@A), = =7 Barr (Am+1) = Fusa (A)). (*)
P n+

Here, 3, (A, z) = 57(3) (A, z) were introduced by Carlitz in [3, 4] and the
identity (*) was found also by Carlitz in [4]. Also, the higher-order degenerate
Bernoulli polynomials 3. (A, z) were studied in [11] by using umbral calculus
and in [13] by exploiting p-adic integrals.

(C)Let s, (x) =B (N | ay, ... a.) ~ (<ealt_1)m(eartr_l> 3 (eM— 1)) , and

(1)
wy, (x) = (x| N), ~ (1,5 (¥ —1)). We recall that 8, (A, | a1,...,a,) are
called Barnes-type degenerate Bernoulli polynomials and studied with umbral
calculus viewpoint in [14]. Here one shows easily that

lim 5, (A, z | ay,...,a,) =B, (x| a1,...,a,),
A—=0

A—00

. 1
lim A7"6, (A Az | aq,...,a,) = (H%) by (x).

From Theorem 1, we note that

mi my
D (@t arin et ai | N),
11=0 ir-=0

:<nir> Z(_l)r—i Z Botr <)‘7I+Z(mj+1)aj

L) JC[1,r] jed
[J]=i

CL17...,CLT> .
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(D) Let s, () ~ ((ej;ll)r = (1) e = 1), w () = (2), ~ (1ef = 1),

Note that the generating function for s, (z) is

(ﬁ)T(lﬂ)I:isn (x)g.

Thus, we have s, (z) = 27"Ch"”) (z) where Ch{") (z) are the Changhee poly-
nomials of the first kind of order r given by the generating function

(QLH) (L+t)* ZCh —|, (cf. [15]).

Now, from Theorem 1, we obtain

(E) Let s, (z) = (z), ~ ((;ﬁj)r = Let = 1), wy (@) = (), ~ (Le' = 1),
In this simple case, from Theorem 1, we have

2"'2($+i1+"'+ir)n

11=0 ir=0

:(nJF;T)Z(—U” > <x+2(mj+1)> .

" i=0 JC1,r] JjeJ
|J|=i

4. EXAMPLES ON THEOREM 2

(A) Let s, (z) = E, (x| ay,...,a,) ~ (H;l (eai;’Ll) ,t), wy (x) = 2" ~
(1,t). Here, E, (x| ay,...,a,) are the Barnes-type Euler polynomials whose
generating function is given by

f[ pn ZE (x| ay,...,a )tn
e%i +1

From Theorem 2, we obtain

Z Z u-‘r +’Lr x+a1i1+--~+ari,q)"

11=0 =0
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1 ¢ m
252 Z (—1) JEn (ac—{—Z(m]—i—l)a] ‘ al,...,ar> .
=0 JC[1,r] j€J
| J|=i
For r =1, a; = 1, m; = m, we have
> (-1 (z+1) 5 (D" By (z+m+ 1) + By (2)).
=0
When z = 0, we obtain the classical alternating power sum identity
= 1
(—1)" " = 5((—1)7” E,(m+1)+E,). (**)
=0

(B) Let s, (2) = & (\a) ~ ((£2) .1 (M= 1)), wa (@) = (2| M), ~

(1, % (e)‘t — 1)) Here £\ (A, z) are the degenerate Euler polynomials of order
r whose generating function is given by

9 ' .
2 ) i 25” "
(1+X)> +1

These polynomials were studied in [12]. We observe that

lim &M (A, ) = B (z),  lm A7"EM (A, Ax) = (x),  for any r € Zs.
A—=0 A—r00

Here E (x) are the Euler polynomials of order r given by

2\ o=y, 1T
(et+1> = B (@)

7’L'
n=0

From Corollary 2 (a), we have

Z Z z1+ +Zr IL'—|-Z1+ +Z7" | )\)n

11=0 1,=0

ZZ m"S”(Ax—l—Zm] )).

= OJClr jeJ
|J|

In the simplest possible case, this reduces to

- T 1 m
(=101 A), = 5 (1) & (A m+1) + & (V)
i=0
which becomes, by letting A — 0, the classical alternating power sum identity

(**). Higher order degenerate Euler polynomials gl (A, z) were introduced in
[19] and studied in [12] by using umbral calculus.

(C) Let s, () = En 0 | an, ..., a,) ~ (H§:1 (Tﬂ) LM - 1)), wy () =
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(x| N), ~ (1,5 (eM—1)). Here & (A\,x | ay,...,a,) are the Barnes-type de-
generate Euler polynomials given by

: 2 : t
M2 )iz gp vz o) o,
iz1 \(1+A0)> +1 !
which were studied in [9]. Here we note that

limé&, (\z|a,...,a,)=FE,(z|a,...,a,),

A—=0

lim A7, (M Az | aq,...,a,) = (2),,.

A—00

From Theorem 2, we can derive the following equation:

Z Z 11+ +Zr {E+a1i1+"'+arir|)\)n

11=0 1,-=0
:_Z Z nm™ e, <)\,x+2(mj+1)aj al,...,ar).
i=0 |J|C[1,7] jed
| J|=i

(D) Let su () = Ch7 (@) ~ ((42) ¢ = 1), wn (@) = (&), ~ (16" = 1)
From Theorem 2, we note that

Z Z z1+ +zr $+a1i1+"'+arir)n

11=0 i,=0
IS S cyman (x+z<mj+1>aj).
i=0 JC[1,7] jeJ
|J|=t

(E) Let s,, () ~ <<%) ,log (1 + t)), wy, (z) ~ (1,log (1 4+ t)). Here s, (x)
are the polynomials whose generating function is

(yé:akw~>
_ZE (e = 1)’

o n . tn
( &mw@”w>ﬂ

n=0 =0

where Sy (n,1) is the Stirling number of the second kind.
Thus, s, () = Y Sz (n,1) B (x).
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Also, wy, (z) = ¢, (x) = D1y S2(n,l) 2! are the exponential polynomials
given by

) =g (o)
;% n!

From Corollary 2 (c), we have

Zl - Z (=) G (i )

11=0 ir=0
1 T . n .,
:52 S =™y S () BN (a:+2(mj +1)> :
i=0 JC[1,r] 1=0 jeJ
|J|=i
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