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Abstract

In this paper, we study the symmetry for the generalized twisted
tangent numbers T;, , ¢ and polynomials T}, , ¢(z). Finally, we obtain
some interesting identities of the power sums and the generalized twisted
polynomials T;, , ¢ () using the symmetric properties for the p-adic in-
variant integral on Z,,.
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1 Introduction

Bernoulli numbers, Bernoulli polynomials, Euler numbers, Euler polynomials,
tangent numbers, and tangent polynomials possess many interesting properties
and arise in many areas of mathematics and physics(see [1-6]). Throughout
this paper we use the following notations. By Z, we denote the ring of p-
adic rational integers, QQ denotes the field of rational numbers, @Q, denotes
the field of p-adic rational numbers, C denotes the complex number field,
and C, denotes the completion of algebraic closure of Q,. Let v, be the
normalized exponential valuation of C, with |p|, = p~»® = p~'. When one
talks of g-extension, ¢ is considered in many ways such as an indeterminate,
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a complex number ¢ € C, or p-adic number ¢ € C,. If ¢ € C one normally

assume that |¢| < 1. If ¢ € C,, we normally assume that |¢ — 1|, < p_ﬁ
so that ¢* = exp(zlogq) for |z|, < 1. Let UD(Z,) be the space of uniformly
differentiable function on Z,. For g € UD(Z,) the fermionic p-adic invariant
g-integral on Z, is defined by Kim as follows:

Iy(f) = Zf@ﬂwwu>=;g;E$r;§jf@x—@%s%w%
Note that
fim 1y() = | gla)dia(o) (L)

If we take g,(z) = g(x +n) in (1.1), then we see that

I(gn) = (=1)"Ia(g) + 2> (=) g(). (1.2)

Let a fixed positive integer d with (p,d) = 1, set

X = Xy =(Z/dp L), X\ = L), X" = U a+dpz,
N

0<a<dp
(a,p)=1

a+dp"Z,={re X |z=a (moddp™)},

where a € 7Z satisfies the condition 0 < a < dp’. It is easy to see that
(o) = [ g@dus) = [ g@iduae), ol (1)
X Zp

v, where Cpv = {¢lw?” = 1} is the cyclic
group of order pV. For ¢ € T,, we denote by ¢. : Z, — C, the locally
constant function x —— (¢*. In [4], we introduced the generalized twisted
tangent numbers 7}, , . and polynomials T),, () attached to x. Let x be
Dirichlet’s character with conductor d € N with d = 1(mod 2). The generalized
twisted tangent numbers T, , - attached to x and generalized twisted tangent
polynomials T, , ¢(x) attached to x are defined by the generating functions

Let Tp = UNlepN = thHOOC

230 g xla)(—1)eget & t"
Cde2dt 41 - HZ:O Tn%émv (1.4)

(2 Zg;é X(d)(—l)aCIQQGt) ext — f:TmX’C(;L‘);—?:, cf. [4] (15)

Cd€2dt + 1
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Theorem 1.1 ([4]) For positive integers n and ¢ € T,, we have

Toxc(x) = /X X(W)oc(y) 2y + )" dp—1(y).

Corollary 1.2 ([4]) For positive integers n and ¢ € T,, we have

Thxe = /X X() e (y)(2y)" dp—1(y).

Theorem 1.3 (/4]) For positive integers n and ¢ € T,, we have

Toyc(z) = Z (7) xn_lTLx,C‘
=0
2  Symmetry for the generalized twisted tan-
gent polynomials

In this section, we assume that ¢ € T,,. We obtain some interesting identities
of the power sums and the generalized twisted polynomials 7, , ¢(x) using the
symmetric properties for the p-adic invariant integral on Z,. If n is odd from
(1.2), we obtain

[y

n—

I-1(gn) +1-1(9) =2 ) (=1)"g(k) (see [2]). (2.1)

e
Il

It will be more convenient to write (2.1) as the equivalent integral form

n

[ stamidaate) + [ gterdnata) =2 SRk, (22)

P Zyp k=0

Substituting g(x) = x(x){"e** into the above, we obtain

/X(:E—I—n)(“"e(%ﬁn)tdu_l(x)+/ X(x)gx€2xtd,u—1(37)
X

X

—_

n—

=23 (1N

(2.3)

.
Il
=)

Let us define the alternating power sums 7y, ¢(n) as follows:

n

Trxc(n) = D _(=D)'x(D¢ 20" (2.4)

=0
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After some elementary calculations, we have

/X(x)CHnd@(QHQnd)td/i1(37) +/ x(z) xG%tdﬂ—l(@
X

X

_ a2 (2.5)
_ (1 +Cnd 2ndt) 223:(1) X(a>(_1) C 62 !
- € (de2dt 4 ] :
From the above, we get
/ X(.T)Cx+nd€(2x+2nd))td,u_1(.CE) +/ X(m)cce%td#_l(x)
* X (2.6)

2 @) (o)
fX Cnd:ceantzdlu71<$) ’

2xt

By substituting Taylor series of e*** into (2.3)and by using (2.4), we have

<"d2( ) [ x@e ot a + [ @

= ZE,X’C(TLd — 1)
(2.7)
By using (2.6) and (2.7), we arrive at the following theorem:

Theorem 2.1 Let n be odd positive integer. Then we obtain

2fX Ca: 2$tdu :B 00 m
(nd —1
f Cndm€2ndtxdu 1 ) Z(] TL >> m!

Let w; and wy be odd positive integers. Then we set

S(wl, wg) =
fX fX X(gjl)X<x2)C(w1m1+w2x2)6(2w111+2w2x2+w1wzx)tdlu_l(ml)dlu_l(xQ) (28)
fX Cw1w2dm€2w1w2d3§tdu71($> .

By Theorem 2.1 and (2.8), after elementary calculations, we obtain

t tm
S(Ml,wg ( ZmeCwl UJQZL’ ) (22mecw2 (wld— ].) m'>

m=0

By using Cauchy product in the above, we have

s 55 (50 et )

i (2.9)
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From the symmetry of S(w;,wsy) in wy and wsy, we also see that

75 mt"
S(wq,wy) = ( Zme<”2 W)W ) <22megw1(w2d—1> wy )

m!
m=0

Thus we have

m!
m=0 \j=0

S(wy,wy) =Y (Z (j )Tj,x,cwz (w1)wy Tmjpy,cor (wad — L)wy J) —

(2.10)
tm
By comparing coefficients — in the both sides of (2.9) and (2.10), we arrive
m!
at the following theorem:

Theorem 2.2 Let wy and wy be odd positive integers. Then we obtain

Z ( ) w2 Joacw (W12) Ty con (wad — 1)

—0

<

Z ( )wiwz T e (w2) Ty oz (wnd — 1),
Jj=

where Ty, ¢ (z) and T, 1 ¢ (k) denote the generalized twisted tangent polynomials
and the alternating sums of powers, respectively.

By Theorem 2.2 and Theorem 1.3, we have the following corollary.

Corollary 2.3 Let wy and ws be odd positive integers. Then we obtain

m j .
Z 2 < ) < ) P! P Ty o2 Ty (wad = 1)
Jj=

0 k=0

m J )
m N
- Z Z (]) (2> wy” o ka%Cwl Tm—jx.cwz (wid — 1).
J=0 k=0

Now we will derive another interesting identities for the generalized twisted
tangent polynomials using the symmetric property of S(wi,ws). By (2.8),
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after elementary calculations, we have

S(wl, ’wz)
1 wid—1
_ (§€w1w2mt/ X<I1)<w1m162x1w1td/1/_1<1,1)> (2 Z (_1)jX(j)C1U2j€2jw2t>
25w
wid—1 ' ' <2x1+w2x+ ZU 2) (’w1t)
= > G [ aee ) )
=0 X
0o wrd—1 .
i 2jwe\ | t"
=3 (X e T (s + 2 )
0 =0 w1 n.
(2.11)
By using the symmetry property in (2.11), we also have
S(U)l, U)Q)
25w
wod—1 ' ) <2m2+w1x+ zU 1> (’th)
S IO EHIE ) )y
2 . (212)
o] wo—1 .
=3 (A T (4 22 ) g ) I
"0 =0 w9 n:

n

t

By comparing coefficients — in the both sides of (2.11) and (2.12), we have
n!

the following theorem.

Theorem 2.4 Let wy and wy be odd positive integers. Then we obtain

wid—1 25w
Z (_1>JX(j)<w2]Tn,x,C“’l <w2m—0— J 2) U){L

w
=0 !

wod—1 2jw
= Z (_1)JX(j)CwUTn,x,Cw2 (wlx + 1) w;.

w
j=0 2

If we take x = 0 in Theorem 2.4, we also derive the interesting identity for the
generalized twisted tangent numbers as follows:

wrd—1 20 j
) -\ Fwaj 2 n
S (DG T o < )wl
/=0 b
wod—1 20 j
1 N\ w1 g 1 n
= 3 (G T o ( ) e
Ws

J=0

Letting ¢ — 1 in Theorem 2.4, we can immediately have the generalized mul-
tiplication theorem for the generalized tangent polynomials(see, [5]).
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