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Abstract

The purpose of this paper is to construct a new type of the gener-
alized q-Genocchi numbers G̃

(α)
n,χ,q and polynomials G̃

(α)
n,χ,q(x). We give

generating functions of the generalized q-Genocchi numbers and poly-
nomials with weak weight α. Some interesting results and relationships
are obtained.
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1 Introduction

p-adic analysis with q-analysis includes several domains in mathematics and
physics, including the number theory, algebraic geometry, algebraic topology,
mathematical analysis, mathematical physics, string theory, field theory, dif-
ferential equations, partial differential equations, stochastic differential equa-
tions, quantum groups, dynamical systems, and other parts of the natural
sciences. In particular, in recent years p-adic analysis and non-Archimedean
functional analysis has been developed with its applications in mathematical
physics. The Genocchi numbers and polynomials possess many interesting
properties and arising in many areas of mathematics and physics. The zeta
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function plays a pivotal role in analytic number theory and has applications
in physics, probability theory, and applied statistics. As a consequence, many
authors have studied the q-extension in various areas (see [1-9]). In this pa-

per we construct the generalized q-Genocchi numbers G̃
(α)
n,χ,q and polynomials

G̃
(α)
n,χ,q(x) with weak weight α. We also find generating functions of the general-

ized q-Genocchi numbers G̃
(α)
n,χ,q and polynomials G̃

(α)
n,χ,q(x) with weak weight α.

By using the generalized q-Genocchi numbers G̃
(α)
n,χ,q and polynomials G̃

(α)
n,χ,q(x)

with weak weight α, we construct the l-series and two variable l-series.
Throughout this paper we use the following notations. By Zp we denote

the ring of p-adic rational integers, Q denotes the field of rational numbers, Qp

denotes the field of p-adic rational numbers, C denotes the complex number
field, and Cp denotes the completion of algebraic closure of Qp. Let νp be the
normalized exponential valuation of Cp with |p|p = p−νp(p) = p−1. When one
talks of q-extension, q is considered in many ways such as an indeterminate,
a complex number q ∈ C, or p-adic number q ∈ Cp. If q ∈ C one normally

assume that |q| < 1. If q ∈ Cp, we normally assume that |q − 1|p < p−
1

p−1

so that qx = exp(x log q) for |x|p ≤ 1. Let UD(Zp) be the space of uniformly
differentiable function on Zp. For g ∈ UD(Zp) the fermionic p-adic invariant
q-integral on Zp is defined by Kim as follows:

I−q(g) =

∫
�p

g(x)dμ−q(x) = lim
N→∞

1

[pN ]−q

pN−1∑
x=0

g(x)(−q)x, see [4] . (1.1)

If we take gn(x) = g(x + n) in (1.1), then we see that

qnIq(gn) + (−1)n−1Iq(g) = [2]q

n−1∑
l=0

(−1)n−1−lqlg(l). (1.2)

Let a fixed positive integer d with (p, d) = 1, set

X = Xd = lim←−N(Z/dpNZ), X1 = Zp, , X∗ =
⋃

0<a<dp
(a,p)=1

a + dpZp,

a + dpNZp = {x ∈ X | x ≡ a (mod dpN)},
where a ∈ Z satisfies the condition 0 ≤ a < dpN . It is easy to see that

I−q(g) =

∫
X

g(x)dμ−q(x) =

∫
�p

g(x)dμ−q(x). (1.3)

The Genocchi numbers Gn are defined by the generating function:

2t

et + 1
=

∞∑
n=0

Gn
tn

n!
(|t| < π

2
), cf. [5, 6, 7] (1.4)
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where we use the technique method notation by replacing Gn by Gn(n ≥ 0)
symbolically. We consider the Genocchi polynomials Gn(x) as follows:

2t

et + 1
ext =

∞∑
n=0

Gn(x)
tn

n!
. (1.5)

2 Generalized q-Genocchi polynomais

In this section, our goal is to give generating functions of the generalized q-
Genocchi numbers and polynomials with weak weight α. These numbers will
be used to prove the analytic continuation of the l-series. Let q be a complex
number with |q| < 1. Let χ be Dirichlet’s character with conductor d ∈ N

with d ≡ 1(mod2). Then the generalized q-Genocchi numbers associated with

associated with χ, G̃
(α)
n,χ,q, are defined by the following generating function

G(α)
χ,q (t) =

[2]qαt
∑d−1

a=0 χ(a)(−1)aqαaeat

qαdedt + 1
=

∞∑
n=0

G̃(α)
n,χ,q

tn

n!
. (2.1)

We now consider the generalized q-Genocchi polynomials associated with χ,
G̃

(α)
n,χ,q(x), are also defined by

G(α)
χ,q (x, t) =

[2]qαt
∑d−1

a=0 χ(a)(−1)aqαaeat

qαdedt + 1
ext =

∞∑
n=0

G̃(α)
n,χ,q(x)

tn

n!
. (2.2)

When χ = χ0, q → 1, above (2.1) and (2.2) will become the corresponding
definitions of the Genocchi numbers Gn and polynomials Gn(x). From (2.2),
we note that

[2]qαt
∑d−1

a=0 χ(a)(−1)aqαaeat

qαdedt + 1
ext

=
[2]qα

[2]qαd

d−1∑
a=0

χ(a)(−1)aqαa

(
[2]qαde(a+x

d
)dt

qαdedt + 1

)

=

∞∑
m=0

(
[2]qα

[2]qαd

dm−1

d−1∑
a=0

χ(a)(−1)aqαaG̃
(α)

m,qd

(
a + x

d

))
tm

m!
.

Therefore, we obtain the following theorem.

Theorem 2.1 Let χ be Dirichlet’s character with conductor d ∈ N with
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d ≡ 1(mod2). Then we have

(1) G̃(α)
n,χ,q(x) =

[2]qα

[2]qαd

dm−1

d−1∑
a=0

χ(a)(−1)aqαaG̃
(α)

m,qd

(
a + x

d

)
,

(2) G̃(α)
n,χ,q =

[2]qα

[2]qαd

dm−1
d−1∑
a=0

χ(a)(−1)aqαaG̃
(α)

m,qd

(a

d

)
,

(3) G̃(α)
n,χ,q(x) =

n∑
l=0

(
n

l

)
G̃

(α)
l,χ,qx

n−l,

where G̃
(α)
n,q(x) are the q-Genocchi polynomials with weight α(see [8]).

For n ∈ N with n ≡ 0(mod2), we have

−[2]qα

∑d−1
a=0 χ(a)(−1)aqαaeat

qαdedt + 1
qαndendt +

[2]qα

∑d−1
a=0 χ(a)(−1)aqαaeat

qαdedt + 1

=

∞∑
m=0

(
[2]qα

nd−1∑
a=0

χ(a)(−1)aqαaam

)
tm

m!
.

By (2.1), (2.2), and comparing coefficients of
tm

m!
in the above equation, we

have the following theorem.

Theorem 2.2 Let χ be Dirichlet’s character with conductor d ∈ N with
d ≡ 1 (mod 2), n a positive even integer, and m ∈ N. Then we have

G̃
(α)
m+1,χ,q − qαndG̃

(α)
m+1,χ,q(nd) = (m + 1)[2]qα

nd−1∑
a=0

χ(a)(−1)aqαaam.

Next, we introduce the l-series and two variable l-series.

Definition 2.3 For s ∈ C, define two variable l-series as

l̃(α)
q (s, x|χ) = [2]qα

∞∑
m=0

(−1)mχ(m)qαm

(m + x)s
.

By using (2.2), we easily see that

G(α)
χ,q (x, t) =

[2]qαt
∑d−1

a=0 χ(a)(−1)aqαaeat

qαdedt + 1
ext

= [2]qαt
d−1∑
a=0

χ(a)(−1)aqαae(a+x)t
∞∑
l=0

(−1)lqlαdedlt

= [2]qαt

∞∑
m=0

χ(m)(−1)mqαme(m+x)t.



Generalized q-Genocchi numbers and polynomials with weak weight α 755

Then we have(
d

dt

)k+1

G(α)
χ,q (x, t)

∣∣∣∣∣
t=0

= (k + 1)[2]qα

∞∑
n=0

χ(n)(−1)nqαn(n + x)k, (2.3)

and (
d

dt

)k+1
( ∞∑

n=0

G(α)
n,χ,q(x)

tn

n!

)∣∣∣∣∣
t=0

= G̃
(α)
k+1,χ,q(x), for k ∈ N. (2.4)

By (2.3), (2.4), we have the following theorem.

Theorem 2.4 For any positive integer k, we have

G̃
(α)
k+1,χ,q(x)

k + 1
= l̃(α)

q (−k, x|χ).

Definition 2.5 For s ∈ C, define l-series as

l̃(α)
q (s | χ) = [2]qα

∞∑
m=1

(−1)mχ(m)qαm

ms
.

By simple calculation, we have the following theorem.

Theorem 2.6 For any positive integer k, we have

l̃(α)
q (−k | χ) =

G̃
(α)
k+1,χ,q

k + 1
.

3 Witt-type formulae on Zp in p-adic number

field

Our primary aim in this section is to obtain the Witt-type formulae of the
generalized q-Genocchi numbers G̃

(α)
n,χ,q and polynomials G

(α)
n,χ,q(x) attached to

χ. We assume that q ∈ Cp with |q − 1|p < 1 and α ∈ Z.
Let χ be the primitive Dirichlet character with conductor d ∈ N with

d ≡ 1(mod2). Let g(y) = χ(y)e(y+x)t. By (1.1), we derive∫
X

tχ(y)e(y+x)tdμ−qα(y) =
[2]qαt

∑d−1
a=0 χ(a)(−1)aqαaeat

qαdedt + 1
ext

=
∞∑

n=0

G(α)
n,χ,q(x)

tn

n!
.

(3.1)

By using Taylor series of e(y+x)t in the above equation (3.1), we obtain the
Witt formula for the generalized q- Genocchi polynomials attached to χ as
follows:
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Theorem 3.1 For positive integers n, we have

G̃
(α)
n+1,χ,q(x)

n + 1
=

∫
X

χ(y)(y + x)ndμ−qα(y). (3.2)

Observe that for x = 0, the equation (3.2) reduces to (3.3).

Corollary 3.2 For positive integers n, we have

G̃
(α)
n+1,χ,q

n + 1
=

∫
X

χ(y)yndμ−qα(y). (3.3)

By (3.2) and (3.3), we have the following theorem.

Theorem 3.3 For positive integers n, we have

G̃
(α)
n+1,χ,q(x)

n + 1
=

n∑
l=0

(
n

l

)
G̃

(α)
l+1,χ,q

l + 1
xn−l.
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