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Abstract

The effect of the moving force on the radiated sound from the rectangular plates with elastic support is
revealed in this paper. An analytical method in conjugation with numerical method is also developed to
calculate the sound radiated from the plates. According to this method, the radiated sound is calculated
for rectangular plate with different elastic support boundary conditions. By comparing these calculation
results, the effect of the elastic support on the radiated sound is also studied. Moreover, the effect of the
plate mode density is included in the research results.
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1. Introduction

Rectangular and rectangular-like plates with elastic-support are frequently encountered
in mechanical product design. They often play the role of the main noise source of the
product. Thus, control of the radiated noise from the plates becomes an important issue.
Moving force is an ordinary form of force conditions in design. Therefore, it is necessary to
obtain the effect of the moving force on the radiated sound from the rectangular plate with
elastic support.

Since no analytical method exists to solve the forced response of the rectangular plate
with elastic support, we have to adopt approximate solutions in conjunction with numerical
methods. Different techniques have been developed to solve the problem in the past. These
techniques include the spline technique [1], Galerkin’s method [2], the finite strip method
[3], the Ritz method [4] and the Rayleigh-Ritz method [5]. In fact, the force applied on the
plate maybe a moving force. Therefore, it is also worth value to study the effect of the
moving force on the radiated sound. Gbadeyan and Oni [6] studied the dynamic response of
the rectangular plate excited by moving force. Takabatake [7] presented a simplified
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analytical method for the rectangular plate subjected to moving force to examine the effect
of the additional mass due to moving force.

The purpose of this paper is to investigate the effect of the moving force on the radiated
sound from the rectangular plate with elastic support. By comparing the boundary
condition applied at different sides of the plates, the effect of the moving force and the
elastic boundary on the radiated sound from the plate is studied.

2. Sound Radiation Governing Equations

Consider an elastically supported rectangular plate, which is shown in Fig.1, excited by a
point force. The governing equation for the transverse displacement W(x, y,t) is given by
[8.9]

2
DV”W(ny)+CdaW(;yi)+pha\Ng;yi):f(U. 1)

Here D is the flexural rigidity defined by D = Eh® /12(1—/,12) , E is the Young’s modulus,
h is the plate thickness, u« is the Poisson’s ratio, c, is the damping coefficient of the
rectangular plate, f(t) is the force applied on the plate, t istime, p is the mass density,
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Figure.1 Rectangular plate with elastic support and coordinate system
For a harmonic excitation of circular frequency o, we set

w(x,y,t)=W(x y)e', 2)
F(t)=Fel. ©)
w (x, y) can be written as the superposition of adequate shape functions
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where ®_ (x,Y) is the modal shape functions, W, is the displacement coefficient.
Consider a harmonic point force f_ (t) that moves on the plate at speed of v, and v,
respectively, as shown in Fig.2. The moving force f_(t) can be expressed as
fu (1) = F ()5 (x=% =% 1) 5(y =y, ~,t), 5)
where F(t) is the magnitude of the moving force, 5(x) and &(y) are the Dirac Delta
functions, (xo, yo) is the initial location that the moving force applies on the plate surface.
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Figure 2. Rectangular plate excited by a harmonic moving force
Using the orthogonal property and assuming proportional damping in the forced
vibrating system, substitute Eq. (2-5) into Eq. (1), we obtain the normalized equation of
transverse displacement

v

W +2& o W+’ W, =F_ (6)
where & is the generalized damplng factor defined by
&n.=Csl2pha, . (7)
o, 1S the generalized natural frequency defined by
1 eacgb
w?, :m—mn_[o JO VO, (% y)x D, (% y)dydx, (8)
F... is the normalized force defined by
1
Fon "o fo (D)@ (% + V1 Yo + V1), (9)
. 1S the generalized mass of the rectangular plate defined by
I J. phd? x y dydx (10)

For a lightly damped system (§mn <1), we solve EqQ. (4) in time domain by Duhamel
integral [10]. Then the displacement coefficient W, is given by
W =exp( Emn®@mt) (@ SiN@, t+b | cosam, )

+— IF exp| —&,,@,, (t—7) Jsin@ (t-7)dr, (11)

where @ is the generalized natural frequency of damped free vibration defined by
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@ = O, 1_§£n1 (12)
the parameters a,, and b, can be obtained from the initial transverse displacement
w(x,y,0) and the initial velocity W(x, y,0)

Iy Lo Dw(x y.0) + 26,0, W(x,,0) |, (x,y) dyc
@[ 2, (x y)dydx
LWl y.0)@,, (x (x y)dyex

J' j ;. (x,y)dydx
Consider a case of a harmonic point force moves at speed of v, along with the x

; (13)

mn

(14)

mn

direction from the initial location (X,, y, ), the moving force f_(t) can be written, in terms
of the mass of the moving force defined by, as
o°w o'w 0w
f(x,y,t)="Ff —u | —V +2 v, + ,
n(X9)= 1, ”f(axz < xat atzJ

where g is the acceleration due to gravity, u, is the mass ratio be the ratio of the mass due

(15)

to the moving force to the rectangular plate defined by x;, :|f0/g|. So, the normalized
force is expressed as

F;nszn—L%ii[v TPy 4oy, Doy @mnwmn} (16)

mn m=1 n=1 ax

Truncate the indices m and n after m, and n, terms, respectively, Eq. (6) is expressed in
matrix form as

(D] + M DR+ ([, + [l )R} + ([Ka] +[Ka DR} ={F}, (a7)
where [I] is the identity matrix which results from normalization by the generalized mass
m,., of the plate, the vector {Q} Is composed by the displacement coefficient W_~ defined
by

{Q} — [Wn""vau o W W T , (18)
[M,,] is the generalized mass matrix defined by
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[Mm :luF

[C,] and [C,,] are the generalized damping matrices defined by
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[Ky] and [K, ] are the generalized stiffness matrices defined by
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{F} is the generalized force vector defined by
"
(R =[ R R P P | (24)
oD, 0°D,
_ r J] " o_ ]
where @, =@, (V,t,Y,), @} = pvl Of = pva
The mode shape function ®_ (x, y) of the rectangular plate is given by [9]
D (% y) =X, (X)Y, (), (25)

where X, (x) and Y,(y) are taken to be the mode shapes of the associated un-damped

beams, having the same boundary conditions as the plate in x and vy directions,
respectively. Consider a un-damped beam of length |, the governing equation is given by
[9]
o*w(x,y) o*w(x,t)

+ =0 26
ox e (26)
where EIl is the flexural rigidity defined by EI :(1—y2)D, P, Is the mass per unit

El

length. Suppose w(x,t)= X (x)sin(wt), we obtain

X (X)= A, sina, x+ A, cosa, X+ A, sinha, x+ A, coshea, X, (27)
where the parametersA ., A,,, A, and A, are determined by boundary conditions
respectively, «,, is the eigenvalue of the m" mode defined by
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a, = p,S,®; 1 El, (28)
m is positive integer, S, is the beam section area, w, is the m"™mode eigenfrequency.

For a rectangular plate with elastic support as shown in Fig.1, the boundary conditions is
given by
(1) atedge y=0

2 2
R, W _p[ 2, ,TW o,
oy Loyt Tax
3 3
Tw+DIW p(2- )Y -
oy ox“oy

(29)
0,

(2) atedge y=Db
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R, W p[ oW, oW o,
oy Loy T ox
3 3
Tw-DIW p(2-u)2W -
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(30)

(3) atedge x=0

ow o’w  o'w

RE-p| L2+ 440 | =0,
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(4) atedge x=a

R,—+D +
o Lo Moy
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o'W

ow [azw azwj
(32)
o*w
oxdy? =0
where the parameters R,, T,, R,, T,, R, T, R, and T, are stiffness of the rotational
springs and the translational springs at every side, respectively.
For the beam modal shape function in Eq. (25), we treat X, (x) as a strip element of the

T,w-D

plate. So, the flexural rigidity EI of the beam can be replaced by D(l—/ﬁ). According to
Eq. (29) and (30), we obtain the following homogenous linear equation [11]

-u’ Rro u’ R, A,l [0

RRO u RRO —u % AZm _ 0 ) (33)
u®cosu+Rysinu  —u’sinu+R, cosu —u’coshu+R, sinhu —u’sinhu+R, coshu| | A, | [0
—-usinu+Rg, cosu  —ucosu—Rg sinu  usinhu+Rg coshu  ucoshu—-Rg sinhu A 0

where R,,=T,a’/El, R, =T,a’/El, R, =R,a/El, Ry, =Ral/El, u=4pSw’a*/El .
According to Eq. (33), the eigenfunction is given by
u®(1—-cosucoshu)+u’ [ —(Rg, + Ry, )(sinucoshu +cosusinhu) |+

U® (=2RggRy, sinusinhu)+u® [ (Ry, + Ry, )(cosusinhu —sinucoshu) ]+
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u* [(RTORRO +RpyRey ) (1+ cosucoshu +2( Ry Ry, + Ry, Ry, ) cOSU cosh u)] +
U[ RegRy, (Rro + Ry, ) (cosusinhu +sinucoshu) |+ u? (2R Ry, sinusinhu) +
U[ RroRyy (Reg + Re ) (sinucoshu —cosusinhu) |+ RyyRp, Reg R, (1—cosucoshu) =0. (34)

Solving Eq. (34), we obtain the positive eigenvalues u,,u,,---u_ . Since the natural
frequency of beam can be expressed as

w, =U2,JEl/ p,Sa* , (35)
the modal shape function in x direction X, (x) can be obtained according to Eq. (27).
Similarly, we can suppose
Y,(y)=B,sinB,y+B,, cos S,y +B,, sinh g y+B, cosh By, (36)
where the parameters B,,, B,,, B,, and B,, are determined by boundary conditions,
respectively, 3, is the eigenvalue of the n" mode, n is positive integer. Using the method
mentioned above, we obtain the modal shape function Y, (y) in y direction.
Once we obtain the mode shape function, the transverse displacement w(x,y,t) of the

rectangular plate can be obtain by solving Eq. (17). Especially, for the case of low mass
ratio, - can be ignored. Thus, the transverse displacement of the rectangular plate is

further simplified to

w(x,y,t) szq)m” (% .[exp[ O (t=7) [@, (V7. ¥y )sin[ @ (t-7)[dr.  (37)

m=1 n=1
For a rectangular plate in an infinite baffle as shown in Fig.3, the radiated sound pressure

from the plate can be obtained by evaluating the Rayleigh surface integral where each
element area on the plate is treated as a simple point sound source and its contribution is

added with an appreciate time delay. The sound pressure at observation location

P(Xe, Y. Z5) is given by [12]

p(Q) =22 [ £ i(p)ss, @)

where p, is the air density, S is the surface area of the plate, r is the distance between the
observation location and the infinitesimal element on the plate.



Effect of the moving force on the radiated sound 341

A

QI x,l}?,ZI

r
x#
A
Flx,p, 0
<5

Figure.3 Coordinate system for evaluation of structural sound pressure

The structural sound intensity at the observation location Q is [12]
1 N
1(Q)=5Re[ p(QV'(Q)], (39)

where V(Q) is the velocity of acoustic medium at the location Q, * denotes complex

conjugate. The sound power radiated into the semi-infinite space above the plate is given
by
w=[ 1(Q)s, (40)

where S’ is an arbitrary surface which covers area S .
According to Eqg. (38) and (39), Eq. (40) takes the form

W= [ Relw(p)

Since Re{J} = (J + J*)/2, where J is a complex function, we note that

Re[v‘v(P) e v*(Q)}zé[W(P)L jerkrjv*(Q)+W (P)[_j(akr V(Q)}

zl{w(P)(wjv*(Q)+w (P)(sme—lcose } (42)

(Q)}deS' . (41)

r
When we suppose S to S, due to the reciprocity relationship between ¥, and T, (Fig.3),
v(Q)=w(Q). Eq. (42) is simplified as

Re[w(p)j

— jkr

Sinikr)v'v*(Q). 43)

wmﬂ=mm

r
Then Eq. (41) is given by
a)po sm (kr) " .
I TN W (Q)dxdy Ay, (44)

When the plate is divided into N elements, Eq. (44) is approximated by a finite series
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W =~

“Po S S (i)W (1) (as (@5)
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A7 i=1 j=1 r
where 1, and F; are the position vectors of the center point of two elements.
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Figure.4 Discretization of the Rectangular Plate Surface
When we define the velocity matrix as W= (V- Wi, W, ) , where T denotes
transposition, W is expressed as
W =" 2w, (46)
where H denotes complex conjugate and transposition, Z is the resistance matrix defined
by

L sinkr, sinkr, |
krl,Z kr:LN
o i sinkr,, 1 sinkr,
Z= NG, kr.z'l | | kr%yN : (47)
sinkry, sinkr, 1
i Kry . Kry , |

where c, is the sound velocity in air.
In free sound field, according to [12], the radiated sound pressure level L is given by
L, =10l ~101g5 -101g 2% (48)
W, PoCo
where W, is reference sound power and defined by 107 Watt.

3. Numerical Results and Discussions

Consider a flat rectangular steel plate (E =2.1x10"Pa, p=7800kg/m®, 1 =0.28) of
size 0.5x0.3m. When the temperature is 20°C, the properties of air are p, =1.21kg/m’
and ¢ =343m/s. The damping coefficients obtained from experiments [15, 16] adopted for
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the numerical computations are ¢, = phw /1007, where h is the plate thickness. Choose

the location (0.25, 0.15, 0.005) as the observation location and 50-1000Hz as the frequency
range adopted in this numerical calcualtion. The stiffness of all the springs is
50Newton/m.

v
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(@) C-ES-C-ES (b) ES-C-ES-C (c) ES-ES-ES-ES

Figure.5 Rectangular plates with elastic support boundary conditions, where C denotes the
clamped support, ES denotes the elastic support

Consider a case of low mass ratio, then the mass ratio x, can be ignored. We set the
magnitude of the harmonic moving force is F (t) = e!” Newton . When the force moves at a

speed of v, =0.5m/s from the initial location (0, 0.1) along with the line y=0.1, the
radiated sound pressure level from the plates at the observation point is shown in Fig.6.
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Figure.6 Radiated sound pressure level from the rectangular plates in a case of low mass
ratio: (a) the sound pressure level radiated from the ES-C-ES-C plate, (b) the sound
pressure level radiated from the C-ES-C-ES plate, (c) the sound pressure level radiated
from the ES-ES-ES-ES plate.

Comparing the curve of the sound-pressure-level versus frequency, the radiated sound
pressure level from the ES-ES-ES-ES plate (Fig.6 c) is flatter than from the ES-C-ES-C
plate (Fig.6 a) and the C-ES-C-ES plate (Fig.6 b). Especially, when the frequency is higher
than 400Hz, the fluctuation of the radiated sound pressure level from the ES-ES-ES-ES
plate (Fig.6 c) is quite small. Notice that, the value of the radiated sound pressure level
from the ES-ES-ES-ES plate (Fig.6 c) is higher in the frequency range of 400-1000Hz.
When the boundary condition at the end of the plate is changed from clamped-support to
elastic-support (Fig.6 a, c), the frequencies, which make the radiated sound pressure level
from the ES-C-ES-C plate to maximum or minimum value, does not appear. Moreover,
when the frequency is lower than 200Hz, the radiated sound pressure level from the ES-ES-
ES-ES plate is higher than from the ES-C-ES-C plate. Changing the boundary condition at
the side of the plate from clamped-support to elastic-support (Fig.6 b, c¢), when the
frequency is in the range of 200-400Hz, the radiated sound pressure level from the C-ES-C-
ES plate is quite lower than from the ES-ES-ES-ES plate. Notice that, comparing the
radiated sound pressure level from the ES-C-ES-C plate and the C-ES-C-ES plate (Fig.6 a,
b), the curve of the former is also flatter than the later. We find that the elastic support has
great effect on the radiation sound. More elastic-support in the boundary condition of the
plate edge make the curve of the sound-pressure-level versus frequency flatter.

Because the plate thickness variation will cause the mode density variation, for
investigating the effect of the mode density on the modulated radiated sound roughness
from the plate, for further investigating the effect of the elastic support on the radiation
sound, we consider the plate thickness is variable in the range of 0.3-1.5mm. The radiated
sound pressure level from the rectangular plates is shown in Fig.7.



Effect of the moving force on the radiated sound 345

0
0

srL () T T

1000

Figure.7 Sound pressure level radiated from the rectangular plates when the plate thickness
is variable in the case of low mass ratio: (a) the sound pressure level radiated from the ES-
C-ES-C plate (b) the sound pressure level radiated from the C-ES-C-ES plate, (c) the sound
pressure level radiated from the ES-ES-ES-ES plates

When the plate thickness increases, the structural mode density becomes sparse [17].
With the plate thickness increasing, although the elastic support has less effect on the
radiated sound pressure level from the plate, there are still some differences. When
changing the boundary condition at the end of the plate from clamped-support to elastic-
support, the frequency range, which make the radiated sound pressure level from the ES-
ES-ES-ES plate higher than from the ES-C-ES-C plate (Fig.7 a, c¢) in low frequency range,
becomes wider with the plate thickness increasing. Similarly, when change the boundary
condition at the side of the plate from clamped-support to elastic-support, the frequency
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range, which make the radiated sound pressure level from the ES-ES-ES-ES plate higher
than from the C-ES-C-ES plate (Fig.7b, c) in middle frequency range, also becomes wider
with the plate thickness increasing.

Comparing Fig.6 and Fig.7, we find the same conclusion with the frequency increasing.
Whatever the plate mode density is, more elastic-support boundary condition makes the
fluctuation of the radiated sound pressure level from the plate less. However, there are less
frequencies, which make the radiated sound pressure level from the plate to maximum
value, appears with the plate thickness increasing.

When in a case of high mass ratio, the effect of the moving force speed should be taken
into account. For investigating the effect of the moving force on the radiated sound in the
case of high mass ratio, we choose two different moving force speeds.

Suppose the magnitude of the moving force is f, =10e'“* newton , when the force moves

at low speed of v, =0.5m/s from the initial location (0, 0.1) along with the line y=0.1,
the radiated sound pressure level from the rectangular plates is shown in Fig.8.
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Figure.8 Sound pressure level radiated from the rectangular plates in the case of high mass
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ratio case when the force moves at a low speed: (a) the sound pressure level radiated from
the ES-C-ES-C plate, (b) the sound pressure level radiated from the C-ES-C-ES plate, (c)
the sound pressure level radiated from the ES-ES-ES-ES plate

In the case of high mass ratio, comparing Fig.6 and Fig.8, the curve of the sound-pressure-
level versus frequency is quite different from the one in the case of low mass ratio. Fewer
frequencies make the sound pressure level to maximum value in the case of high mass ratio
whatever the boundary condition is. However, the fluctuation of the radiated sound
pressure level form the plate is larger than in the case of low mass ratio. Notice that, more
the edge of the plate is elastically supported, the mass ratio has fewer effect on the sound
radiated from the plate. The effect of the elastic support on the radiated sound from the
plate is also different from in the case of low mass ratio. There is no difference for the
effect of elastic support on the sound radiated from the ES-ES-ES-ES plate (Fig.8 c).
However, when the boundary condition at the end of the plate is changed from elastic-
support to clamped-support (Fig.8 a), the curve of the sound-pressure-level versus
frequency is quite flatter in low frequency range than the one in the case of low mass ratio.
Similarly, when changing the boundary condition at the side of the plate from elastic-
support to clamped-support, similar phenomenon is observed.

In order to investigate the effect of the speed of the moving force, we use the same
moving force chose in the case of high mass ratio. When the force moves at high speed of
v, =5m/s from the initial location (0, 0.1) along with the line y =0.1, the radiated sound
pressure level from the rectangular plates is shown in Fig.9.
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Figure.9 Sound pressure level radiated from the rectangular plates in the case of high mass
ratio when the force moves at high speed: (a) the sound pressure level radiated from the
ES-C-ES-C plate, (b) the sound pressure level radiated from the C-ES-C-ES plate, (c) the
sound pressure level radiated from the ES-ES-ES-ES plate.

Comparing Fig.8 and Fig.9, we find the effect of the high speed of the moving force on
the radiated sound from the plates. In the low frequency range of 20-100Hz, the sound
pressure level radiated from the ES-C-ES-C plate and the ES-ES-ES-ES plate (Fig.9 a, c) is
higher than in the case of low speed of the moving force. However, the sound pressure
level radiated from the C-ES-C-ES plate (Fig.9 b) is lower than in the case of low speed in
the same frequency range. Notice that, although the curve of the sound-pressure-level
versus frequency is quite similar with the one in the case of low speed when the frequency
is higher than 100Hz, the radiated sound pressure level from the plate is always higher than
the one on the case of low speed of the moving force. There is also some difference of the
effect of the elastic-support on the sound radiated from the plate. When boundary condition
at the side of the plate is elastic-support (Fig.9 a, c), the sound pressure level has less
fluctuation in the low frequency range. On the other hand, when the boundary condition at
the end of the plate is elastic-support (Fig.9 b, c), the sound pressure level has less
fluctuation in the high frequency range. Notice that, in the low frequency range, more
frequencies make the radiated sound pressure level from the plates to maximum value
whatever the boundary condition is.

For further investigating the effect of the speed of the moving force on the sound radiated
from the plate, we suppose the plate thickness is variable in the range of 0.3-1.5mm. The
radiated sound pressure level from the rectangular plates at low speed and high speed,
respectively, is shown in Fig.10.
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Figure.10 Radiated sound pressure level from the rectangular plates in the case of high
mass ratio when the plate thickness is variable: (al) the radiated sound pressure level from
the ES-C-ES-C plate when the force moves at low speed of v —o5m/s, (a2) the radiated

sound pressure level from the ES-C-ES-C plate when the force moves at high speed of
v, =5m/s, (b1) the radiated sound pressure level from the C-ES-C-ES plate when the force

moves at low speed of v —o5m/s, (b2) the radiated sound pressure level from the C-ES-C-
ES plate when the force moves at high speed of v _=sm/s, (c1) the radiated sound pressure
level from the ES-ES-ES-ES plate when the force moves at low speed of vy —05m/s, (C2)

the radiated sound pressure level from the ES-ES-ES-ES plate when the force moves at
high speed of v _=5m/s.

With the plate thickness increasing, although the speed of the moving force has less effect
on the radiated sound from the plates, there are still some differences. In the low frequency
range, the value difference between the radiated sound pressure level from the ES-C-ES-C
plate and the ES-ES-ES-ES plate (Fig.10 a2, c2) in the case of high speed and in the low
speed (Fig.10 al, cl) becomes fewer with the plate thickness increasing. Similarly, the
value difference between the radiated sound pressure level from the C-ES-C-ES plate in the
high-speed case (Fig.10 b2) and in the low-speed case (Fig.10 b1) has same trend with the
plate thickness increasing.

Comparing Fig.8, Fig.9 and Fig.10, we find that, with the plate thickness increasing, the
elastic-support always has great effect on the radiated sound from the plate whatever the
speed of the moving force is. When the boundary condition at the side of the plate is the
elastic-support, the curve of the sound-pressure-level versus frequency is flatter in low
frequency range, which becomes wider with the plate thickness increasing. Similar
phenomenon is also observed in the middle frequency range when the boundary condition
at the end of the plate is elastic-support with the plate thickness increasing.

4. Conclusions

Using developed analytical method in conjunction with numerical method, the effect of
the moving force and the elastic-support on the radiated sound from the rectangular plate is
studied in this paper by comparing the different magnitude and moving speed of the force
applied on the plate. Based on the Rayleigh integral, the radiated sound pressure level from
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the ES-C-ES-C plate, the C-ES-C-ES plate and the ES-ES-ES-ES plate are calculated when
different forces apply on the plates, respectively. According to the calculation results, the
effects of the elastic-support and the moving force on sound radiated from the rectangular
plate are revealed, respectively.

In the case of low mass ratio, through calculation results of the radiated sound pressure
level from the rectangular plates with elastic support, we get a conclusion that the curve of
the sound-pressure-level versus frequency becomes flat when more edge of the plate is
elastically supported. The sound pressure level in the case of high mass ratio is also verified
this conclusion. In order to investigate the effect of the moving force, we choose two cases
of low moving speed and high moving speed, respectively. The calculation results show
that the speed of the moving force can change the sound radiated from the plate with elastic
support to become flat in special frequency range. The results also show that the plate mode
density on the radiated sound from the plates.
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