Adv. Studies Theor. Phys., Vol. 1, 2007, no. 6, 295 - 300

Soliton Perturbation Theory for the Splitted
Regularized Long Wave Equation
Anjan Biswas

Department of Applied Mathematics and Theoretical Physics
Center for Research and Education in Optical Sciences and Applications
Delaware State University, Dover, DE 19901-2277, USA

Essaid Zerrad

Department of Physics and Pre-Engineering
Delaware State University, Dover, DE 19901-2277, USA

Abstract

The soliton perturbation theory is used to obtain adiabatic parame-
ter dynamics of solitons due to the splitted regularized long wave equa-
tion in presence of perturbation terms. The adiabatic change of soliton

velocity is also obtained in this paper.
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1 Introduction

The dimensionless form of the splitted regularized long wave equation (sSRLW),

that is going to be studied in this paper, is given by
Gt + Qe — 049Gz — Dlgzt =0 (1)

where a and b are positive parameters. This equation is used in the study

of shallow water dynamics and is integrable. It is shown that for a= b = 1,
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equation (1) can be used as modified model for various phenomena represented
by the KdV equation.

Many powerful methods such as the inverse scattering transform, Backlund
transform, Wadati trace method, Hirota’s bilinear forms, pseudo-spectral method,
tanh-sech method, sine-cosine method and the Riccati equation expansion
method were used to investigate these type of nonlinear evolution equations
that are given by (1) [1-10]. However, the solitary wave solution of this SRLW
equation first appeared in 2001 [9]. The 1-soliton solution of (1) is given by

(x.1) 2
€T =
I cosh® B (z — 7)

aA
B= \ 1200 (3)

Here A represents the amplitude of the soliton that is arbitrary, while B is the

(2)

where

inverse width of the soliton and Z represents the center position of the soliton

and therefore the velocity of the soliton is given by

dzx
- = 4
v=— (4)

2 Mathematical Properties

Equation (1) has eaxctly three integrals of motion that are mass (W), linear

momentum (M) and energy (F). These are respectively given by

W:/_wqu:% (5)
M:/:XJ (¢* +bg?) dz = %(5+4BQ) (6)

and

E:/_O; (q3+3q2)dx:%(4A+15) (7)
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These conserved quantities are calculated by using the 1-soliton solution given

by (2). The center of the soliton Z is given by the definition

oo xqdr |7 xqdx (8)
Joqde W

where W is defined in (5). Thus, the velocity of the soliton is given by
dr [T wqdr % xqdx

T =

== = = 9
YT T e qde W ()
On using (1) and (5), the velocity of the soliton reduces to
aA
=1- = 10
v=1-% (10)

3 Perturbation Terms

The perturbed sRLW equation that is going to be studied in this paper is given
by

@ + Gw + aqqy — by = €R (11)

where, in (11), € is the perturbation parameter and 0 < ¢ < 1 [1, 3], while
R gives the perturbation terms. In presence of perturbation terms, the mo-
mentum and the energy of the soliton do not stay conserved. Instead, they
undergo adiabatic changes that lead to the adiabatic deformation of the soliton
amplitude, width and a slow change in the velocity [3, 4]. Using (7), the law

of adiabatic deformation of the soliton energy is given by [1-4]

dE o

E:&/m (R +2¢R) da (12)

while the adiabatic law of change of the velocity of the soliton is given by [1-4]
A 9

v:1—%+%[medx (13)

3.1 Examples

In this paper, the perturbation terms that are going to be considered are

R = aq+ Bqrs + V90 quz + 00" @@ + N Quzs + V0000
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So, the perturbed gKdV equation that is going to be considered in this paper

1S

G+ Qe — aqqy — bGuey =
€[aq + Buz + V0ulez + 00" ¢ + ANGraz + V902 0n
+0G + £GuGoare + NezGuee + Plozze + Vvazes + fiqqmm} (15)

The perturbation terms due to o and (3 are dissipative coefficients. The coeffi-
cient of ¢ is the higher nonlinear dispersion while the coefficient of 1) represents
the higher spatial dispersion. In (14), m is a positive integer and 1 < m < 4.
The term with the coefficient of p will will provide the higher stabilizing term
and must therefore be taken into account while 1) is the coefficient of higher

order dispersion. The remaining coefficients appear in the context of Whitham
hierarchy [7].

In presence of these perturbation terms, the adiabatic variation of the energy

of the soliton is given by

dF R8¢ A2
— = — 2|11 (35a — 273B? + 80pB*
i = 35 o (350 - 278B% + 80pB)

+4 (35047 — 443B” + 624pA°B")] (16)

The law of the change of velocity for the given perturbation terms in (14) is

aAd moAm T (3)T(m)
v=1———c¢
3 (m+1)(2m +1) F(m—l—%)
%{3 (Ty — 14\ — 156 + 51 + 25x) +2VA}} (17)

4 Conclusions

In this paper, soliton perturbation theory is used to study the peturbed sRLW
equation. This theory is used to establish the adiabatic parameter dynamics
of the soliton energy. Also, it is shown that the velocity undergoes a slow
change due to these perturbation terms. In future, it is possible to extend these
perturbation terms to include other perturbation terms that are non-local ones

too. The quasi-stationary aspects of the perturbed soliton in presence of such
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perturbation terms will be studied and reported in future publications.
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