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Abstract

A deoxyribonucleic acid (DNA) is a self-replicating material present
in nearly all living organisms as the main constituent of chromosomes.
It is a nucleic acid that carries the genetic information in cells and some
viruses, consisting of two long chains of nucleotides twisted into a double
helix and joined by hydrogen bonds between the complementary bases
adenine and thymine or cytosine and guanine. Comprehending the DNA
sequence has also become indispensible in various fields, particularly in
mathematics.

Using binary coding techniques, we established a correspondence
between the set of DNA sequences and the ring of polynomials in inde-
terminate x with coefficients in Z2 = {0, 1}, which is denoted by Z2[x].
Given a DNA sequence S = S0S1S2 · · ·Sk, where Si ∈ {A,C,G, T}, for
i = 1, 2, . . . , k, with A stands for adenine, C for cytosine, G for guanine,
and T for thymine, we model a DNA sequence using a polynomial in
Z2[x] via binary codes. We have shown that the sum of the polyno-
mial representations of complementary DNA sequence in a double helix
structure is a geometric series of common ratio x with degree equal
to 2k. Finally, we have shown that for every polynomial f ∈ Z2[x],
there exists a unique DNA sequence whose polynomial representation
is exactly equal to f(x).
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1 Introduction

Recent advances in molecular biology significantly affect our lives in many
ways. Molecular biology which aims to study DNA’s structure and functions,
has motivated research in various scientific disciplines, and mathematics is one
of them. Over the last few decades, the study of DNA sequence has become
one of the most important researches in biomathematics.

In most living cells, deoxyribonucleic acid (DNA) is known to have the fa-
mous double-helix structure. The information in DNA is stored as a code made
up of four nucleotide bases: adenine, cytosine, guanine, and thymine. Within
the helix, an adenine in one polynucleotide is always adjacent to a thymine in
the other strand, and similarly guanine is always adjacent to cytosine. This
is called base pairing and involves the formation of hydrogen bonds between
an adenine and a thymine, or between a cytosine and a guanine [18]. The
order or sequence of the nucleotide bases uncovers the information obtained
for building and sustaining an organism. It is analogous to the way in which
letters of the English alphabet appear in a definite order to produce words and
sentences.

Obtaining reliable systems for characterizing DNA sequences is the main
phase for creating mathematical descriptors. We focus only on the polynomial
representation as the mathematical descriptor in characterizing sequences of
DNA. Mathematical modeling then plays an important task not only in cap-
turing and analyzing complex networks governing biological processes, but also
in designing efficient experiments to further understand the system. In this
study, we model a DNA sequence using a polynomial with binary coefficients
using binary coding technique.

2 Preliminary Notes

A deoxyribonucleic acid (DNA) is a double-helix - two strands wound
around each other. DNA has only four different bases: adenine (A), cytosine
(C), guanine (G) and thymine (T). A DNA sequence is a sequence consisting
of four bases.

Let R be a ring and let R[x] denote the set of all sequences of elements of
R(a0, a1, . . .) such that ai = 0 for all but a finite number of indices i. The ring
R[x] is called the ring of polynomials over R.

A binary word of length n over Z2 is a sequence u = u1u2 · · ·un with each
ui ∈ Z2 for all i.
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3 Results and Discussion

Let B be a finite set of binary strings. Define ϕ : B → Z2[x] by

ϕ(b) = fb(x) =
k∑

i=0

bix
i, b = b0b1 · · · bk.

The polynomial fb(x) is the polynomial corresponding to b ∈ B.

Given a DNA sequence S = S0S1 · · ·Sk, Si ∈ {A,C,G, T} we consider the
following binary coding: [A] = 00, [C] = 01, [G] = 10, and [T ] = 11. Then the
binary representation of S is given by

bS = [S0][S1] · · · [Sk].

The polynomial representation corresponding to the DNA sequence S is given
by

fS(x) = fbS(x) =
k∑

i=0

bSi
xi.

Theorem 3.1 Let S1 and S2 be the complementary DNA strands of length
k. Then

fS1(x) + fS2(x) =
1− x2k+2

1− x

Proof : Let fS1(x) and fS2(x) be the polynomial representations of S1 and S2,
respectively. Suppose S1 = D0D1 · · ·Dk where Di ∈ {A,C,G, T}. Then S2 =
D0

CD1
C · · ·Dk

C where Di
C ∈ {A,C,G, T}. Since A and T are complementary,

as well as C and G, it follows that

bA + bT = 00 + 11 = 11

and
bC + bG = 01 + 10 = 11.

Thus,
bS1 + bS2 = bD0D1···Dk

+ bD0
CD1

C ···Dk
C

= bD0AA···A + bAD1A···A + · · ·+ bAAA···Dk
+ bD0

CAA···A
+bAD1

CA···A + · · ·+ bAAA···Dk
C

= 11000000 · · · 00︸ ︷︷ ︸
2(k+1)−terms

+ 00110000 · · · 00︸ ︷︷ ︸
2(k+1)−terms

+ · · ·+ 000000 · · · 11︸ ︷︷ ︸
2(k+1)−terms

= 11111111 · · · 11︸ ︷︷ ︸
2(k+1)−terms
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Note that the polynomial representation of 11111111 · · · 11︸ ︷︷ ︸
2(k+1)−terms

is given by

fS1(x) + fS2(x) = 1 + x + x2 + · · ·+ x2k+1.

Since

1 + x + x2 + · · ·+ x2k+1 =
1− x2k+2

1− x
.

Therefore, we have

fS1(x) + fS2(x) =
1− x2k+2

1− x
.

�
For every polynomial with binary coefficients, there exists a DNA sequence

with polynomial representation corresponding to it. To see this, we have the
following result.

Theorem 3.2 For every f ∈ Z2[x], there exists a DNA sequence S such
that fS(x) = f(x).

Proof : Let f ∈ Z2[x]. Consider the following cases:

Case 1: deg f = 2k + 1

Partition the binary coefficients into k adjacent pairs. For each pair, there
corresponds a code in {A,C,G, T}. The codes corresponds to the polynomial
representation corresponding to the DNA sequence.

Case 2: deg f = 2k

Add the last term 0x2k+1 in f . Then degf is odd. Proceed as Case 1.
Thus, there exists a DNA sequence S such that fS(x) = f(x). �
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