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On the Numerical Simulation

of Induced Anisotropy in Polar Ice

G. Gödert and F. T. Suttmeier1

Abstract

The aim of this work is to present a phenomenological constitutive
flow model for polar ice derived from so-called mesoscopic considerations
and its consistent implementation into an appropriate finite element
scheme. A systematic investigation of the development of texture in
isothermal polar ice is presented. From the viewpoint of numerics the
flow of ice is considered as a stationary free surface Stokes flow fully
coupled with the development of its texture. Boundary conditions at
the free surface are accomodated in the course of the computation to
the actual flow situation. It turned out that the choice of the velocity
boundary conditions at the bottom (bed-rock) is the crucial point in
modelling induced anisotropy of free surface flow.
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1 Introduction

In the context of climate simulations the flow of polar ice masses represents an
essential part. In so far there emerges a need for appropriate climate bound-
ary conditions, Greve e.a. [10], Huybrechts [12], Fabre e.a. [4]. Furthermore
there is a need of an appropriate description of thermo-mechanical material
behaviour. For instance simulations considering future climate need reliable
constitutive relations to generate reliable predictions about the global hydro-
balance. In addition problems emerged from cold region structural engineering,
e.g. Calov e.a. [2], are often become more reliable through such flow simula-
tions. On the other hand, because it may record the past history of ice and
climatic changes and because it is sensible to ice sheets deformation history,
the microstructure of polar ice is worth studying. The extreme anisotropy of
the ice single crystal leads to heterogeneous intra-granular deformation modes
within the polycrystal and hence to the development of a certain fabric. The

1Correspondence to: suttmeier@mathematik.uni-siegen.de
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expectation is, that the climate becomes to some extent reconstructable from
analyzing ice-core textures, e.g., Thorsteinsson [17], in combination with the
numerical solution of the ice-sheet flow problem. Therefore the following con-
siderations are based on two geometric scales. Recalling that the anisotropy
of ice crystallites is given by their c-axes the fine-scale is given by the crys-
tallites orientation defined on the sphere S2, whereas the large-scale is to be
identified with the space of daily experience say R

d. Following Gödert [9]
the fine-scale-structure is actually considered via the second-order structure
tensor A denoting mean orientation densities and yielding an anisotropic ma-
terial behaviour. Equations appropriate for the solid creep of isotropic polar
ice are those of a slow, gravity-driven, viscous, incompressible flow, e.g., Fowler
[5]. Consequentely, this set of equations has to be extended by an evolution
equation for the anisotropic state variable A, see below. Therefore, as a fun-
damental problem, we consider on a time intervall (0, tM) the following model,
which in compact formulation reads

div v = 0 (1.1)

div T + ∇p =

(
0
−g

)
(1.2)

D = Ca[T] (1.3)

Ȧ = E [v,A] (1.4)

and holds on a bounded domain Ω in R
2. The right-hand-side f = (0,−g)T is

defined by the gravity force g. Ca describes the constitutive relation between
the deviatoric stress T and the strain rate D = (∇v + (∇v)T )/2 and may be
identified with the 4-th order fluidity tensor. Due to incompressibility Ca is
bijective only with respect to the deviatoric tensors.
The velocity field is denoted by v = (v1, v2)

T and the related pressure by
p. Furthermore Ca depends on the orientation A = (a11, a22, a33, a12)

T of the
crystallites the ice consists of. The corresponding evolution of A is determined
by E [v,A].
Following Gödert [9], E is given by

E [v,A] = ((α1 − 1)Idev − 2α1Pa)D(v)

+ λ0(Id − (d + 1)A) + WA− AW − (v · ∇)A,

where W = (∇v − (∇v)T )/2, Idev denotes the identity on Σ.

α1 := α
d

d − 1
(IA2 − 1

d
) (1.5)

denotes a measure of alignment, α1 → 0 for randomly distributed c-axes ori-
entations, whereas α1 → α if all c-axes are parallel. Furthermore α = 1.2 is
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determined via field data (c.f. Gödert [8]) and IA2 denotes the inner product,
IA2 := (Id,A2). The macro-space dimension is given by d, λ0 controls the
diffusion due to recrystallisation, e.g. Gödert [9].
The operator ((α1 − 1)Idev − 2α1Pa) is realised as a 4 × 4-matrix, applied to
the vector

D(v) = (∂xv1, ∂yv2, 0, (∂yv1 + ∂xv2)/
√

2)T .

Pa is symmetric and in this note given by

Pa =

⎛
⎜⎜⎝

2a11(1 − a11) −2a11a22 −2a11(1 − a11 − a22)
√

2(a12 − 2a11a12)
2a22(1 − a22) −2a22(1 − a11 − a22)

√
2(a12 − 2a22a12)

−(Pa)13 − (Pa)23 −2
√

2a12(1 − a11 − a22)
(a11 + a22 − 4a12a12)

⎞
⎟⎟⎠ .

The material behaviour is characterised by

Ca = μ

[
β

2
Idev + (1 − β)Pa

]
(1.6)

where in accordance to Gagliardini and Meyssonnier [6] β = 0.25 can be in-
terpreted as the ratio of the prismatic and the basal fluidity. Furthermore μ
is given by

μ = μ0
5

3β + 2
,

with a constant μ0 > 0. In test calculations below we simply choose μ0 = 1.
For the term WA− AW, one obtains

WA− AW =
(∂yv1 − ∂xv2)

2

(
2a12 −2a12 0 a22 − a11

)T
.

Assuming initially randomly distributed c-axes the above equations give the
local evolution of the fluidities as well as of the (in-plane) eigensystem of the
structure tensor due to simple shear deformation as it is depicted in Fig.(1a)
for μ = const.
Fig.(1b) gives the evolution of eigensystem in the plane deformation takes place.
Starting from an isotropic configuration, inner circle, the maximum direction
evolves close to a completely aligned state given by the outer circle.
Note, that in the stationary state σii∞

σ12∞
≈ 3 ∈ [8/3, 8], which is in agreement

with the results given in Budd and Jacka [1], whereas the absolute shear-flow
acceleration expected from experimental measurement is not achieved, Fig.(1c)
However, the enhancement of the shear flow can be done by an enhanced
fluidity controlled by the orientational state of the polycrystal (enhancement
factor).
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Figure 1: Homogeneous simple shear flow: a) Evolution of the effective shear
and compressive fluidities η11, η22, η12 due to simple shear, λ0 = 0. b) Evolu-
tion of the maximum eigen-direction. c) Schematic evolution of the effective
fluidities under shear and compressive loading, respectively, from Budd and
Jacka (1989).

The basis for applying the Finite Element (FE) method to the system (1.1)–
(1.4) is the formulation in an adequate variational setting. To this end, we
eliminate the stress T and introduce

U =

⎛
⎝v

p
A

⎞
⎠ , Φ =

⎛
⎝w

q
G

⎞
⎠ . (1.7)

With these definitions, we consider the problem of finding U ∈ V := V ×W×L
with
V ⊂ (H1)2 × L2 × (H1)4, fulfilling

B(U ; Φ) = 0 ∀ Φ ∈ V , (1.8)

with

B(U ; Φ) := (C−1
a [D(v)],D(w)) + (div w, p) + (div v, q)

− (f ,w) − (Ȧ,G) + (E [v,A],G) .

Here and in what follows, (., .) represents the L2 inner product of
a bounded domain Ω in R

2 and ‖.‖ the corresponding norm. Furthermore
Hm = Hm(Ω) denotes the standard Sobolev space of L2-functions with deriva-
tives in L2(Ω) up to the order m, and H1

0 ⊂ H1 is the subspace of H1-functions
vanishing on Γ := ∂Ω.
Testing by Φ = (w, q, 0)T and Φ = (0, 0,G)T yields the weak formulation of
the system (1.1)–(1.4)

(C−1
a [D(v)],D(w)) + (divw, p) + (div v, q) = (f ,w) ∀(w, q) ∈ V × W (1.9)

−(Ȧ,G) + (E [v,A],G) = 0 ∀G ∈ L . (1.10)
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In other words, we treat a coupled system given by the evolution problem
(1.10) and the Stokes-like flow (1.9). For abbreviation, we define

S(A; {v, p}, {w, q}) := (C−1
a [D(v)],D(w)) + (div w, p) + (div v, q) . (1.11)

2 Discretisation

The full discretisation for the system (1.8) is derived in two steps. First, we
perform a discretisation with respect to the time variable, yielding a sequence
of problems continuous with respect to the space variable. In the second step,
these problems are approximated by the finite element method.

2.1 Semi-discretisation

For discretization, the time interval [0, tM ] is decomposed like 0 = t0 < t1 <
... < tM into subintervals Im := (tm−1, tm] of length km := tm − tm−1. Inte-
grating in (1.8) over Im yields

∫
Im

[
S(A; {v, p}, {w, q})− (f ,w)

]
dt

− (Am,G) + (Am−1,G) +

∫
Im

(E [v,A],G) dt = 0 , (2.12)

for all {w, q,G} ∈ V. The integrals are approximated by quadrature formulas
of the type ∫

Im

w(t) dt = km{αwm + (1 − α)wm−1} , (2.13)

with some α ∈ (0, 1]. The choice of α = 1 corresponds to the backward Euler
scheme, while for α = 1

2
, we obtain the Crank-Nicolson scheme. Here, we only

consider the simple Euler scheme which reads

B(Um; Φ) := kmS(Am; {vm, pm}, {w, q})− (f̄m,w)

− (Am,G) + (Am−1,G) + km(E [vm,Am],G) = 0 , (2.14)

with the averaged forcing terms f̄m =
∫

Im
f dt. In what follows the superscript

m is omitted.

2.2 Solution process

In this section, we describe the algorithm (see e.g. Geiger and Kanzow [7]) we
employ to solve the problems arising in (2.14) having the general structure

B(U ; Φ) = 0 . (2.15)
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1. Calculate correction Dj by a linear problem

LB(Dj , Φ) = B(U j ; Φ) . (2.16)

2. Perform a damped update

U j+1 = U j − αjDj , (2.17)

where αj is choosen s.t.

B(U j+1; Φ) ≤ B(U j ; Φ) + αjδDjB(U j ; Φ) (2.18)

with a constant δ ≥ 0.

3. Set j = j + 1 and goto 1.

Example: The Newton scheme is defined by the choice

LB(Dj, Φ) = B′(U j ; Dj, Φ) , (2.19)

where B′(U j ; ·, ·) is the derivative of B(·; ·) in U j .

2.3 Simplified Newton-scheme

In what follows, we sketch the application of the strategy described above for
solving the time discrete problems (2.14).
In step j of the solution process above, the linear operator LB in (2.16) to get
a full Newton-scheme is written

LB =

⎛
⎝L11 L12 L13

L21 L22 L23

L31 L32 L33

⎞
⎠ , (2.20)

where with {X} = {v, p,A} = {vj, pj ,Aj} we define

L11 = ∂vB({X}; {w, 0, 0}) , L12 = ∂pB({X}; {w, 0, 0}) , L13 = ∂AB({X}; {w, 0, 0}) ,

L21 = ∂vB({X}; {0, q, 0}) , L22 = ∂pB({X}; {0, q, 0}) , L23 = ∂AB({X}; {0, q, 0}) ,

L31 = ∂vB({X}; {0, 0,G}) , L32 = ∂pB({X}; {0, 0,G}) , L33 = ∂AB({X}; {0, 0,G}) .

As a first simplification in order to get a block-diagonal system which can
easily be solved, we choose

LB =

⎛
⎝L11 L12 0

L21 L22 0
0 0 L33

⎞
⎠ . (2.21)

Additionally, we approximate

L11 ≈ ∂vB({v, p,Aj−1}; {w, 0, 0}) , L22 ≈ ∂pB({v, p,Aj−1}; {0, q, 0}) ,

L12 ≈ ∂pB({v, p,Aj−1}; {w, 0, 0}) , L33 ≈ ∂AB({vj−1, pj−1,A}; {0, 0,G}) .
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2.4 Spatial discretisation

In order to obtain approximate solutions of the time discrete problems (2.14)
we will apply the finite element method on decompositions Th = {Ti | 1 ≤ i ≤
Nh} of Ω consisting of quadrilateral elements T , satisfying the usual condition
of shape regularity. The width of the mesh Th is characterised in terms of
a piecewise constant mesh size function h = h(x) > 0, where hT := h|T =
diam(T ). With these notations the discrete solutions Uh of (2.14) are defined
by

B(Uh; Φ) := S(Ah; {vh, ph}, {w, q})− (f̄ ,w) − (Ah,G) + (Am−1
h ,G)

+ km(E[v,A],G) = 0 , (2.22)

for all {w,q} ∈ Vh×Wh×Lh, where Vh and Lh are constructed by the standard
bilinear and Wh by piecewise constant shape functions.
For ease of mesh refinement and coarsening, hanging nodes are allowed in our
implementation.

3 Numerical results

The numerical results presented throughout this work are obtained by FE-
implementations based on the DEAL-library [3].

3.1 Boundary conditions

Ice sheets are cold, i.e. below their melting point, except at parts of their base,
where the temperature may reach the melting point. For instance, this can
be concluded from radio-echo sounding of sub-Antarctic lakes (c.f. Oswald
and Robin [14]). The usual fluid no-slip boundary conditions only apply when
basal ice is cold, but at the melting temperature, ice can slide over its base
(see Paterson [15]). In Fowler [5] it is mentioned, that several models are
based on the assumption of non-zero sliding velocity, and in some cases this
is even required in order to obtain a solution (see Morland and Johnson [13]
and Hutter e.a. [11]). On the other hand, basal topographie in Antarctica is
so rough, that for the sliding law we should expect v ≈ 0 (c.f. Paterson [15],
Richardson [16]).
Following these remarks we consider in test configurations sketched in Figure
2

1. no-slip boundary conditions, i.e. v1 = v2 = 0 on Γx , v1 = 0 on Γy ,

2. slip boundary conditions, i.e. v2 = 0 on Γx , v1 = 0 on Γy ,

3. combined boundary conditions, i.e. on (0, tm = 5) we apply the slip
condition, on (tm, tM = 20) we apply the no-slip condition,
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for the components of the velocity field v = (v1, v2)
T .

Γy

Γx

ΓS

Figure 2: Sketch of computational domains for the test examples including
structure of the FE-meshes for the benchmark problem.

Furthermore, we have free boundary conditions for the components of A on
Γx and Γy and for v on ΓS := ∂Ω \ (Γx ∪ Γy).

Now, we first calculate the deformation under the assumption of isotropic
material behaviour.A plot of the velocity field is depicted in Figure 2. We
observe that ΓS is devided into two parts, the inflow and outflow boundary,
defined by

Γ− = {x ∈ ΓS | v · n < 0} , (3.23)

Γ+ = {x ∈ ΓS | v · n ≥ 0} , (3.24)

where n denotes the outward unit normal of ΓS. Consequently, we can pre-
scribe inflow boundary data for the components of A on Γ−. On Γ+ A is left
free.

3.2 Benchmark problem

Here, we consider our model on a bounded domain Ω described by

1 − 2
3
εx2 − y4 = 0 ε = 1.83 · 10−2 .

The structure of the FE-meshes is shown in Figure 2. Especially, we focus on
the evaluation of the velocity field along axis parallel to the y−axis.

In order to check our discretisation, we compare the computed solution of v1

along the vertical line x = 1 for the isotropic case to Vialov’s profile (c.f. Vialov
[18]), an analytical description for such a situation. The result is depicted in
Figure 3, demonstrating good agreement between computed and the exact
solution, denoted by u and f(x) respectively.
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Figure 3: Evaluation of u along vertical line.

Now, evaluating the global L2-norm

Δ(Am
h ) :=

(∫
Ω

(k−1
m (Am

h − Am−1
h ))2 dx

)1/2

for each time step tm, the time dependent process is observed to converge to a
stationary solution, i.e., Δ(Am

h ) tends to zero, which is illustrated in Figure 4.
In what follows, we show the results for the times t = 0, 5, 10, 15, 20. We
investigate the evolution of the distribution of anisotropic behaviour of the ice
in dependance of the boundary conditions.

0.001
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0.1

1

0 5 10 15 20 25

D
el

ta
(A

)

Time

Delta

Figure 4: Evaluating Δ(Am
h ) indicates the time dependent process to converge

to a stationary solution.

Anisotropy is measured here by evaluating the maximum eigenvalue λ and its
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associated direction a = (− sinϕλ, cosϕλ) of

A =

⎛
⎝a11 a12 0

a12 a22 0
0 0 a33

⎞
⎠ ,

and the orientation of the corresponding eigenvector, which is given by

ϕλ = arctan
a12

z −
√

z2 + a2
12

with z =
1

2
(a11 − a22)

and λ =
1

2
(a11 + a22) +

√
(z2 + a2

12)

Here λ = 1/3 indicates isotropic behaviour.

3.3 Time step control

The computations are performed using about 23365 degrees of freedom. The
time step is choosen adaptively via

km = 0.9km−1

√
δ/‖U1 − U2‖ .

with δ = 0.001. Here U1 and U2 denote the solution at time step m − 1
obtained by employing Euler and Crank-Nicolson scheme respectively. The
typical developement of the local step size is depicted in Figure 5 showing
km to increase in the stationary limit. The considerations are restricted to
isothermal flow.

0.01

0.1

1

10

0.01 0.1 1 10

time-steps

Figure 5: Typical developement of the local step size during the simulation,
showing km to increase in the stationary limit.
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3.4 Results

First in Figure 6, we show the evolution of a22, which is somehow related to the
degree of anisotropy, within the timedependent process in the case of no-slip
boundary conditions. We observe the developement of a (nearly) fully aligned
region (red domain).

Figure 6: Evolution of a22 within the timedependent process.

Figures 7 and 8 shows the evolution of the maximum eigenvalue as well as the
direction of the associated eigenvector of the second order structure tensor,
A, along a vertical cross section at x = 1. It turns out that the evolution of
the structure tensor does strongly depend on the boundary conditions at the
bottom. In order to investigate this systematically the results for slip (left),
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no-slip (center)and combined boundary conditions (right) are given in each
row. All other parameters are kept the same.
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Figure 7: Evolution of the maximum eigenvalue along vertical line for t =
0, 5, 10, 15, 20. Results for slip (left), no-slip (center), combined (right) for
λ0 = 0.0 (top), λ0 = 0.1 (middle) and λ0 = 1.0 (bottom)

Yet, the application of combined conditions can be motivated by physical ar-
guments: Because an ice shield evolves continuously over centuries it seems to
be inadequate considering the stationary configuration with
isotropic initial values for the internal structure. A more appropriate initial
configuration is obtained if we consider slip boundary conditions at the bottom
for t ∈ [0, 5] yielding an anisotropic initial configuration similar to that found
in polar ice. In accordance to related work (cf. [6]), subsequently, i.e. for
t ∈ [5, 20], the nodes at the bottom are hold fixed (no-slip). Furthermore
we examined the influence of diffusion on the solution. The results for λ0 =
0.0, λ0 = 0.1 and λ0 = 1.0 are depicted in the first, second and third row,
respectively.
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Analysing the evolution of the eigenvalue λ along the vertical line at x = 1
from the surface down to the base, we observe for the no-slip condition (Figure
7, center column) an increase from 1/3 (isotropic) at the top to λ ≈ 1 close to
the bottom (anisotropic). Eventually, approaching the base, λ decreases back
to 1/3 (isotropic).
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Figure 8: Evolution of the orientation along vertical line for t = 0, 5, 10, 15, 20.
Results for slip (left), no-slip (center), combined (right) for λ0 = 0.0 (top),
λ0 = 0.1 (middle) and λ0 = 1.0 (bottom)

In contrast, evaluating λ for the slip condition (Figure 7, first column), we ob-
serve a monoton increase of anisotropy from surface down to the base. Addi-
tionally, these pictures illustrate, that the maximum eigenvalue, λ, is controlled
by the diffusion coefficient λ0.
In Figure 8, we investigate the evolution of the orientation ϕλ. The case of slip
conditions implies ϕλ = 0 at top and bottom (first column). The deviation
of the associated eigenvector from the vertical axis is bounded by [−1◦, 1◦].
In contrast we observe for moderate diffusion an oscillation with increasing
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amplitude along the depth if no-slip conditions are applied. Depending on λ0

distortions of the orientation are within [−5◦, 25◦]. A monotonic increase of
ϕλ is obtained for strong diffusion, i.e. λ0 = 1.
In comparison to no-slip boundary conditions the distortion for combined con-
ditions and moderate diffusion does evolve in the opposite direction. However,
the no-slip eigenvalues in the vicinity to the base generate a more or less
isotropic internal structure.
Figure 9 compares the normalised, stationary, horizontal velocity field along
the cross section at x = 1 for no-slip conditions and different values of λ0 =
0.0, 0.1, 1.0 with Vialov’s solution: The curvature of the profile increases if λ0

decreases, that is the velocity field can be controlled by the diffusion. This
suggests an acceleration of the glacier if anisotropy is taken into account.
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0.0
0.1
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Vialov

Figure 9: Qualitative comparison of the normalised, stationary, horizontal
velocities for λ0 = 0.0, 0.1, 1.0 with Vialovs solution

4 Conclusion

A systematic investigation of the development of texture in isothermal polar
ice was presented. Based on the statistical concept of orientation distribution
functions texture was represented by a second order structure tensor supple-
mented by an appropriate evolution equation. Amendatory to related work we
took also recrystallisation effects into account as far as they may be modelled
by diffusion type constitutive equations, where diffusion is simply controlled by
the parameter λ0. A fully coupled numerical procedure considers anisotropy as
an additional degree of freedom. Hence, there is a need of appropriate bound-
ary conditions (bc’s) not alone for the velocities but also for the components
of the structure tensor. Irrespective of the actual boundary conditions and
of λ0 the model ice sheet developed a layered structure with respect to the
intensity of the texture. However, as it is known from analytical treatments,
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the choice of appropriate velocity boundary conditions at the bottom (bed-
rock) turned out to be a crucial point in modelling induced anisotropy of free
surface flow. This is indicated by the fact, that if no-slip conditions are ap-
plied at the bottom (nearly) isotropic behaviour results for the basal ice even
if λ0 = 0 (no recrystallisation), whereas slip conditions allow for more realistic
evolution of anisotropies over the whole glacier. In so far we conclude that
slip bc’s seem to be the more adequate choice. Beside the simulated texture
this judgement was confirmed also from the viewpoint of numerical stability.
Although Figure 9 suggests an acceleration of the glacier it should be noticed
that due to the evolution of the anisotropy a decreasing horizontal free-surface
velocity is observed, irrespective of the underlying basal boundary conditions
and irrespective of the intensity of the diffusion represented via λ0. Here, our
results are in contradiction to [6]. However, for us it seems to be a reasonable
response of the material under vertical gravitational loading only. Noting fur-
ther, that the ratio of the fluidities, see Fig. 1, is in agreement with the values
given in the literature, e.g., Budd and Jacka [1], this might be interpreted as a
vote for an additional isotropic enhancement factor, controlled by the degree
of alignment as well as by the temperature.
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