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Abstract

We establish the weak convergence of three-step Noor iterative scheme for
an [-nonexpansive mappping in a Banach space which satisfies Opial’s condition.
The presented results in this paper, is connected with Kiziltunc and Ozdemir, “On
convergence theorem for nonself | - nonexpansive mapping in Banach spaces”,
Applied Mathematical Sciences, Vol. 1, 2007, no. 48, 2379 — 2383 in [5], in sense
of self maps and which extend and improve the recent ones announced by
Rhoades and Temir, “Convergence theorems for I-nonexpansive mapping”,
International Journal of Mathematical Sciences, Volume 2006, Article ID 63435,
Pages 1-4 in [12].
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1. Introduction and preliminaries

Let X be a normed linear space, let K be a nonempty convex subset of X,
and let T:K — K be a given mapping. The Mann iterative scheme {X,}is

defined by X, =X e K and
Xo = (=X, + o, TX, (1.1)

The Ishikawa iteration defined by x, =xe K and

Yo == B)X, + B.TX,
Xn+l = (l_an)xn +anTyn } (12)
The Noor iteration defined by x, =Xxe€ K and
z, ==y )X, +7,TX,
=(1- )X Tz
yn ( IBn) n+ﬂn n (13)

Xo = (=X, +a, Ty,
forevery neN, where «,, f,,y, issequences in (0,1).

Recall that a Banach space X is said to satisfy Opial’s condition [6] if, for
each sequence {x } in X, the condition x —» x implies that

lim sup”xn - X|| <lim sup”xn - y|| (1.4)
n—oo n—oo

forall yex with yzx.Itis well known from [6] that all L, spaces for
1 < p < oo have this property. However, the L, spaces do not, unless p=2.

The following definitions and statements will be needed for the proof of our
theorem.

Let K be asubset of anormed space X =(x,[/) and T and

| self-mappings of K. Then T is called I-nonexpansive on K if
[Tx=Ty|<[tx-1y] (15)

forall x,ye K [9]. Amapping T is called I-quasi-nonexpansive on K if

[Tx— £ <[1x~ f] (1.6)
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forall xeKand feF(T)nF(l).

Let K be a closed convex bounded subset of uniformly convex Banach space
X =(X,|[{) and T self-mappings of X .Then T is called nonexpansive on

K if

[Tx=Ty| <[x~y| (1.7)

forall x,yeK.Let F(T)={xeK:Tx=x} be denoted as the set of fixed points

of a mapping T .

The first nonlinear ergodic theorem was proved by Baillon [1] for general
nonexpansive mappings in Hilbert space H if K is a closed and convex
subset of Hand T has a fixed point, then for every xe K, {T"x} is weakly

almost convergent, as n — o , to a fixed point of T . It was also shown by Pazy
[7] that if H is a real Hilbert space and (l/nZi”;&TiX) converges weakly, as

n—>o, to yeK, then yeF(T). The concept of a quasi-nonexpansive

mapping was initiated by Tricomi in 1941 for real functions. Dotson [2] studied
quasi-nonexpansive mappings in Banach spaces. Recently, this concept was given
by Kirk [4] in metric spaces which we adapt to a normed space as follows: T 1is
called a quasi-nonexpansive mapping provided

Tx— ] <|jx— | (1.8)

forall xeKand feF(T).
Remark 1.1. From the above definitions it is easy to see thatif F(T) is

nonempty, a nonexpansive mapping must be quasi-nonexpansive, and linear
quasi-nonexpansive mapping are nonexpansive. But it is easily seen that there
exist nonlinear continuous quasi-nonexpansive mappings which are not
nonexpansive.

There are many results on fixed points on nonexpansive and
quasi-nonexpansive mappings in Banach spaces and metric spaces. For example,
the strong and weak convergence of the sequence of certain iterates to a fixed
point of quasi-nonexpansive maps was studied by Petryshyn and Williamson [8].
Their analysis was related to the convergence of Mann iterates studied by Dotson
[2]. Subsequently, the convergence of Ishikawa iterates of quasi-nonexpansive
mappings in Banach spaces was discussed by Ghosh and Debnath [3]. In [10], the
weakly convergence theorem for l-asymptotically quasi-nonexpansive mapping
defined in Hilbert space was proved. In [11], convergence theorem of iterative
schemes for nonexpansive mappings have been presented and generalized.

In [12], Rhoades and Temir considered T and I self-mappings of K , where T
is an I -nonexpansive mapping. They established the weak convergence of
the sequence of Mann iterates to a common fixed point of T and I . Later,
Kiziltunc and Ozdemir [5], consider T and I nonself mappings of K , where T is
an [-nonexpansive mappings. They proved the weak convergence of the sequence
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of modified Ishikawa iterates to a common fixed point of T and I .

In this paper, we consider T and | self-mappings of K, where T is an
I-quasi-nonexpansive mapping. We establish the weak convergence of the
sequence of Noor iterates (1.3) to a common fixed point of T and | .

2. The main result

In this section, we prove a weak convergence theorem which is our main
result.

Theorem 2.1 Let K be a closed convex bounded subset of a uniformly convex
Banach space X , which satisfies Opial’s condition, and let T, | self-mappings
of Kwith T be an I-quasi-nonexpansive mapping, I a nonexpansive on K.
Then, for x, e K, the sequence {x } of three-step Noor iterative scheme

defined by (1.3) converges weakly to common fixed point of F(T)nF(1).
Proof. If F(T)~F(l) is nonempty and a singleton, then the proof is complete.
We will assume that F(T)~F(1)is nonempty and that F(T)~F(l)is not a
singleton. Let f e F(T)nF(l), we have
%o — £ = lA-a)x, +a, Ty, -(1-a, +a,) f|

= A= )(x, = )+ e, (Ty, - )

< A-a)|x, - f|+a, [Ty, - ]
< (A-a,)|x, - f|+a,|ly, - f]
< (-a)|x,— f|+a, |y, - f| (2.1)
and
ly.—f| = |a=B)x, = )+ B,(Tz, - )]
< (1= 8)|x, - f|+ B, [Tz, - f|
< A=B)|x, = f[+ 8, |1z, - f||
< (1= B)|x = |+ 8]z, - f| (2.2)
and also, we get
|lz,-f]| = |-y = ) +7,(Tx, = )]
< A=y)|%, = |+ 7. [Tx, - ]|
< A=y)|%, = f]+ 7. % = f|
< A=y)|% = fl|+ 7. [, - ] (2.3)
- X, — f-

From (2.2) and (2.3), we obtain
”yn_f” < (l_ﬂn)||xn_f||+ﬂn||zn_f”
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< (1=B)|x, = |+ B, x,— f|

-] e
Substituting (2.4) in (2.1), we have
=l < (=a)x = f+a, |y, - 1|
< (l—an)||xn—f||+an||xn—f||
= x -1
Thus, for o, » (),{ a, - f||} is a nonincreasing sequence. Then, 1im|| X, — f||
exists.

Now we show that {x } converges weakly to a common fixed point of
Tand | .The sequence {x }contains a subsequence which converges weakly to
apointin K. Let .} and X} be to subsequences of {x } which converge
weakly to f and q, respectively. We will show that f = q. Suppose that
X satisfies Opial’s condition and that f « q is in weak limit set of the sequence
{X,}-Then {x }— fand {x }—q,respectively. Since r1]1_r)130||xn - f|| exists

forany f e F(T)nF(l),by Opial’s condition, we conclude that

timfx, =] = fim|x, = ] <lim|x, ~a
= lim|x, —q|=lim|x, —qH
n—oo joo J
< lim|x,, — f] = tim|x, - £
joo ] n—o

This is a contradiction. Thus {x_ } converges weakly to an element of
FM)NF(). []

Theorem 2.2 Let K Dbe a closed convex bounded subset of a uniformly convex
Banach space X , which satisfies Opial’s condition, and let T, | self-mappings
of Kwith T be an I-quasi-nonexpansive mapping, | a nonexpansive on K.
Then, for x, e K, the sequence {x }of Ishikawa defined by (1.2) converges

weakly to common fixed point of F(T)~F(I).

Proof. Putting y, =0 in Theorem 2.1, we obtain the desired result. L]

If y,=0 and B, =0 inTheorem 2.1, we obtain the following corollary :

Corollary 2.3 (cf. Theorem 2.1 [12] ) Let K be a closed convex bounded subset
of a uniformly convex Banach space X , which satisfies Opial’s condition, and
let T, I self-mappingsof Kwith T be an I-quasi-nonexpansive mapping, | a
nonexpansive on K. Then, for x e K, the sequence {x }of Mann converges

weakly to common fixed point of F(T)~F(l).
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