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Abstract

Air pollution is a very critical issue that directly impacts our quality
of life. It occurs when air pollutants are present in the atmosphere at
high concentrations, surpassing normal levels and significantly degrad-
ing our living conditions. Considering the impact of air pollution on
human and environmental health, it is crucial to investigate about the
levels of air pollutants and their dispersion in the different sites. This
phenomenon is strictly related to wind direction because wind is respon-
sible of the dispersion, concentration, and transportation of pollutants
in the atmosphere. In this context we pursue a classification task of
circular data observed with measurement error and apply a nonpara-
metric statistical discrimination rule to a real dataset involving wind
direction and two specific air pollutants. We distinguish two levels of
air quality according to the World Health Organization’s Air quality
guidelines and take into account the amount of particulate matter and
nitrogen dioxide pollutants.
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1 Introduction

Air pollution is a complex mix of solid particles, liquid droplets, and gases,
stemming from various sources such as household fuel burning, industrial
emissions, traffic exhaust, and agricultural practices. They include PMs 5
and PMj, (particles with an aerodynamic diameter of equal or less than 2.5,
and 10 micrometer respectively), ozone (O3), nitrogen dioxide (NOs), carbon
monoxide (CO) and sulfur dioxide (SOz). The higher concentrations of these
pollutants significantly impact the health of urban populations. Collecting
data on wind speed and direction is crucial to comprehensively understand
air quality dynamics in any region. This topic has been extensively stud-
ied in the literature. Among others, [1] analyzed the relation between wind
speed /direction and the concentration/dispersion of particulate matter P M.
To investigate the relationships between meteorological variables and air pol-
lutants, the World Health Organization (WHO) established some Air Quality
Guidelines (AQG) which play a crucial role in setting global targets for gov-
ernments to work towards reducing air pollution and, consequently, improving
public health. We link this topic to a circular classification task. Discrim-
ination problems can be tackled through various strategies. The classical,
nonparametric one based on kernel density estimation consists on estimating
the difference between two densities to get a likelihood decision rule, see for
example [13] and [4].

Circular data are observations defined on the circumference of a unit circle,
i.e. angles. They arise in many scientific fields, for example, biology, geology,
meteorology, social sciences, etc. Since they are measured using a periodic
scale, ad-hoc methodologies are required to deal with this particular kind of
data. Recent and detailed overviews of advances in directional statistics are
[16] and [14]. Clearly, discrimination problems could arise in the context of
circular data. Indeed, several contributions are available in the literature about
this topic, see, among others, [17], [15], [11], [6] and [7].

We discuss this task presenting the case of two groups of angles contami-
nated by measurement errors. Many reasons can determine the presence of a
measurement error, for example, the deterioration or mis-calibration of mea-
surement devices or difficulties in measuring the variables of interest. This is
the well-known errors-in-variables case. It occurs in various scientific fields,
therefore it has been widely studied in the literature, see [2], [3], [8] and [9].

Let © and ¢ be two circular random variables, respectively, referring to
the characteristic of interest (which is not observable) and the random mea-
surement error (whose density f. is assumed to be symmetric around 0). The
available random sample is described by the model

where, for ¢« = 1,...,n, the g;s are independent copies of a random angle ¢,
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independent of ©. The classical approach used to deal with data affected by
measurement errors appearing in model (1) is the deconvolution one.

The paper is organized as follows. In Section 2 we discuss the classification
rule to discriminate between two groups of data. In Section 3 we present
the estimation process for circular densities both in the classical and errors-
in-variables cases. Finally, in Section 4 we include a real data case study
concerning air pollution and wind direction.

2 Statistical discrimination for labeling air pol-
luted regions

Typically, the regional air quality is evaluated using the Air Quality Index
(AQI), a numerical scale that indicates the current level of air pollution. The
AQI scale provides six classes of air quality. In this paper we treat the air
pollution as a binary variable. Indeed, according to the AQG, we distinguish
only two levels of air quality (low risk and high risk) and link them to wind
direction formulating a classification problem.

Considering that wind direction could be measured with error, we discuss
the discrimination rule taking into account the possible presence of measure-
ment error (for more details see [8]). Nonparametric classification is typically
performed by involving kernel density estimation. We aim to discriminate
between two populations described by the unknown circular densities f; and
fo. In the error-free case two random samples respectively drawn from these
densities are used, while in the errors-in-variables context data from these pop-
ulations are not available, therefore two random samples defined according to
model (1) are employed. A general discrimination rule is based on a classifier
given by the difference from the kernel density estimators of f; and f,, which
allocates the observation 6 to the population described by f; if it is greater
than or equal to 0 at 6 € (0, 27].

Formally, letting ¢(6; k1, k2) be a generic kernel estimator of g(0) = f1(6) —
f2(0), and assuming n; (contaminated) observations from f; and ny =n —ny
ones from fy, a discriminant rule can be defined by assigning 6 to the first
population if

G(0; k1, ko) = fl((g; K1) — f2(9; Ka) > 0. (2)
This topic has been studied in the Euclidean error-free case by [4] and in the

circular errors-in-variables case by [10]. In the following we discuss the way to
estimate the densities f; and fy appearing in formula (2).
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3 Wind direction populations estimation

Wind direction is a circular random variable because the results of the mea-
surements are angles. Therefore, the wind direction populations estimation
task requires a statistical methodology tailored for circular data.

Let ©4,...,0, be a random sample of angles from an unknown circular
probability density function fg. The kernel estimator of fg at 6 € [0, 27) (see
[12] and [5]) is defined as

fol0:n) = = S" Ku(0: - 0), ®)

where K is a circular kernel, i.e. a periodic, unimodal, symmetric density func-
tion with concentration parameter x > 0, which admits a convergent Fourier
series representation as follows

Ko(0) = % {1 23 () cos(ee)} | (@)

The role of the kernel function in the estimation process is to give more weight
to the observations which are in a neighbourhood of the estimation point 6.
The width of that neighbourhood is determined by the smoothing parameter
k, which plays the role of the inverse of the Fuclidean bandwidth, in the sense
that smaller values of k give wider neighbourhoods.

Letting n;(K,) := 027T K,.(u)sin’ (u)du, a circular kernel K, is said to be a
second sin-order kernel if 7o(K,) = 1, m1(K,) = 0 and s (K,,) = 2 (1—10(k)) #
0. Classical examples of second sin-order kernels include the von Mises density,
the wrapped Normal and the wrapped Cauchy densities.

Now, assume that we deal with an errors-in-variables problem, where the
goal is to estimate the density fg of a random angle ©, when only i.i.d. obser-
vations @1, ..., @, defined according to model (1) are available. In this classical
measurement, errors problem the density fe of ® is the circular convolution of
fo and f.. Then, estimating fo amounts to a circular density deconvolution,
and has been addressed by [8] who defined the following kernel estimator for
fo at 0 € [O,QW)

Jol0:n) i= 3" Rl = 0), 6

where the weight function

Ru(6) = % {1 49 ; ;;é:g)) Cos(&b)} (6)
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is a circular deconvolution kernel, with v,(x) and A¢(k.) # 0 (for each ¢)
respectively being the /-th Fourier coefficient of a circular kernel K, and the
¢-th Fourier coefficient of the error density f. (with concentration /ﬁg)

Note that f@ has the form of a classical kernel density estimator f@, and its
generic Fourier coefficient is given by the ratio between the Fourier coefficient
of the kernel K, and the error one (see formulae (3) and (5) to compare the
estimators, and (4) and (6) to compare the kernels). As for the order of the
kernel, we have that K . retains the same sin-order of K,..

The asymptotic bias and variance of the circular density estimators (3)
and (5), generically denoted by f, are collected as follows. Consider estimator
fo(0; k) employing a second sin-order kernel K, with Fourier coefficients (),
¢ € 77, aimed to estimate fo. If i) fo is twice continuously differentiable in
a neighbourhood of 6 € [0, 27), and ii) x increases with n in such a way that,
for any ¢ € Z7T, lim,, oo v¢(k) = 1, and lim,, % > 7i(k) =0, then

(1 —2(k)) £5)(0)
2 2

VAR[fe(Q; Ky ke)| = (L+2375, af(k; k) fo(0) Lo (Z;fol a?(k; /{5)) |

2m™n n

B[/ (6: k)] =

+o(1 = 7(r)),

where the coefficient ay(k; k) appearing in the variance formulation is (k)
for estimator (3) and ~y,(k)/Ae(ke) for estimator (5). Note that the bias of the
deconvolution estimator is the same as the bias of the error-free case estimator.

4 A real data case study

Starting from the Air Quality Guidelines provided by the World Health Or-
ganization, that are reported in Table 1, we aim to classify wind direction
according to the level of air pollutant. Specifically, we use both the standard
kernel estimator (which does not take into account the presence of the mea-
surement error) and the deconvolution one, that are discussed in Section 3 and
employed in classifier (2). We consider data from New South Wales Air Qual-

Table 1: WHO recommended 2021 AQG levels of pollutants.

Pollutant 2021 AQG level
PMys, pg/m? 5
PMyg, pg/m? 15
O3, ug/m? 60
NOs, png/m? 10
5027 Mg/m3 40
CO, mg/m? 4
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ity Monitoring Network (https://www.airquality.nsw.gov.au). We choose
a site located at Western Sydney, Earlwood, and select hourly data from July
to December 2021, and, to reduce serial correlation, we retain alternate days.
Figure 1 shows the wind directions according to the level of pollutant.

Figure 1: Top: wind direction groups of size n; = 44 and ny, = 47 in cor-
respondence of low (green) and high (red) levels of NO; pollutant. Bottom:
wind direction groups of size ny = 42 and n, = 48 in correspondence of low
(green) and high (red) levels of PMj, 5 pollutant.

Due to the fact that air pollution in a region strongly depends on wind
direction, in our analysis, we consider a bivariate dataset including wind di-
rection and a specific pollutant.

We make two groups of wind directions, respectively, of sizes n; and ns
according to the related level of air pollutant.

In order to distinguish between high and low levels of air pollution, we refer
to the thresholds reported by the World Health Organization’s Air quality
guidelines.

We perform two separated classifications where we take into account the
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amount of pollutant of particulate matter (PMs ), first, and nitrogen dioxide

(NO), then.

We are allowed to use a deconvolution classifier to discriminate between
the two groups of observations because wind direction is typically affected by
measurement errors.

As for the error density, we hypothesize different scenarios assuming two
possible error models, i.e. the wrapped Laplace (wL) and the von Mises (vM)
ones.

The concentration parameters of the error densities are chosen in such a
way that the variability of the measurement error is comparable between the
two considered scenarios.

The kernel used is the von Mises density. The smoothing degrees are se-
lected by using a cross validation criterion minimizing the Kullback—Leibler
loss (:‘%1 = 5.8 and /%2 = 26.7 for NOQ, I%l =4.1 and f%Q = 21.9 for PM2‘5>.

For the implementation of the deconvolution classifier, the number of Fourier
coefficients is equal to 20. Results, reported in terms of misclassification rates,
are collected in Table 2.

We can note that, regardless of the measurement error model, the decon-
volution method provides an advantage ranging from 10% to 25% with respect
to the standard circular kernel density classifier in terms of misclassification
rate, for both the PM, 5 and NO, air pollutants.

Table 2: Misclassification rates (%) for the two pollutants, obtained using the
standard circular kernel classifier ¢ and the deconvolution one g.

Pollutant fe g g

wL 32.2 28.9
vM | 322 | 256
wL | 29.7 | 25.3
vM | 29.7 | 22.0

PMs5

NOy
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Figure 2: Kernel density estimates using classical (left) and deconvoluted
(right) estimators of two groups, low (green) and high (red) levels of NO,
(top) and PM, 5 (bottom) pollutants. Vertical bars denote the observations.

For illustrative purposes, we report in Figure 2 the density estimates ob-
tained for the two groups of wind directions using both the estimators in the
scenario where the wrapped Laplace error is assumed. We can see that when
the deconvolution classifier is employed the estimates are less smooth, and, as
the consequence, more observations are correctly classified.
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