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Abstract

In this paper, we establish new coincidence point theorems which
generalize Mizoguchi-Takahashi’s fixed point theorem and extend Chen-
Du’s fixed point theorem from single-valued mappings to multivalued
mappings.
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1. Introduction and preliminaries

Let (X, d) be a metric space. Denote by N (X) the family of all nonempty
subsets of X and CB(X) the class of all nonempty closed and bounded subsets
of X. For x € X and a subset A of X, define d(z, A) = inf cad(z,y). A
function H : CB(X) x CB(X) — [0, 00) defined by

H(A, B) = max {Sup d(z, A), sup d(z, B)}

zeB €A
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is said to be the Hausdorff metric on CB(X) induced by the metric d on X,
where Let g : X — X be a self-mapping and 7' : X — N (X) be a multivalued
mapping. A point v in X is said to be a coincidence point (see, for instance,
[1-4]) of g and T if gv € Tv. The set of coincidence points of g and T is
denoted by COP(g,T). If v € Tv, then v is called a fixed point of T. The set
of fixed points of T is denoted by F(T).

Recall that a function ¢ : [0, +00) — [0, 1) is said to be an MT-function
(or R-function) [2-4] if 1 > limsup p(s) := ing sup ¢(s) for all ¢t € [0, +00).

s+ >0 tcs<tte
Clearly, if ¢ : [0, +00) — [0,1) is a nondecreasing function or a nonincreasing

function, then ¢ is a MT-function. So the set of M7 -functions is a rich class.
In 2012, Du [4] presented some new characterizations of MT-functions as
follows.

Theorem 1.1 (Du [4, Theorem 2.1]). Let ¢ : [0,00) — [0,1) be a func-
tion. Then the following statements are equivalent.

(a) ¢ is an MT -function.

(b) For each t € [0,00), there exist r” € [0,1) and ") > 0 such that
o(s) < for all s € (t,t +£M).

(c) For each t € [0,00), there ezist r> € [0,1) and & > 0 such that
p(s) < r? for all s € [t,t+e§2)].

(d) For each t € [0,00), there ezist r>) € [0,1) and € > 0 such that
o(s) <r® for all s € (t,t + ).

(e) For each t € [0,00), there exist r® e [0,1) and e® > 0 such that
o(s) < r® for all s € [t,t+5§4)).

(f) For any nonincreasing sequence {x, nen in [0,00), we have 0 < sup ¢(x,) <
neN
1.

(g) ¢ is a function of contractive factor; that is, for any strictly decreasing

sequence {Ty fnen in [0,00), we have 0 < sup p(x,) < 1.
neN

The famous Mizoguchi-Takahashi’s fixed point theorem [6, 8] is a real gen-
eralization of Nadler’s fixed point theorem [5, 7] which extends Banach contrac-
tion principle [1, 5, 8] from single-valued mappings to multivalued mappings.
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Theorem 1.2 (Mizoguchi and Takahashi [6]). Let (X,d) be a complete
metric space, ¢ : [0,400) — [0,1) be an MT -function and T : X — CB(X)
be a multivalued mapping. Assume that

H(Tz, Ty) < o(d(z,y))d(x,y) forall z,y € X.
Then F(T) # 0.

In [2], Chen and Du studied convergence theorems, and applied them to
obtain some interesting fixed point theorems. One of these fixed point theorems
established in [2] is as follows:

Theorem 1.3 (Chen and Du [2, Corollary 2.3]). Let (X, d) be a complete
metric space, G : X — X be a selfmapping and k : [0,+00) — (0,1) be an
MT -function. Assume that

d(Ga, Gy) < m<d<x,y>>max{d<x,y>, 1, G) + dly, Gy) + dly, Gas»}

for all z,y € X. Then G admits a unique fixed point in X.

In this work, we will establish new coincidence point theorems which not
only extends Theorem 1.3 from single-valued mappings to multivalued map-
pings, but also generalizes Theorem 1.3 from fixed point results to coincidence
point results.

2. Main results
The following lemma is very important for proving our main theorems.

Lemma 2.1. Let (X,d) be a metric space, T : X — CB(X) be a multi-
valued mapping and g : X — X be a self-mapping. Suppose that T(X) =
Usex T'(z) € g(X). Then the following statements hold:

(a) For any a € X, there exists b € X such that gb € Ta.

(b) Fixed z € X. If z € Tz, then there exists y € X such that gy = z € Tx.

Proof. First, we prove (a). For any a € X, since T'(X) = (J,cx T'(z) C g(X),
we have T'a C g(X). So for each v € Ta, v € g(X). Hence there exists b € X
such that gb = v € Ta. Following a similar argument as in the proof of (a),
one can verify (b). O
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In this section, we first establish a new coincidence point theorem which not
only extends Theorem 1.3 from single-valued mappings to multivalued map-
pings, but also generalizes Theorem 1.3 from fixed point results to coincidence
point results.

Theorem 2.1. Let (X, d) be a metric space, T : X — CB(X) be a multivalued
mapping and g : X — X be a self-mapping. Suppose that

(A1) T(X) = U,ex T(2) < g(X),
(A2) g(X) is a complete subspace of X,

(A3) there exists an MT -function ¢ : [0,4+00) — [0,1) such that

W Ty) < plalge,gn) ma { g, g0), 1 (g, T2) + dlgn.Ty) + dlay. To) |

for all x,y € X. Then the following hold:

(a) There exists a sequences {x,} in X such that gr,,1 € Tz, for each
n €N, {gz,} is a Cauchy sequence in g(X) and lim,,_,o d(gxp, gTni1) =

inf d(9y, gTns1) = 0.

(b) COP(g,T) # 0.

Proof. Let x; € X. Then, by Lemma 2.1, there exists zo € X such that
grg € Txy. If gxy = gy, then gy € Txy and 21 € COP(g,T) # 0. Otherwise,
if gxo # gx1, d(gx1, gx2) > 0. Define & : [0, +00) — (0,1) by

for all ¢ € [0, +00).

Then 0 < p(t) < k(t) < 1 for all t € [0, +00). By (A3), since d(gxe, Tz1) = 0,
we have
d(gxa, Txe) < H(Txy,Txs)
< K(d(gz1, gz2)) max {d(gz1, ga2), 2(d(gz1, Tx1) + d(gzs, T2)) } -

(2.1)

Then, by (2.1), there exists z € Tz, such that

d(gxs, z) < Kk(d(gx1, grs)) max {d(gml, gxa), i(d(gzl, Txy) + d(gza, T:cz))} :
(2.2)
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By (A1), we have z € Tzy C g(X). So there exists x3 € X such that gz =
z € Txy. Hence, using (2.2), we get

1
dlgea ) < n(d(ges, ga)) ma { g, g22).  @gns g) + dlgns g) |
(2.3)
Assume that d(gz1, gxe) < d(gxs, grs). Then (2.3) yields

d(gr2, gr3) < K(d(gx1, g22))d(gz2, gT3) < d(972, 973),

a contradiction. Hence it must be d(gxs, gr3) < d(gz1, gx2) and (2.3) deduces

(g2, gr3) < K(d(gx1, gr2))d(971, g2).
If gxo = gw3 € Ty, then xo € COP(g,T) # 0. Otherwise, if gxs # gro, then
d(gzxs, grs) > 0. By (A3), we have

1
dlgeas Tra) < W(d(gos,goa)) max gz, ga2), {(d(gos, Tas) + dlgra, Tow) |

(2.4)
So, from (2.4), there exists x; € X such that gz € Tz3 satisfying

1
dgrasgr2) < wlalgra, go2)) e dlgea, ), 3z g + dlgras o) |
(2.5)
Suppose that d(gzs, grs) < d(grs, grs). Thus, by (2.5), we get
d(g$3,g$4) < fﬁ(d(gxg,gxg))d(g:zfg,gm) < d(gx37gx4)7

which leads to a contradiction. So it must be d(gxs, gz4) < d(gza, gx3) and
(2.5) implies

(93, 9r4) < K(d(gx2, gr3))d(9T2, 923).
By induction, we can obtain a sequences {x,} in X satisfying for each n € N,

(i) gzpe1 € Txy,

(ii) d(9$n+179$n+2) < H(d(g%a9$n+1))d(g$mg%+1)-

Since k(t) < 1forallt € [0, +00), (ii) implies that the sequence {d(gxy, 9Tn+1) }nen

is strictly decreasing in [0, +00). Hence we obtain

lim d(gx,, grne1) = inlg d(gxn, gTni1) > 0 exists. (2.6)
ne

n—o0
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Since ¢ is an MT-function, by (g) of Theorem 1.1, we have

0 < sup ¢ (d(gxn, gTni1)) < 1.
neN

So,
1
0<¢{:=supk (d(gxnagxn—&-l)) =S |1l+supy (d<gxnagxn+1)> <L
neN 2 neN
By (ii) again, we get

A(9Tn11, 9Tnt2) < K(d(9Tn, 9Tn11))d(gTn, GTpni1)
S €d<gxnagxn+1)

<. (2.7)
< &'d(gxy, gxa) for each n € N.
Since lim £™ =0, by (2.7), we have
n—oo
lim d(gz,, grn1) = 0. (2.8)

n—0o0

Combining (2.6) with (2.8), we obtain

inf d(gxn, grpy1) = lim d(gx,, gr,41) = 0.
neN n—oo

Next, we verify that {gx,} is a Cauchy sequence in g(X). Let g, := gz,
for all n € N. Then d(f1, 52) = d(gx1,gz2) > 0. For m,n € N with m > n, by
(2.7), we obtain

m—1

(B, Br) <> d(By, 1) <

j=n

gnfl
1-¢

d(B1, B2)- (2.9)

Since € € (0,1), (2.9) yields
lim Sup{d(B, f) - > m} = 0,

which shows {gz,} = {f.} is a Cauchy sequence in ¢g(X). Therefore, the
conclusion (a) is proved.

Finally, we will verify the conclusion (b). By the completeness of g(X),
there exists v € X such that gz, — gv as n — co. For any n € N, using
condition (A3), we obtain

d(grps1, Tv) < H(Tz,, Tv)

1
< max {d(gxn, gu), Z(d(g:tn, 9Tn11) + d(gv, Tv) + d(gv, g:r:n+1))} .
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By taking the limit as n — oo on both sides of the last inequality yields
d(gv, Tv) < w, which deduces d(gv, Tv) = 0. By the closedness of T,
we obtain gv € Tv or v € COP(g,T). The proof is completed. O

The following new coincidence point theorems are immediate from Theorem
2.1.

Corollary 2.1. Let (X,d) be a metric space, T : X — CB(X) be a multi-
valued mapping and g : X — X be a self-mapping. Suppose that

(A1) T(X) = Usex T'(z) € g(X),
(A2) g(X) is a complete subspace of X,

(A4) there exists an MT -function ¢ : [0,4+00) — [0,1) such that
1
H(Tw, Ty) < Jp(dlge, gy))(d(gz, Ta) + dlgy, Ty) + d(gy, T'z))
for all x,y € X. Then the following hold:

(a) There exists a sequences {x,} in X such that gr,,1 € Tz, for each
n € N, {gz,} is a Cauchy sequence in g(X) and lim,_,o d(gzp, gTpi1) =

inf )
inf d(97n, gTni1)

(b) COP(g,T) # 0.

Corollary 2.2. Let (X,d) be a metric space, T : X — CB(X) be a multival-
ued mapping and g : X — X be a self-mapping. Suppose that

(A1) T(X) = U,ex T(2) < g(X),
(A2) g(X) is a complete subspace of X,

(AB) there exists an MT -function ¢ : [0,4+00) — [0,1) such that

H(Tz, Ty) < p(d(gz, gy))d(gz, gy)  for all x,y € X.

Then the following hold:
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(a) There exists a sequences {x,} in X such that gr,,1 € Tz, for each
n €N, {gz,} is a Cauchy sequence in g(X) and lim,,_,o d(gxn, gTni1) =

}Lrelg d(9Tn, 9Tn41).
(b) COP(g,T) # 0.
If we take g(x) = x for all # € X in Theorem 2.1, then we obtain the
following fixed point theorem for multivalued mappings.

Theorem 2.2. Let (X,d) be a complete metric space and T : X — CB(X)
be a multivalued mapping. Suppose thatthere exists an MT -function ¢ :
[0,4+00) — [0,1) such that

1
H(Tz,Ty) < ¢(d(r,y)) max {d(aﬁ, y), 7 (d(z, Tw) +d(y, Ty) + d(y, Tx))}
for all x,y € X. Then the following hold:

(a) There ezists a Cauchy sequences {z,} in X such that x,+1 € Tx, for
each n € N, and lim,, o d(Ty, Tpi1) = inI{] d(xp, Tpy1) = 0.
ne

(b) F(T) # 0.
Corollary 2.3. Let (X,d) be a complete metric space and T : X — CB(X)

be a multivalued mapping. Suppose thatthere exists an MT -function ¢ :
[0,4+00) — [0,1) such that

1
H(Tw,Ty) < Jold(z,y))(d(z, T) + d(y, Ty) + d(y, Tz))
for all x,y € X. Then the following hold:

(a) There ezists a Cauchy sequences {z,} in X such that x,., € Tx, for
each n € N, and lim,,_,o d(xy,, Tpi1) = inI{I d(xy, 1p41) = 0.
ne

(b) F(T) # 0.

Remark 2.1. Mizoguchi-Takahashi’s fixed point theorem and Theorem 1.3
are special cases of Theorems 2.1 and 2.2.
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