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Abstract

In this paper, we present the concepts of articulation point and weak
point in a space and in a network in Pretopology. We show, in the case
of connectivity, some properties allowing to locate them in a network.
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1 Introduction

We have already shown ([8]), in the case of strong connectivity, how to define
the concepts of articulation point and weak point in Pretopology. We have
also established properties in order to be able to locate them in a network.
The aim of this paper is the same but in the case of the connectivity.
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2 Different Types of Pretopological Spaces (see
[2], [3])

Definition 1. Let X be a non empty set. P(X) denotes the family of subsets
of X. We call pseudoclosure on X any mapping a from P(X) onto P(X) such
as :

a(p) = ¢
VACX, AcCa(A)

(X, a) is then called pretopological space.
We can define 4 different types of pretopological spaces.
1- (X, a) is a V type pretopological space if and only if

VACX,YVBCX, ACB= a(A) C a(B).
2- (X, a) is a Vp type pretopological space if and only if

VACX,VBCX, a(AUB)=a(A)U a(B).
3- (X, a) is a Vs type pretopological space if and only if

VACX, a(A) =U,eqal{z}).
4- (X, a) a Vp type pretopological space, is a topological space if and only
if
VA CX, a(a(A)) = a(A).

Property 2. If (X, a) is a Vs space then (X, a) is a Vp space. If (X, a)
is a Vp space then (X, a) is a 'V space.

Example 3. Let X be a non empty set and R be a binary relationship
defined on X.

The pretopology of descendants, noted ay4, is defined by :
VACX, ay(A) ={xeX/Rx)NA#p}UAwithRx)={ye X/xR

vy}
The pretopology of ascendants, noted a,, is defined by :

VACX, a,(A)={xeX/R'(x)NA#¢}UAwith R7!(x) ={yeX/
y Rx }.
These pretopologies are Vg ones.

The pretopology of ascendant-descendants, noted ayq, is defined by :
VACKX, aq(A)={xeX/ R (x)NA#gand R(x) NA#¢}UA.
This pretopology is only V' one.
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3 Different Pretopological Spaces Defined from
a Space (X, a) and Closures (see [2], [3])

Definition 4. Let (X, a) be a V pretopological space. Let A C X. A is a
closed subset if and only if a (A) = A.

We note VA C X, a°(A) = A and V n, n> 1, a"(A) = a(a"1)(A).

We name closure of A the subset of X, denoted F,(A), which is the smallest
closed subset which contains A.

Remark 5. F,(A) is the intersection of all closed subsets which contain
A. In the case where (X, a) is a "general” pretopological space ( i.e. is not a
V' space , nor a Vp space, nor a Vs space, nor a topological space), the closure
may not exist.

Proposition 6. Let (X, a) be a V' pretopological space. Let A C X. If one
of the two following conditions is fulfilled :

- X is a finite set

- a 1s of Vs type
then Fo(A) =,>qa™"(A).

Remark 7. If a is of V' type then ¢” and F, also are of V type. If a is of
Vs type then a" and F, are also of Vs type.

Definition 8. Let (X, a) be a V' pretopological space. Let A C X. We
define the induced pretopology on A by a, denoted a4, by : ¥V C C A, a4(C)
= a(C) N A.

(A, aa) (or more simply A) is said pretopological subspace of (X, a).

We note F, 4 the closing according to a4 and (F,)4 the closing obtained
by restriction of closing F, on A. (F,) is such as V C C A, (F,)a(C) = F,(C)
N A.

4 Connectivity in (X, a) (see [2], [3], [7], [9],
[10])

Definition 9. Let (X, a) be a V pretopological space.
(X, a) is connected if and only if V C C X, C # ¢, F,(C) = X or
Fa(X - Fa(C)) N Fa<c) 7& 2.

Definition 10. Let (X, a) be a V pretopological space. Let A C X with
A non empty.
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A is a connected subset of (X, a) if and only if A endowed with (F,)4 is
connected.

A is a connected component of (X, a) if and only if A is a connected subset
of (X, a)and V B, A € B C X with A # B, B is not a connected subset of (X,
a).

A is a connected subspace of (X, a) if and only if (A, a4), as a pretopological
space, is connected.

A is a greatest connected subspace of (X, a) if and only if (A, aa) is a
connected subspace of (X, a) and V B, A C B C X and A # B, (B, ap) is not
a connected subspace of (X, a).

Proposition 11 ([2]). Let (X, a) be a V pretopological space. Let A C X
with A non empty.

i- If A is a connected subspace of (X, a) then A is a connected subset of
(X, a).

1~ If one of the following three conditions is fulfilled :
* A is a closed subset of X for a
* complementary of A in X is closed for a and (X, a) is a Vp space
* a is idempotent

Then A is a connected subspace of (X, a) < A is a connected subset of (X,

a).
Remark 12. In general, the converse of i- is not true.

Example 13. Let (X, a) be a pretopological space with X = { a, b, ¢, d
and a pretopology of descendants defined by the following grap :
d 1 fd d defined by the followi h1

S

o
-

o,
N o L o

Qoo | K
e S || ey

b
Graph 1

Let A={a,b}. Aisaconnected subset of (X, a) but A is not a connected
subspace of (X, a).

Proposition 14 ([9]). Let (X, a) be a V pretopological space. Let A C X
with A non empty.
A is a connected component of (X, a) < A is a greatest connected subspace

of (X, a).
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Remark 15 ([10]). Let (X, a) be a V' pretopological space. Let A C X
with A non empty.

In general, if A is a connected subset of (X, a) then V B # ¢, B C A, B is
not a connected subset of (X, a).

Definition 16 ([3], [5]). Let X a non empty set. Let a; and ay two
pretopologies on X.
a1 is thinner than ay if and only if ¥V C C X, a;(C) C ax(C).

Proposition 17. Let X a non empty set. Let a and ay two V type
pretopologies on X such as ay thinner than ay. Let A C X with A non empty.
If A is a connected subspace of (X, a1) then A is a connected subspace of

(X, a).

Proof.

If A is a connected subspace of (X, a;)

ThenVC C A, C#¢, (1) Fu1a(C) =Aor (2) Fara(A-Fu14(C)) NFa1a(C)
# 0.

Let us show that V C C A, C # ¢, (1) Fa2ua(C) = A or (2') Faou(A -
FaQA(C)) N FaZA(C) 7é @.

Fa24(C) C A so Fy24(C) satisfies (1) or (2)

So we have (1)F314(Fa24(C)) =Aor (2) Fu1a(A-Fa14(Fa24(C))) NFu14(Fa24(C))
# 0.

But Fu14(Fa24(C)) = Fa2a(C) because Fo04(C) C Fa1a(Fa24(C)) (Faia
is a pretopology) and Fs14(Fa24(C)) C Fa24(Fa24(C)) = Fa24(C)) (Fa1a is
thinner than F,24 [2] and Proposition 37-i of [5], Fu04(C) is closed for Fya4)

If (1) is verified then Fy14(Fa24(C)) = A

then Fu04(C)) = A and (17) is verified.

If (2) is verified then Fy1a(A - Fu1a(Fa24(C))) N Fa1a(Fa24(C)) # ¢

Then Faoa(A - Fuoa(C)) N Fu24(C) # 6 (Fa14 is thinner than Foo4 [2] and
Proposition 37-i of [5])

And (2) is verified.

5 Articulation point and weak point in a pre-
topological space : the case of the Connec-
tivity

We have shown ([8]) that we cannot claim to decompose a strongly connected

component A of a pretocological space (X, a) by finding its articulation points
(where a point b of A is said articulation point of A if A - {b} is not a strongly
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connected subset of (X, a)). Indeed, the set of articulation points of A would
be empty.

In the case of connectivity, we have already shown ([10]) that a subset of
a connected subset may not be connected, we could therefore decompose the
connected components by generalizing the concept of articulation point in the
case of a connected subset of A (where a point b of A is said articulation point
of A if A - {b} is not a connected subset of (X, a)).

Unlike the case of strong connectivity, the generalization in Pretopology of
the notion of articulation point can be done from pretopological subspace or
from pretopological subset. But we will seek here to apply this notion only to
the greatest connected subspaces. Anyway, according to Proposition 14, the
greatest connected subspaces are equivalent to the connected components, so
the same contexts will be decomposed.

Remark 18 ([8]). Let (X, a) be a V' pretopological space. Let A C X. Let
B c X with A C B.

(CLB)A = aaj.

Proposition 19. Let (X, a) be a V pretopological space. Let A C X. Let
B C X with A C B.

A is a connected subspace of (X, a) < A is a connected subspace of (B,
CLB).

Proof.

We note F(,p)a the closing according to (ap)a.

A is a connected subspace of (B, ap)

SVCCA C#o, F(aB)A(C) =Aor F(aB)A(A - F(aB)A<C)) N F(aB)A(C)
# ¢ (by definition)

SVCCA C#0,Fou(C)=AorFoa(A-F,a(C)) NFaa(C) # 0 (Remark
18)

< A is a connected subspace of (X, a).

Definition 20. Let (X, a) be a V pretopological space. Let A C X with
A non empty and A connected subspace of (X, a). Let b € A with A # { b }.

i- b is an articulation point of A in (X, a) if and only if (A-{b }, aa—g 1)
is not a connected subspace of (X, a).

ii- Let k a natural number with k # 0. Let b an articulation point of A in
(X, a).

b is a k order articulation point of A in (X, a) if and only if the smallest
of the greatest connected subspaces of (A - { b }, as_g y) has k as cardinal.
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Remark 21. Let (X, a) be a V pretopological space. Let A C X. Let B
C X with A C B. Let k a natural number with k # 0.

i- b is an articulation point of A in (X, a) < b is an articulation point of
Ain (B, ap).

ii- b is a k order articulation point of A in (X, a) < b is a k order articu-
lation point of A in (B, ag).

Proof.
i- and ii- Obvious by Remark 18 and Proposition 19.

Remark 22. Let (X, a) be a V pretopological space. Let A C X. Let B
C X with A C B. Let k a natural number with k # 0.

We note AP(A) the set of all articulation points of A in (B, ap) and k-
AP(A) the set of all k order articulation points of A in (B, ag).

We have k-AP(A) C AP(A) (by definition).

Definition 23. Let (X, a) be a V pretopological space. Let A C X with
A non empty and A connected subspace of (X, a). Let ¢ € A.

c is a weak point of A in (X, a) if and only if it exists b € A - { ¢ } with
b € 1-AP(A) in (X, a) and { ¢ } greatest connected subspace of (A - { b },
aA—{b })-

Remark 24. Let (X, a) be a V pretopological space. Let A C X. Let B
C X with A C B.
c is a weak point of A in (X, a) < cis a weak point of A in (B, ap).

Proof.
Obvious by Remark 18 and Proposition 19.

Remark 25. Let (X, a) be a V pretopological space. Let A C X. Let B
Cc X with A C B.

We note WP(A) the set of all weak points of A in (B, ap).

We have 1-AP(A) # ¢ < WP(A) # ¢ (by definition).

6 Articulation point and weak point in a net-
work in pretopology : the case of the Con-
nectivity

We will seek here to establish the relation between the set of articulation
points (respectively the set of weak points) of a greatest connected subspace
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of a network studied by the union of the pretopologies (or by the composition
of pretopologies) and the set of articulation points (respectively the set of
weak points) of the greatest connected subspaces of the different spaces of the
network.

But we can show (see Propositions 34 and 40 in [7]) that, in the case where
the pretopologies constituting the network are of V' type without being of Vg
type, establish a relation between the set of articulation points of a greatest
connected subspace of the network and of the set of articulation points of
the greatest connected subspaces of the separately studied spaces requires to
take into account an iterative process of construction of a greatest connected
subspace. Indeed, an articulation point can appear in one or the other of the
steps. It would therefore be necessary to build as many conditions as there are
steps and therefore to make the relationship sought more complex.

This work may seem superfluous in the sense that the results would not
appear very pragmatic. Also, we will only develop the case where all the
pretopologies forming the network are of Vs type.

Definition 26. Let X a non empty set. Let I a countable family of indices.
The family { (X, a@;), i € I } of pretopological spaces is a network on X.

Definition 27. Let X a non empty set. For any pretopologies a; and ay
defined on X, for any subset A of X, we define the two following mappings :

(a1 U a2)(A) = a1(A) U ay(A) [union of pretopologies]

(a1 ©® a2)(A) = a1(az(A)) [composition of pretopologies]

More generally, in a network { (X, a;), ¢ € I } such as for any i € I, q; is
of V type, we note Fy, the closure according to (J,.; a;.

We define the mapping, denoted [[,.; a;, from P(X) onto P(X) by :

VA CX, [Lic;ai(A)= { x € X/ there exists n € I such as x € a,( a1

. (@ (A))...)) } and we denote Fyy the closure according to [[,.; a;.

For any subset A of X, we note F(y)4 the closure according to (|J;c; @:)a,

F )4 the closure according to (] [;c; @i) a, Fua the closure according to J,.; @ia.

Proposition 28. Let { (X, a;), i € I} be a network on X such as for any
1€ 1, a; is of V type. Let A C X with A non empty.
If A is a connected subspace of (X, |

Of (X7 Hie[ ai)'

i1 i) then A is a connected subspace

Proof.

If A is connected subspace of (X, | J;c; as)

Then A is connected subspace of (A, (|U;c; ai)a) (Proposition 19)
Then A is connected subspace of (A, | J,c; @;4) (Proposition 17-i of [5])
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And then A is connected subspace of (A, [[,c;aia) (Propositions 33-i and
30-i of [5]).

But [[,.; @ia is thinner than (J],.; a;)4 (Proposition 24-i of [5])

So A is connected subspace of (A, (]];c; @i)a) (Proposition 17)

And then A is connected subspace of (X, [[,c;a;) (Proposition 19).

Remark 29. In general, the converse is not true.

Example 30. Let { (X, @;), i € I } be a network on X with X = { a, b,
ch, 1={1, 2}, a; and ay prétopologies of descendants defined respectively by
the following graph 2 and graph 3 :

R(x)
0

Q|lT| @ | M
it

OlT® | WM
—
—

Graph 3

Let A = { a, b }. Aisa connected subspace of (X, [];c; i)

Alndeed (ILicra)a{a}) = m(m({a})) NA=awn({ach)nA=XNA

So Fqpa({al) =

And then ([T;c; a:)a ({ b})=am(m({b})NA=an{b})nA={b}

So Fpa({ b }) = {b} with Fqpa({a }) N Fpal{b}) ={b} #o

But A is not a connected subspace of (X, U;es @)

ndeed, (U aa({a}) = (@ Um){a D NA={ac}nA={a}

So Fua({a}) ={a)

And (Uie;ai)a{ b }) = (@ Ua){b})NA={b}nA={b}

SoFua(fb}) ={b}.

Finally, we have, Fu4({ a }) # A and Fu4(A- Fua({a})) nFua({a}) =
Foa({bhN{a}=o

Proposition 31 ([7]) Let { (X, a;), i € I} a network such as for any i €
I a; is of V type. Let { Sy, k € K} a family of subsets non empty of X such
as :
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1
9.
such as :
2-1- Sy = Ujes Ay
2-2-¥ j € J, there exists i € I, A; connected component of (X, a;)
2-3-¥ j€ J, VY j € J, there exists a sequence jy...J. of elements of J
such asjo =3, 5 =7 and ¥ 1l = 0,...,r-1, Ay N Ajiy1 # 0
2-4-¥ A'C X, A ¢ { A;, j€ J}, if there exists i € I such as A’
connected component of (X, a;) then A’ N Si= 0.
We have :
-V k € K, S is a connected subset of (X, |U;c; ai)-
it If for any i € I, a; is of Vs type, { Sk, k € K } is the family of connected
component of (X, U,c; ai) -
iwi- { Sk, k € K } is a partition of X.

k € K, there exists { Aj, j € J } a family of subsets non empty of X

Proposition 32. Let { (X, a;), i € I} be a network on X such as for any
i €1, a; is of Vs type. Let { Sk, k € K } a family of subsets non empty of X
which satisfied the conditions of the Proposition 31.

Letk e K, let b € S, with S, # { b }.

If b€ AP(Sy) in (X, U;cr as) (respectively in (X, [],c; ai)) then we have

1 - it ewists © € I, it erists A C S, with A greatest connected subspace of
(X, a;) and b € AP(A) in (X, a;)

Or i1 - it exists A C Sy, it exists A” C Sy, it exists i € I, it exists i’ € [
with A greatest connected subspace of (X, a;) and b € A and A # { b} and
A’ greatest connected subspace of (X, ay) and b€ A" and A”# { b} and AN
A'={b}.

Proof.

Let us show that if (i) and (ii) are not satisfied then b ¢ AP(Sg).

Let b € Sy.

It exists i € I, it exists A C Sy, A greatest connected subspace of (X, a;)
with b € A.

Two cases are possible :

1- It exists i € I, it exists A C S, A greatest connected subspace of (X,
a;) withb € Aand A #{b}

(i) is not satisfied so

Viel VA CSg A greatest connected subspace of (X, @;) with b € A
implies b ¢ AP(A) in (X, &)

Then A - { b } is a connected subspace of (X, g;) (by definition of AP(A))

So A - { b } is a connected subspace of (X, |J;c;a:) (respectively of (X,
[L;c; ai)) (Proposition 17 and proposition 28).
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I-1IfA =S,

then A-{b} =S,-{b}

and then Si - {b } is a connected subspace of (X, |J
(X, Tl,ey a0).

And then b ¢ PA(S;) in (X,

1-2If A C Sy and A # S;

(ii) is not satisfied so

VACS, VA C S, VielLViel,

A greatest connected subspace of (X, ;) with b € A and A # {b } and A’
greatest connected subspace of (X, a;y) with b € A” and A’ # {b } implies A
NA#{b}.

But we have A - {b } connected subspace of (X, J,.; @
(X, I;c; @) and A’ - {b } connected subspace of (X, |,
(X, TLies ai))-

AsANA #A{b} wehave A-{b DN NA-{b})#0

so (A-{b}) U (A’-{b})is aconnected subspace of (X, | J;.; a;) (respec-
tively of (X, [[;c; @:)) (the union of two connected subspaces which have an
intersection non empty is a connected subspace [2]).

then, Sy - {b } is a connected subspace of (X, |,
M)

And then b ¢ PA(S;) in (X, U,c; @) (respectively in (X, [[.c;a:)).

2-Viel,VA CSy, A greatest connected subspace of (X, a;) with b € A
implies card(A) = 1

.1 @i) (respectively of

ier i) (respectively in (X, [T.c; as)).

a;) (respectively of

i1 i) (respectively of

se1 @) (respectively of (X,

In this case, Sy = A ={b }
And then b ¢ PA(Sk) in (X, ;e ai) (vespectively in (X, [],c;a:)) (by
definition).

Proposition 33. Let { (X, a;), i € I} be a network on X such as for any
i € 1, a; is of Vs type. Let { Sk, k € K } a family of subsets non empty of X
which satisfied the conditions of the Proposition 31.

Let k € K, let b € S, with S, # { b }.

Ifbe 1-AP(Sy) in (X, U;c; as) (respectively in (X, [[,c; a:)) then we have

1- it ewists i € I, it exists A C S, with A greatest connected subspace of
(X, a;) and b € 1-AP(A) in (X, a;)

Or 2- it exists A C Sk, it exists A” C Sk, it exists i € I, it exists i” € [
with A greatest connected subspace of (X, a;) and b € A and card(A) = 2 and
A’ greatest connected subspace of (X, ay) and b € A’ and card(A’) > 2 and A
NA ={b}.

Proof.
Let us show that if (1) and (2) are not satisfied then b ¢ 1-AP(Sy).
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Let b € S;.

It exists i € I, it exists A C Sy, A greatest connected subspace of (X, a;)
with b € A.

Three cases are possible :

1- Card(A) > 2

We have b ¢ 1-AP(A) in (X, ;) ((1) is not satisfied)

SoVceA-{b}, {c} isnot greatest connected subspace of (A -{ b },
aia—g y) (by definition)

ThenVece A-{b} itexistsCCA-{b}with{c}cCCand{c} #
C and C greatest connected subspace of (A - { b }, a;a— })

ThenVece A-{b} itexistsCCA-{b}with{c}CCand{c}#C
and C connected subspace of (S - { b }, U;c; @isk—{ v ) (respectively of (Sy -
{ b}, TLesai)sk—g 1)) (Propositions 19, proposition 17-i of [5] , proposition
28)

SoVceA-{b}, {c}isnot greatest connected subspace of (Sy - { b },
Uics @isk—g v 1) (respectively of (Sy - { b }, (ILics @i)se—1v 1))

Finally, if b € 1-AP(Sy,) in (X, U;; @i) (respectively in (X, [[;c; ;) then it
exists ¢ € Sy - A, { ¢ } greatest connected subspace of (Sg - { b }, U, @isk—{ v 1)
(respectively of (S - { b}, (I;e; @i)sk— 1))-

Then it exists i’ € I, A’ C Sy and A’ greatest connected subspace of (X,
ay) with c € A’ and A’ # { ¢ }.

If b ¢ A’ then A’ is connected subspace of (X, [J,; ;) (respectively of (X,
[L.c; ai)) (Proposition 17, proposition 28)

So A’ is a connected subspace of (Sg - { b }, U;c; @isk—{ v }) (respectively
of (Sx - { b}, (Il,e; @i)sk—p })) (Propositions 19, proposition 17-i of [5] ,
proposition 28)

And { c } is not greatest connected subspace of (S - { b }, U,c; @isk—{ v })
(respectively of (Sk - { b }, (ILic; ai)sk-1v }))

So b € 1-AP(Sy) implies b € A’.

If card(A’) > 2 then as b ¢ 1-AP(A’) in (X, ay) ((1) is not satisfied), we
have V¢’ € A’- { b }, {¢’ } is not greatest connected subspace of (Sg - { b },
Uier @ise—{ v 3) (vespectively of (Sk - { b }, (IL;e; @i)sk—gp 1))-

So we have card(A’) = 2

Then b € 1-AP(Sy) implies card(A’) =2and AN A’ ={Db }.

And the result because (2) is not satisfied.

2- Card(A) =2

2-1If A =S,

In this case, b ¢ 1-AP(Si) (by definition).

2-2-IfAC Sgand A # S;

2-2-1If it exists i” € 1, it exists A’ C Si with A’ greatest connected subspace
of (X, ay) and b € A’ and card(A’) > 2

Then b ¢ 1-AP(Sk) (see the case 1- applied to A’).
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2-2-21fV A’ C Sy, Vi’ € I, A’ greatest connected subspace of (X, ay) and
b € A’ implies card(A’) < 2

If b € 1-AP(Si) then is exists ¢ € S - { b }, { ¢ } greatest connected sub-
space of (S - { b }, U,es Gise—1 b 3) (vespectively of (Sp- { b}, (I];c; @i)sk— 1))-

2221 Tfc € Sy - A

Il exists i” € 1, it exists A” C Sy, A” greatest connected subspace of (X,
a») with c € A” and A” # { ¢ }.

If b ¢ A” then { ¢ } is not greatest connected subspace of (Sx - { b },
Uics @isk—g v 1) (respectively of (S - { b}, (I[;c; @i)sk— })) (see the case 1)

So b € 1-AP(Sg) implies card(A”) =2 and AN A” ={b }.

And the result because (2) is not satisfied.

2-2-221fce A

Then {c}=A-{b}.

If it exists i’ € I, it exists A’ C S with A’ ¢ A and A’ greatest connected
subspace of (X, ay) and A-{b } C A’

Then { ¢ } is not greatest connected subspace of (Sy - { b }, U,/ @isk—{ v 1)
(respectively of (S - { b }, (I[;e; @i)se—1p 1)) (see the case 2-2-2-1 because b
¢ A)

So if b € 1-AP(Si) then

Viiel, VA CS,with A’ ¢ A if A’ greatest connected subspace of (X,
ay) then A-{b} ¢ A’

Then, as A C Sy and A # Sy , it exists i’ € I, it exists A’ C Sy with A’ ¢
A and A’ greatest connected subspace of (X, ay) and b € A’ and card(A’) =
2.

Finally, if b € 1-AP(Sk) then it exists i’ € I, it exists A’ C S with A’
greatest connected subspace of (X, ay) and b € A’ and card(A’) = 2 and A N
A={Db}

And the result because (2) is not satisfied.

3- Card(A) =1

In this case, A = { b }.

Two cases are possible :

3-1IfA =5

Then b ¢ 1-AP(Sy) by definition.

32IfACS, andA;é Sk

In this case, it exists i’€ 1, it exists A’ C Sy with card(A’) > 2 and A C A’
and A’ greatest connected subspace of (X, a;)

And the result accordind to the cases 1 and 2 applied to A’.

Proposition 34. Let { (X, a;), i € I} be a network on X such as for any
i € 1, a; is of Vs type. Let { Sk, k € K} a family of subsets non empty of X
which satisfied the conditions of the Proposition 31.
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Let k € K, let ¢ € 5.
If c € WP(Sy) in (X, U,;c; ai) (respectively in (X, [],c; ai)) then we have
1- it exwists i € I, it exists A C Sy with A greatest connected subspace of
(X, a;) and ¢ € A and c € WP(A) in (X, a;)
Or 2- it exists A C Sy with A = { b, ¢ }, it exists A’ C Sy, it exists i €
I it exists i” € I with A greatest connected subspace of (X, a;) and A’ greatest
connected subspace of (X, ay) and b € A" and card(A’) > 2 and AN A’ ={

bl

Proof.

Let us show that if (1) and (2) are not satisfied then ¢ ¢ WP(Sy).

Let ¢ € Sy.

It exists i € I, it exists A C Sg, A greatest connected subspace of (X, a;)
with c € A

Three cases are possible :

1- Card(A) > 2

(1) is not satisfied so ¢ ¢ WP(A) in (X, a;).

SoVbeA-{c}, {c}isnot greatest connected subspace of (A - { b },
aia—{b })

ThenVbe A-{c}itexists CCA-{b}with{c}CCand{c}#
C and C greatest connected subspace of (A - { b}, aja_g )

SoVbeA-{c} itexistsCCA-{b}with{c}CCand{c} #C
and C connected subspace of (S - { b }, U;c; @isk—¢ v 1) (respectively of (S, -
{ b}, ILesai)sk—g 1)) (Propositions 19, proposition 17-i of [5] , proposition
28)

ThenVb e A-{c}, {c}isnot greatest connected subspace of (S; - { b
b User Gise—1 v 3) (respectively of (Sp - { b}, (ILics ai)sk—g 1))-

Finally, if ¢ € WP(S) in (X, [J,c; as) (respectively in (X, [],.;a;)) then
it exists b € Sy - A, { ¢ } greatest connected subspace of (S - { b },
Uicer @isk—{ v 1) (respectively of (Sp - { b }, (ITic; @i)se—15 1))

But A is greatest connected subspace of (X, a;) withc € A and A # { ¢ }

So A is connected subspace of (S, - { b }, U,c; @isk—{ » }) (respectively of (S,
-{ b}, (ILesai)sk—g 1)) (Propositions 19, proposition 17-i of [5] , proposition
28)

And { c } is not greatest connected subspace of (S - { b }, U,c; @isk—{ v 1)
(respectively of (S - { b}, (I;e; @i)sk—p 3))-

2- Card(A) =2

2-1IfA =8,

Then ¢ ¢ WP(S) by definition.

2-2-If A CSpand A # S

2-2-1 If it exists i” € 1, it exists A’ C Sy with A’ greatest connected subspace
of (X, ay) and ¢ € A’ and card(A’) > 2
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Then ¢ ¢ WP(Si) (see the case 1- applied to A’).

2221V A’ C S, Vi €1, A’ greatest connected subspace of (X, a;) and
c € A’ implies card(A’) < 2

In this case, let b € S - { ¢ }.

If b ¢ A then, as A is greatest connected subspace of (X, a;), A is con-
nected subspace of (S - { b }, U;c; @ise—1 5 3) (respectively of (S - { b },
(ILics @i)sk—1b 3))(Propositions 19, proposition 17-i of [5] , proposition 28)

So { ¢ } is not greatest connected subspace of (S - { b }, U,c; @isr—{ » })
(respectively of (Sg - { b}, (I;e; @i)sk— 3))-

Finally, if ¢ € WP(Sy) in (X, U,c; @) (respectively in (X, [],c; @) then
it exists b € A - { ¢ }, { ¢ } greatest connected subspace of (S, - { b },
Uier @isk—{ v 1) (respectively of (Si - { b }, (ITic; @i)se—15 1))

If it exists i” € 1, it exists A’ C S with A’ ¢ A and A’ greatest connected
subspace of (X, a;) and ¢ € A’

Then card(A’) =2and ANA’={c}andb ¢ A’

So A’ connected subspace of (Sy - { b }, U;c; @isk—{ 5 }) (respectively of
Sk -{ b} (ILierai)se— 1))

Then { ¢ } is not greatest connected subspace of (Sy - { b }, U,/ @isk—{ v 1)
(respectively of (Sk - { b }, (ILie; ai)sk-1v }))

So if ¢ € WP(Sy) then

Vi el,VA CSpwith A’ ¢ A, if A’ greatest connected subspace of (X,
a;y) then ¢ ¢ A’

Then, as A C Sp and A # Sy, it exists i’ € I, it exists A’ C S, with A’
greatest connected subspace of (X, ay) and AN A’ ={Db } and card(A’) > 2.

And the result because (2) is not satisfied.

3- Card(A) =1

In this case, A = { ¢ }.

Two cases are possible :

3-1IfA =S,

Then ¢ ¢ WP(S,) by definition.

32IfACS, andA;é Sk

In this case, it exists i’ € I, it exists A’ C Sy with card(A’) > 2 and A C
A’ and A’ greatest connected subspace of (X, a;)

And the result according to the cases 1 and 2 applied to A’.

Remark 35. In general, the converses of the Propositions 32, 33 and 34
are not true.

Example 36. Let { (X, a; ), i € I } be a network with X = { a, b, ¢, d
b I={1,2}, g and ay pretopologies of descendants defined respectively by
the following graph 4 and graph 5 :
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X R(x)
a {b}
b {a, ¢}
c {b,d}
d {c}
Graph 4
X R(x)
a {d}
b {c,d}
c {b}
d {b,a}

Graph 5

X is greatest connected subspace of (X, a;) and X greatest connected sub-
space of (X, az) with b € 1-AP(X) in (X, a;) and b € 1-AP(X) in (X, a3).

So X is greatest connected subspace of (X, a; U ag) (respectively of (X,
a1 ® ay)) but b is not articulation point of X in (X, a; U ay) (respectively
of (X, al ® a2)). Indeed, { a, ¢, d } is connected subspace of (X, a; U az)
(respectively of (X, a; ® ap)).

Then, a € WP(X) in (X, a;) and a € WP(X) in (X, az) but a ¢ WP(X) in
(X, a1 U ag) (respectively in (X, a; ® ag)).

7 Conclusion

As for the strong connectivity, the concepts of articulation point and weak

point make it possible to propose a decomposition of the greatest strongly
connected subspaces of a space or a network in Pretopology ([1], [3], [4], [6],
[11]) by progressing from the periphery (the most fragile positions) towards
the more central parts (admitting neither weak points nor articulation point)
of the space or of the network.
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