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Abstract

In this paper, a class of p-Laplacian type fractional four-point bound-
ary value problem is studied. Based on the monotone iterative method,
we obtained the existence of positive solutions of the boundary value
problem. An example is given to show the validity of our main theorem.
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1 Introduction

In recent years, the boundary value problem of fractional differential equa-
tion are widely used in science and engineering fields[1-4]. There are abundant
papers on fractional boundary value problem with different types of boundary
conditions[5-8]. On the other hand, in order to study the one-dimensional vari-
able turbulence of gas through porous media, the nonlinear diffusion equation
was obtained and abstracted as p-Laplacian equation[9]. Many important re-
sults related to the boundary value problem of fractional differential equations
with p-Laplacian operator have been obtained[10-13].
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In this paper, we consider the following fractional differential equations:
CD

β
0+(Φp(

CD
α
0+u(t))) = f(t, u(t), CD

γ
0+u(t)),

u(0) + u′(0) = 0,Φp(
CD

α
0+u(0)) + Φ′p(

CD
α
0+u(0)) = 0,

u(1) = r1u(ξ), Φp(
CD

α
0+u(1)) = r2Φp(

CD
α
0+u(η)),

(1.1)

where 1 < α, β ≤ 2, 0 < γ < 1, 0 < r1, r2, ξ, η < 1. CD
α
0+, CD

β
0+, CD

γ
0+

are the Caputo fractional derivative. Φp is the p-Laplacian operator such that
Φp(s) = |s|p−2s, p > 1 and Φ−1

p (s) = Φq(s),
1
p

+ 1
q

= 1. f : [0, 1]×R2 → R is a
given continuous function.

The purpose of this paper is to study the existence of positive solutions of
boundary value problem (1.1) by monotone iterative method.

2 Preliminaries

Let E = {u : u ∈ C[0, 1], CD
γ
0+u ∈ C[0, 1]} be a Banach Space with the

norm ‖u‖γ = ‖u‖∞ + ‖CD
γ
0+u‖∞, where ‖ · ‖∞ is the maximum norm. Set the

cone P ⊂ E by P = {u ∈ E | u(t) ≥ 0, CD
γ
0+u(t) ≥ 0, t ∈ [0, 1]}.

Definition 2.1. ([1]) The Riemann-Liouville fractional integral of order α > 0
of a function y : [0,∞)→ R is defined as follows

Iα0+y(t) =
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds, t > 0,

provided the right side is point-wise defined on (0,∞).

Definition 2.2. ([1]) The Caputo derivative of fractional order α > 0 for a
function y : [0,∞)→ R is defined as follows

CD
α

0+y(t) =
1

Γ(n− α)

∫ t

0

y(n)(s)

(t− s)α−n+1
ds, t > 0, n = −[−α],

where [α] denotes the integral part of the real number α.

Lemma 2.3. ([1]) For α > 0. Assume that y, CD
α
0+y(t) ∈ L[0, 1]. Then

Iα0+(CD
α

0+y)(t) = y(t)+c1t
α−1+c2t

α−2+· · ·+cN tα−N , ci ∈ R, i = 0, 1, 2, . . . , N,

where N is the smallest integer greater than or equal to α.

Lemma 2.4. ([1]) For y ∈ L[0, 1],
(i) if ρ > σ > 0, then CD

σ
0+Iρ0+y(t) = Iρ−σ0+ y(t), CD

σ
0+Iσ0+y(t) = y(t);

(ii) if ρ > 0, σ > 0, then CD
ρ
0+t

σ−1 = Γ(σ)
Γ(σ−ρ)

tσ−ρ−1.
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Lemma 2.5. The boundary value problem (1.1) has an unique solution:

u(t) =

∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, u(τ), CD
γ

0+u(τ))dτ

)
ds,

where

G(t, s) =
1

A



tα−2(1− t)(1− s)α−1 + r1ξ
α−2(1− ξ)(t− s)α−1 − r1tα−2(1− t)(ξ − s)α−1,

0 ≤ s ≤ t ≤ 1, s ≤ ξ,
tα−2(1− t)(1− s)α−1 + r1ξ

α−2(1− ξ)(t− s)α−1, 0 ≤ s ≤ t ≤ 1, s ≥ ξ,
tα−2(1− t)(1− s)α−1 − r1tα−2(1− t)(ξ − s)α−1, 0 ≤ t ≤ s ≤ 1, s ≤ ξ,
tα−2(1− t)(1− s)α−1, 0 ≤ t ≤ s ≤ 1, s ≥ ξ,

H(t, s) =
1

B



tβ−2(1− t)(1− s)β−1 + r2η
β−2(1− η)(t− s)β−1 − r2tβ−2(1− t)(η − s)β−1,

0 ≤ s ≤ t ≤ 1, s ≤ η,
tβ−2(1− t)(1− s)β−1 + r2η

β−2(1− η)(t− s)β−1, 0 ≤ s ≤ t ≤ 1, s ≥ η,
tβ−2(1− t)(1− s)β−1 − r2tβ−2(1− t)(η − s)β−1, 0 ≤ t ≤ s ≤ 1, s ≤ η,
tβ−2(1− t)(1− s)β−1, 0 ≤ t ≤ s ≤ 1, s ≥ η,

A = r1Γ(α)ξα−2(1− ξ), B = r2Γ(β)ηβ−2(1− η).

Proof. Set y = Φp
CD

α
0+u(t), then CD

α
0+u(t) = Φq(y(t)).

Due to Lemma 2.3, we have

u(t) =
1

Γ(α)

∫ t

0

(t− s)α−1Φq(y(s))ds+ c1t
α−1 + c2t

α−2, (2.1)

u′(t) =
1

Γ(α− 1)

∫ t

0

(t− s)α−2Φq(y(s))ds+ c1t
α−2.

From the boundary condition u(0) + u′(0) = 0, u(1) = r1u(ξ), we derive

c1 =
r1

∫ ξ
0

(ξ − s)α−1Φq(y(s))ds−
∫ 1

0
(1− s)α−1Φq(y(s))ds

r1Γ(α)ξα−2(1− ξ)
,

c2 =

∫ 1

0
(1− s)α−1Φq(y(s))ds− r1

∫ ξ
0

(ξ − s)α−1Φq(y(s))ds

r1Γ(α)ξα−2(1− ξ)
.

(2.2)

Thus, by (2.1) and (2.2), we can get

u(t) =
1

Γ(α)

∫ t

0

(t− s)α−1Φq(y(s))ds+
tα−2(1− t)

r1Γ(α)ξα−2(1− ξ)

∫ 1

0

(1− s)α−1Φq(y(s))ds

− tα−2(1− t)
Γ(α)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1Φq(y(s))ds

=

∫ 1

0

G(t, s)Φq(y(s))ds. (2.3)
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At the same way, we have

y(t) =
1

Γ(β)

∫ t

0

(t− s)β−1f(s, u(s),CD
γ

0+u(s))ds

+
tβ−2(1− t)

r2Γ(β)ηβ−2(1− η)

∫ 1

0

(1− s)β−1f(s, u(s),CD
γ

0+u(s))ds

− tβ−2(1− t)
Γ(β)ηβ−2(1− η)

∫ η

0

(η − s)β−1f(s, u(s),CD
γ

0+u(s))ds

=

∫ 1

0

H(t, s)f(s, u(s),CD
γ

0+u(s))ds = Φp(
CD

α

0+u(t)). (2.4)

Using of (2.3) and (2.4), the problem (1.1) has an unique solution:

u(t) =

∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, u(τ), CD
γ

0+u(τ))dτ

)
ds.

The proof is complete.

Lemma 2.6. The functions G(t, s) and H(t, s) satisfies:
(i) G(t, s) ≥ 0, H(t, s) ≥ 0, for t, s ∈ [0, 1];

(ii) for t, s ∈ [0, 1], we have G(t, s) ≤ 2(1−s)α−1

A
, H(t, s) ≤ 2(1−s)β−1

B
.

Proof. It’s obvious that A > 0, B > 0. For 0 ≤ t ≤ s ≤ 1, s ≤ ξ, we have

AG(t, s) = tα−2(1− t)(1− s)α−1 − r1t
α−2(1− t)(ξ − s)α−1

≥ tα−2(1− t)(1− s)α−1 − r1t
α−2(1− t)(1− s)α−1

≥ 0.

For 0 ≤ s ≤ t ≤ 1, s ≥ ξ, we get

AG(t, s) = tα−2(1− t)(1− s)α−1 + r1ξ
α−2(1− ξ)(t− s)α−1

≤ tα−2(1− t)(1− s)α−1 + r1ξ
α−2(1− ξ)(1− s)α−1

≤ 2(1− s)α−1.

Hence, 0 ≤ G(t, s) ≤ 2(1−s)α−1

A
, for t, s ∈ [0, 1].

Similarly, we can get 0 ≤ H(t, s) ≤ 2(1−s)β−1

B
, for t, s ∈ [0, 1].

3 The main existence result

In this section, we consider the existence of positive solutions for problem (1.1).
Before proving the main result, we introduce the following hypothesis.

Assume there exists positive constants λ1, λ2 such that:

(H1) max
0≤t≤1

f(t, λ1, λ2) ≤ Φp(λM), whereM = αA(βB)q−1Γ(α−γ+1)(1−ξ)
2q−1[2Γ(α−γ+1)(1−ξ)+αA(1−ξ)+ξαA(α−γ)]

,
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λ = λ1 + λ2;
(H2) f(t, θ1, ω1) ≤ f(t, θ2, ω2), for 0 ≤ θ1 ≤ θ2 ≤ λ1, 0 ≤ ω1 ≤ ω2 ≤ λ2,
t ∈ [0, 1];
(H3) f(t, 0, 0) > 0, for t ∈ [0, 1].

Define operator T : P → P as follow:

Tu(t) =

∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, u(τ), CD
γ

0+u(τ))dτ

)
ds. (3.1)

Lemma 3.1. T : P → P is completely continuous.

Proof. For any u ∈ P , by the continuity of f , G(t, s) and H(t, s), we have
T : P → P and T is continuous. Let Ω ⊂ P be bounded, which is to say exists
K > 0 such that ‖u‖γ ≤ K, for all u ∈ Ω. Set L = max

0≤t≤1
u∈Ω

f(t, u, CD
γ

0+u(t)) + 1.

From (2.1), (3.1) and Lemma 2.4, then, for u ∈ Ω, t ∈ [0, 1], we have

Tu(t) =

∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

≤
∫ 1

0

2(1− s)α−1

A

(∫ 1

0

2(1− τ)β−1

B
Ldτ

)q−1
ds

=
2qLq−1

αA(βB)q−1

<∞,

CD
γ

0+(Tu(t)) = CD
γ

0+I
α
0+

(
Φq(y(t))

)
+ c1

CD
γ

0+t
α−1 = Iα−γ0+

(
Φq(y(t))

)
+

Γ(α)

Γ(α− γ)
c1t

α−γ−1

=

∣∣∣∣ 1

Γ(α− γ)

∫ t

0

(t− s)α−γ−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− tα−γ−1

r1Γ(α− γ)ξα−2(1− ξ)

∫ 1

0

(1− s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

+
tα−γ−1

Γ(α− γ)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

∣∣∣∣
≤ 1

Γ(α− γ)

∫ t

0

(t− s)α−γ−1
(∫ 1

0

2(1− τ)β−1

B
Ldτ

)q−1
ds

+
tα−γ−1

Γ(α− γ)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1
(∫ 1

0

2(1− τ)β−1

B
Ldτ

)q−1
ds

=
(2L)q−1tα−γ

(βB)q−1Γ(α− γ + 1)
+

(2L)q−1tα−γ−1ξ2

α(βB)q−1Γ(α− γ)(1− ξ)
<∞.

Hence, T (Ω) is uniformly bounded.
For u ∈ P , 0 ≤ t1 ≤ t2 ≤ 1, we have

|Tu(t1)− Tu(t2)| =
∣∣∣∣ 1

Γ(α)

∫ t1

0

(t1 − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds
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+
tα−21 (1− t1)

r1Γ(α)ξα−2(1− ξ)

∫ 1

0

(1− s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− tα−21 (1− t1)

Γ(α)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− 1

Γ(α)

∫ t2

0

(t2 − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− tα−22 (1− t2)

r1Γ(α)ξα−2(1− ξ)

∫ 1

0

(1− s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

+
tα−22 (1− t2)

Γ(α)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

∣∣∣∣
≤ (2β)q−1

Γ(α)(BL)q−1

∣∣∣∣ ∫ t1

t2

(t1 − s)α−1ds+

∫ t2

0

[(t1 − s)α−1 − (t2 − s)α−1]ds

− (1− t1)(tα−21 − tα−22 )

r1ξα−2(1− ξ)

∫ 1

0

(1− s)α−1ds+
(1− t1)(tα−21 − tα−22 )

ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1ds
∣∣∣∣

=
(2β)q−1

Γ(α+ 1)(BL)q−1

[
(tα1 − tα2 )− (1− t1)(tα−21 − tα−22 )

r1ξα−2(1− ξ)
+

(1− t1)(tα−21 − tα−22 )ξ2

(1− ξ)

]
= ε,

∣∣CD
γ

0+(Tu(t1))− CD
γ

0+(Tu(t2))
∣∣

=

∣∣∣∣ 1

Γ(α− γ)

∫ t1

0

(t1 − s)α−γ−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− tα−γ−11

r1Γ(α− γ)ξα−2(1− ξ)

∫ 1

0

(1− s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

+
tα−γ−11

Γ(α− γ)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− 1

Γ(α− γ)

∫ t2

0

(t2 − s)α−γ−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

+
tα−γ−12

r1Γ(α− γ)ξα−2(1− ξ)

∫ 1

0

(1− s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− tα−γ−12

Γ(α− γ)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

∣∣∣∣
≤ (2L)q−1

Γ(α− γ)(βB)q−1

∣∣∣∣ ∫ t1

t2

(t1 − s)α−γ−1ds+

∫ t2

0

[(t1 − s)α−γ−1 − (t2 − s)α−γ−1]ds

− tα−γ−11 − tα−γ−12

r1ξα−2(1− ξ)

∫ 1

0

(1− s)α−1ds+
tα−γ−11 − tα−γ−12

ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1ds
∣∣∣∣

=
(2L)q−1

Γ(α− γ)(βB)q−1

∣∣∣∣(α− γ)(tα−γ1 − tα−γ2 )− tα−γ−11 − tα−γ−12

r1αξα−2(1− ξ)
+

(tα−γ−11 − tα−γ−12 )ξ2

α(1− ξ)

∣∣∣∣
= ε.

Thus, T (Ω) is equicontinuous. We have T : P → P is completely continuous
by Arzela-Ascoli theorem.
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Theorem 3.2. Assume there exists positive constants λ1, λ2 such that (H1),
(H2), (H3) hold, then problem (1.1) has two positive solutions u∗ and v∗.

Proof. Set Pλ = {u ∈ P : ‖u‖γ ≤ λ,where λ = λ1 + λ2, ‖u‖∞ ≤
λ1, ‖CD

γ
0+u‖∞ ≤ λ2}.

We first prove TPλ ⊆ Pλ. ∀u ∈ Pλ, we have 0 ≤ u(t) ≤ ‖u‖∞ ≤
λ1, 0 ≤ CD

γ
0+u(t) ≤ ‖CD

γ
0+u‖∞ ≤ λ2. Using (H1) and (H2), then 0 ≤

f(t, u(t), CD
γ
0+u(t)) ≤ f(t, λ1, λ2) ≤ Φp(λM). For any u ∈ U , we know that

‖Tu‖γ = ‖Tu‖∞ + ‖CD
γ

0+(Tu)‖∞

= max
0≤t≤1

∣∣∣∣ ∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

∣∣∣∣
+ max

0≤t≤1

∣∣∣∣ 1

Γ(α− γ)

∫ t

0

(t− s)α−γ−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

− tα−γ−1

r1Γ(α− γ)ξα−2(1− ξ)

∫ 1

0

(1− s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

+
tα−γ−1

Γ(α− γ)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1Φq

(∫ 1

0

H(s, τ)f(τ, u(τ),CD
γ

0+u(τ))dτ

)
ds

∣∣∣∣
≤ λM

∫ 1

0

2(1− s)α−1

A

(∫ 1

0

2(1− τ)β−1

B
dτ

)q−1
ds

+
λM

Γ(α− γ)

∫ t

0

(t− s)α−γ−1
(∫ 1

0

2(1− τ)β−1

B
dτ

)q−1
ds

+
λMtα−γ−1

Γ(α− γ)ξα−2(1− ξ)

∫ ξ

0

(ξ − s)α−1
(∫ 1

0

2(1− τ)β−1

B
dτ

)q−1
ds

=
2qλM

αA(βB)q−1
+

2q−1tα−γλM

(βB)q−1Γ(α− γ + 1)
+

2q−1tα−γ−1ξ2λM

α(βB)q−1Γ(α− γ)(1− ξ)

≤ 2q−1[2Γ(α− γ + 1)(1− ξ) + αA(1− ξ) + ξαA(α− γ)]

αA(βB)q−1Γ(α− γ + 1)(1− ξ)
λM

= λ.

Therefore, Tu ∈ Pλ. So that, TPλ ⊆ Pλ.
Set u0(t) = λ, 0 ≤ t ≤ 1, then ‖u‖γ = λ and u0 ∈ Pλ. Let un+1 = Tun =

T n+1u0, n = 0, 1, 2, · · · . Since TPλ ⊆ Pλ, we have un ∈ Pλ, n = 0, 1, 2, · · · .
From (H1) and (H2), for t ∈ [0, 1], one has

u1(t) = (Tu0)(t) =

∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, u0(τ), CD
γ

0+u0(τ))dτ

)
ds

≤
∫ 1

0

2(1− s)α−1

A

(∫ 1

0

2(1− τ)β−1

B
Φp(λM)dτ

)q−1

ds

=
2qλM

αA(βB)q−1

≤ λ

= u0(t),
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un+1(t) = (Tun)(t) =

∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, un(τ), CD
γ

0+un(τ))dτ

)
ds

≤
∫ 1

0

G(t, s)Φq

(∫ 1

0

H(s, τ)f(τ, un−1(τ), CD
γ

0+un−1(τ))dτ

)
ds

= un(t).

Hence, we can obtain un+1 ≤ un, 0 ≤ t ≤ 1, n = 0, 1, 2, · · · .
Set v0 = 0, 0 ≤ t ≤ 1, then ‖v‖γ = 0 and v0 ∈ Pλ. Let vn+1 = Tvn =

T n+1v0, n = 0, 1, 2, · · · . Since TPλ ⊆ Pλ, we have vn ∈ Pλ, n = 0, 1, 2, · · · .
Same as above, we can get vn+1 ≥ vn, 0 ≤ t ≤ 1, n = 0, 1, 2, · · · . Therefore,

we obtain monotone sequences {un} and {vn}.
According to Lemma 3.1, we can know that {un}, {vn} have convergent

subsequence {unk}, {vnk} and exists u∗, v∗ ∈ Pλ such that unk → u∗, vnk → v∗.
Thus, there exists u∗, v∗ ∈ Pλ such that un → u∗, vn → v∗, i.e. lim

n→∞
un =

u∗, lim
n→∞

vn = v∗. Applying the continuity of T and un+1 = Tun, vn+1 = Tvn,

we have Tu∗ = u∗, T v∗ = v∗. From (H3), we have u∗ > 0, v∗ > 0.

Then boundary value problem (1.1) has two positive solutions.

4 Examples

We consider the following equation:
CD

3
2
0+(Φ 3

2
(CD

3
2
0+u(t))) = f(t, u(t), CD

1
2
0+u(t)),

u(0) + u′(0) = 0,Φ 3
2
(CD

3
2
0+u(0)) + Φ′3

2

(CD
3
2
0+u(0)) = 0,

u(1) = 1
2
u(1

2
), Φ 3

2
(CD

3
2
0+u(1)) = 1

2
Φ 3

2
(CD

3
2
0+u(1

2
)),

(4.1)

where Φ 3
2
(CD

3
2
0+u(t)) =

CD
3
2
0+u(t)√

|CD
3
2
0+u(t)|

if CD
3
2
0+u(t) 6= 0, and Φ 3

2
(CD

3
2
0+u(t)) = 0 if

CD
3
2
0+u(t) = 0.

Assume that f(t, θ, ω) = 1
10

(1+θt+ω). By computation, we have A = B ≈
0.3134, M ≈ 0.27964. Set λ1 = λ2 = 5, then λ = 10. So, f(t, θ, ω) satisfies
(H1) max

0≤t≤1
f(t, λ1, λ2) = max

0≤t≤1
f(t, 5, 5) = 1.1 < Φ 3

2
(λM) = Φ 3

2
(0.27964) ≈

1.67;
(H2) f(t, θ1, ω1) ≤ f(t, θ2, ω2), for 0 ≤ θ1 ≤ θ2 ≤ 5, 0 ≤ ω1 ≤ ω2 ≤ 5, t ∈ [0, 1];
(H3) f(t, 0, 0) = 0.01 > 0, for t ∈ [0, 1].

By Theorem 3.2, the problem (4.1) has two positive solutions.
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