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Abstract

In this work, we introduce and give some results about directional
derivatives in non-Hausdorff Topological Vector Space over general Topo-
logical Division Ring. Through the paper, we use some topological filter
techniques that are needful for the development of the theory because
of the total lack of a metric structure of the spaces, but most of all for
the non-uniqueness of the limits due to the absence of the T2 bond.
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1 Introduction and preliminary definitions

This section gives some preliminary definitions of Topological Vector Spaces
and Filter Theory. For a deeper treatment of these topics, see [5] and [6]. We
recall that our work is strongly subordinate to the notion of filter since the
general setting.

Definition 1.1. (Topological Division Ring)
(K, +, -, 3) is a Topological Division Ring if and only if (K, +,-) is a Division
Ring and B a topology on K such that

e +: K x K — K is continuous respect to 3
o - K xK — K is continuous respect to 3

o inv: K\ {0k} — K\ {0k} is continuous respect to 3, where inv(t) =
t=b Vte K\ {OK}

Notation 1.2. We simply use K to indicate Valued Division Ring, instead of
(K7+7 ) ‘ ’ ’)

Definition 1.3. (T'VS on Valued Division Ring)

Let K be a Valued Division Ring, then (E,+,-,7) is a Topological Vector Space
on K if and only if (E,+,-) is a Left-K-module and T a topology on E such
that

o +: F X FE — E is continuous respect to T
o - Kx E — E is continuous respect to T

Notation 1.4. We simply use E to indicate a Topological Vector Space on K,
instead of (E,+,-,T).

Remark 1.5. In the previous definition, some authors add the hypothesis of
separation azxiom for the topology T (T2 Hausdorff condition). In a non-
Hausdorff TVS E, the most crucial topological aspect is the subspace {Og}
whose size gives a magnitude of the "Hausdorffness” of the space EE. Moreover,
we can easily show that the quotient space E/{0g} is a Hausdorff TVS over
K. In particular, for the differentiability of linear maps between non-Hausdorff
spaces, we can easily pass to the quotient and use the classical theory, but for
nonlinear maps there are some different aspect that we have to consider.

Lemma 1.6. Let K be a Topological Division Ring, (E,+,-,T) a non-Hausdorff
TVS on K, then we have that for all x € {Og} and for all V € 7 such that
x € V we have that

{0g} V.
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Proof. We just note that the translation is a homeomorphism and {0z} is a
closed vector subspace of E. In fact, if we fix € {Og}, then by the previous
argument we have that x + {Og} = {0g} for the subspace condition and = +
{05} = {z} for the homeomorphism condition. In particular, we have that

{z} = {y} Va,y € {0p}.
0

Definition 1.7. (Affine Space on a group)
Let (G, %) be a group, (A, ®) is an Affine space on (G, *) if and only if Phi :
G x A — A is left, free, transitive action of G on A.

Remark 1.8. Let (A, ®) be an affine space on a group (G, *), then by definition
we have that for all u,v € A there exists g € G such that g x u := ®(g,u) =v
because the action is transitive and this g is unique because ® is free.

Notation 1.9. Let (A, ®) be an affine space on a group (G,x*), then for all
w,u € A and for all g € G we indicate with w — u the unique g € G such that
gxu=®(g,u) =wv.

Definition 1.10. (Filter)
Let X be a non-empty set, F is a Filter on X if and only if:

o 0#FCP(X)\ {0}
e ANB e F VA, B € F
e ACB=BeF VA e F,VB C X.

Notation 1.11. Let (Y,v) a topological space then for all y € Y we use 4" (y)
to indicate the filter of neighbourhood of y respect to v or only $M(y) if is clear
the topology we use.

Definition 1.12. (Filterbase)
Let X be a non-empty set, F is a Filterbase on X if and only if:

o ) #FCPX)\{0}
e VAB(AABe F=3CecF:CCANB).

Definition 1.13. (Push-forward of a Filterbase)
Let XY be non-empty sets, F a filterbase on X, f: X — Y, then we define

JF)={UCY |3W C X : f(W)=U}

Remark 1.14. Let X, Y be non-empty sets, F a filterbase on X, f: X =Y,
then we easily verify that f(IF) is a filterbase on Y.
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Definition 1.15. (Preorder on the family of Filterbases of a set)
Let X be a non-empty set, F,G two filterbase of X, then we say that G <; F
if and only if

VA(Ae G=3dBec F:BCA).

Definition 1.16. (Limit set respect to a Filterbase)
Let X be a non-empty set, (Y,v) a topological space, F a filterbase on X and
f: X =Y, then we define

li}nSf ={yeY [W(y) <; f(F)}

Remark 1.17. Let X be a non-empty set, (Y, v) a topological Hausdorff space,
F a filterbase on X and f : X — Y, then there are two disjoint possibilities:

® lim]:Sf — @
e Jyo € Y such that lim}-sf = {wo}

Lemma 1.18. Let X,Y be non-empty set, (Z,v) a topological space, F,G
two filterbase respectively on X and Y, g : X = Y, f:Y — Z such that
G <; g(F) then we have that

S C TimS
hén fC h}:-n fog
Proof. We fix z € limg® f, then for all V € ${(a) there exists G € G such that

f(G) € V, and by hypothesis there exists F' € F such that g(F) C G, in
particular we have that

fog(F) = flg(F)) € f(G) SV
and so we can conclude that z € limz° f o g. O]

Lemma 1.19. Let X be a non-empty set, (Y,v),(Z, 1) two topological spaces,
Foa filteron X, g: X =Y, f:Y — Z a continuous map, then we have that

S0 C TimS .
flim”g) C im”fog
In particular if f is an homeomorphism then we have the equality
LS N 1S
f(im®g) = lim"f o g. (1)
Proof. We fix y € limz°g, so by definition we have that for all V € 4 (y) there

exists F € F such that g(F) C V. We want to verify that f(y) € limz°f o g.
So we fix O € U*(f(y)). By continuity of f, there exists G € (y) such that
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f(G) C O, by the previous remark, there exists F' € F such that g(F) C G
and so

fog(F) = fg(F)) € f(G) €O,

in particular f(a) € limz°f o g. If f is an omeomorphism by the prevoius
argument we have that

—1/1:_ S C 1 S r—1 — 1im?®
f(lim”fog) Clim”f~ o fog=limg
so by invertibility of we obtain
S C F(limS
lim”f o g C f(lim”g).

and we can conclude. ]

2 Directional Derivatives

Definition 2.1. (Directional filterbase respect to a point)
Let E, F be TVS on the Topological Division Ring K, S; an affine space on E,
Sy an affine space on F,ve E, ACFE, xzg € A, f: A— S, then we define

Filo={{te K|t#0g, mo+tve A}NH | H e U(0)}

Notation 2.2. For simplicity we indicate FA® only with F, and {t € K | t #
Og, o +tv € A} only with X2 (z).

Remark 2.3. By the previous definition is clear that () # FA%0 C P(S4(x)),
but is not necessary true that ) ¢ FA4% and therefore that FA% is a filterbase
of ¥ (xg).

Definition 2.4. Let E, F be TVS on the Topological Division Ring K, S1 an
affine space on E, Sy an affine spaceon F,v e E, ACE,xg€ A, f: A— S,
then we define gb?’mo’” : YA (zo) — F in this way

¢?’m0’v(t) =t (f(zo + tv) — f(m0)) vt € i (o).

Remark 2.5. We recall that S and Sy are affine spaces, so when we write
xo + tv we indicate P (tv, zy) where @y is the action of E on Sy, and when we
write f(xo+tv)— f(xo) we indicate the unique w € F such that ®o(w, f(xg)) =
f(zo + tv), where Oy is the action of F' on Ss.

Definition 2.6. (Directional Derivatives)

Let E, F be TVS on the Topological Division Ring K, Sy an affine space on E,
Sy an affine space on F, v € E, ACFE, xg € A, f: A— Sy, then we say that
f s derivable respect to v in xq over the set A if and only if
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o () g Fiwo
R

Definition 2.7. (Class of derivable function 1)

Let E, F be TVS on the Topological Division Ring K, S7 an affine space on E,
Sy an affine space on F, v € E, AC E, xyg € A, then we define Dg(A, v, xo)
in this way:

mv&%yquﬁ&m¢PW1m¢“M%m

Notation 2.8. Let E, F be TVS on the Topological Division Ring K, S; an
affine space on E, Sy an affine space onF veE, ACFE xg€ A, f: A— Sy,

then we indicate lim 1.z ¢? OV yith 2 f(xo)

Remark 2.9. Let E. F be TVS on the Topological Division Ring K, Sy an
affine space on E, Sy an affine spaceon F,v e E, ACFE,xg€ A, f: A— S,
then by the previous definition we have that

S

Moreover if f € Dx(A, v, Sy, x) then thanks to Lemma 1.6 we have that

S s
e =yt 07 we Tl
and so %(mo) is an affine subspace of F parallel to {Op}. In particular, the
case f € Dx(A,v, Sy, x) for all x € A is very interesting, because is well defined
% : A — F/{0p} where the target space is T2. Thus we can understand that
in non-Hausdorff setting the first order theory is different from the classical
case, but for the higher order derivability we recover the T2 axiom passing to

the quotient and also the classical theory.

Remark 2.10. Let E, F' be TVS on the Topological Division Ring K, S; an
affine space on E, Sy an affine space on F, L : Sy — Sy an affine function
associated to the continuous linear mapping | : EE — F' then we have that

L € Dg(S1,v,Ss, ) Yve E Vo e S
and

9L
5, (@)=

{l(v)} Yve E Vx € 5.
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Proof. We fix z € S; and v € E. Certainly we have that F>1:% is a filterbase,
moreover by the properties of affine functions

om0 (1) = ¢ L(x + tv) — L(2)) = t (tv) = 1(v) Vit e K\ {0k}
and so we can conclude by previous remark. O]

Proposition 2.11. (Composition with affine function I)

Let E, F,G be TVS on the Topological Division Ring K, Sy, S5, S3 affine spaces
respectively on E,F,.G,ve E, ACE, xc€ A, f:A— Sy, L:S,— S3 an
affine function associated to the continuous linear mapping | - F' — G, then if
f € Dx(A,v,Ss, xy) we have that

e Lofe Dk(A v, x)
o Ol (1) 21 (%L (o))

Proof. First of all we notice that A is a filterbase because f € Dg(A,v, 7).
Then, by affinity of L, we have that

425120?0 “(t) =t (Lo f(zo+tv) — Lo f(xo)) =t U(f(zo + tv) — f(m)) =
= 1t (f(zo + tv) — f(x0))) = Lo ¢} (t) Vt € 5 ().

so by Lemma 1.19 and the previous argument we have that

l(?(w@) :l<hm gbAIOU) C lim SlogbAwO” = 8SLof($0).

]__A £ ]__A ) 81}

]

Proposition 2.12. (Composition with affine function II)

Let D, E, F be TVS on the Topological Division Ring K, Sy, S1, Sy affine spaces
respectively on D, E,F,ve E, ACE, xzg € A, f: A— Sy, L:Sy— S1 an
affine function associated to the continuous linear mapping | : D — E such
that L™ ({zo}), 7' ({v}) # 0. Ifyo € L7 ({zo}), w € I7'({v}), H = L7(A)
and f € Dg(A, v, S, xo) we have that

) f ol - DK(H7w7527y0)?
o Gi(xo) = T (o).

Proof. First of all we have to show that FZ¥ is really a filterbase and we can
do this by the following equality

Si (o) = 54 (o)
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and in particular we have that Fv = FA2o TIn fact, if we fix t € X4 (yp),
then by definition and the properties of affine functions we have

xo +tv = L(yo) + l(tw) = L(yo + tw) € A (2)

and so t € ¥4(xg). Conversely if we fix t € X% (z¢), thanks to (2) and by
definition of H, we obtain that yo + tw € H and so t € ¥ (y,). Moreover by
(2) we can check that

ot (1) = o7 (1) vt € X (20)

so we conclude with

0°folL
ow

— 1 Hyowzl Awov )
(%0) I et I ¢y 5, (%0)

O
Remark 2.13. Let E, F be TVS on the Topological Division Ring K, S an
affine space on E, Sy an affine space on F,v e E, AC FE,zg€ A, f: A— Ss.
If H=Y%z0) U{0k}, g : H— Sy is the function defined as g(t) = f(xo + tv)
for allt € H, then we have that

e g€ Dx(H, 1k, 5,,0x) <= f € Dg(A,v,Ss,x0)

e If is valid one of the previous condition: ¢'(0g) := (OK) = ;Uf (o).

Proof. We notice that {t € K | t # Og,t € H} = ¥%(x¢) and so fﬁ(’OK = FAzo,
Moreover, by a simple calculation we have that

Ger O () = ¢ (1) vt € Xy (o)
and thus we can conclude by previous remark. O]
Proposition 2.14. Let E, F be TVS on the Topological Division Ring K, S
an affine space on E, Sy an affine space on F, v € E, £ € K\ {0k}, A C E,
x9g €A, f: A— Sy, then we have that

f - DK(A, v, SQ, l’o) < f - DK(A, fU, SQ, ZL'())

and if is valid one of the previous condition

95 f 95
Ty (20) = € 5 (o)
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Proof. If v = Og is clear, so we can suppose v # 0g. First of all we have to
verify that Féj’xo is really a filterbase on X (2), so we just check, thanks to
the previous argument, that

St (xo) N H #0 VH € U(0k).

So we fix H € U(0g). Since £ # Ok, then the homothety y — £y, y — £ 1y are
homeomorphism, being K a division ring, so ¢H € 4U(0x). Moreover we can
easily see that

S(w0) = €715 (x0).

In particular
S (wo) N H = '8 (wo) NETEH = 71 (X (o) NEH) # 0

because FA%0 is a filterbase on Y4(xzy). To conclude the proof we have to

verify that

1 S A7 9
lim S 7"€ £ 0.
Few

First of all we notice that for all t € 3¢, (o) we have thanks to the associativity
of K

PP () = 7 (o + 1€0) — [(0)) = (€6 (f (w0 + t6v) — f(0)) =

= E(t&) M (f (o + t&v) — f(z0)) = £ (t)

So if we call pﬂg : K — K the right-homothety on K, and /\g : F''— F the
left-homothety on F', we have that

G0 (1) = AF 0 g0 o pE(1) vt € B4, (20).

We can see easily that p(34,(x0)) = X (x0) and since K is a topological
division ring so p¢ is a homeomorphism with pf(0x) = Og and so by definition
of continuity we have that

Fibeo <y pE(Fa™)
so thanks to Lemma 1.18 we have that

: S [ Axo,v . S [ Axg,v K
lim ° ¢ C l}qnzlo oy, o pg

Foheo FL

and thanks to Lemma 1.19 and being /\5 an homeomorphism we obtain that

|
Azg A,xg A,xq
F, Few P

. S Az, . S A,xo,
lim 56770 = lim “Afogf ™" opf = A{ (
§v &v

im Sqﬁ?’zo’v op]if) =¢ < lim Sqﬁ?’zo’v op?) D
f
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5<1gg ¢AIOU>3£®

in particular we have shown that f € Dg(A, &v, Sy, xy) and

85 f 95 f
57( 0) € @(wo),

therefore applying again the argument used above, we have that

- c —
5 o&v oes o) ov (o)
and multiplying by &, we finish.
O

Remark 2.15. In the Proposition 2.14 is crucial the associativity of the di-
vision ring K. In particular, this result is not necessary true for TVS over
general topological division algebras.
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