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Abstract

In this paper, the infinitely many of solutions for a class of p-
Laplacian type fractional differential equations with both instantaneous
and non-instantaneous impulses is studied. By using the applying vari-
ational methods and critical point theory, a theorem is proposed for the
existence of infinitely many solutions for the impulsive problem depend-
ing on a parameters. In the end, an example is given to illustrate our
theoretical results.
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1 Introduction

For a long time, the theory of instantaneous impulsive differential equa-
tions has received great attention due to their extensive applications in prac-
tical situations of a wide variety of in epidemic [1], optimal control [2], me-
chanical and engineering [3], population ecology [4] and etc. Many authors
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have made attempt to use variations methods and critical point theory to
discuss the existence of solutions for BVP of impulsive fractional equations
[5-19]. In 2013, Hernandez and O’Regan first proposed the concept of non-
instantaneous impulse differential equations [20]. Since then, many scholars
extensive works have been done in the field of non-instantaneous impulses,
and there has been a significant development in the theory of the existence of
solutions non-instantaneous impulsive differential equations. For some recent
development on this topic, one can see the interesting results of [21-24].

More recently in[6], author by the variational method discussed the ex-
istence of solutions for fractional differential equations of p-Laplacian with
instantaneous and non-instantaneous impulses:



tDT
αΦp (c0D

α
t y(t)) + |y(t)|p−2y(t) = λfj(t, y(t)), t ∈

p⋃
j=0

(sj, tj+1],

4
(
tD

α−1
T Φp (c0D

α
t y)
)

(tj) = Ij (y(tj)), j = 1, ..., p,

tD
α−1
T Φp (c0D

α
t y) (t) = tD

α−1
T Φp (c0D

α
t y) (t+j ), t ∈

p⋃
j=1

(tj, sj],

tD
α−1
T Φp (c0D

α
t y) (s−j ) = tD

α−1
T Φp (c0D

α
t y) (s+

j ), j = 1, ..., p,
y(0) = y(T ) = 0,

(1.1)

Motivated by these works, in this paper we are interested in the infinitely
many solutions for a class of p-Laplacian type fractional differential equations
Dirichlet problem with instantaneous and non-instantaneous impulses:



tD
α
T

(
1

ω(t)p−2 Φp

(
ω(t)c0D

α
t y(t)

))
+ |y(t)|p−2y(t) = λfj(t, y(t)), t ∈

m⋃
j=0

(sj, tj+1],

4tD
α−1
T

(
1

ωp−2 Φp

(
ωc0D

α
t y
))

(tj) = µIj (y(tj)), j = 1, ...,m,

tD
α−1
T

(
1

ωp−2 Φp

(
ωc0D

α
t y
))

(t) = tD
α−1
T

(
1

ωp−2 Φp

(
ωc0D

α
t y
))

(t+j ), t ∈
m⋃
j=1

(tj, sj],

tD
α−1
T

(
1

ωp−2 Φp

(
ωc0D

α
t y
))

(s−j ) = tD
α−1
T

(
1

ωp−2 Φp

(
ωc0D

α
t y
))

(s+
j ), j = 1, ...,m,

y(0) = y(T ) = 0,
(1.2)

where 1 < p < +∞, λ and µ are non-negative parameters. c
0D

α
t is the left Ca-

puto fractional derivative and tD
α
T denotes the right Riemann-Liouville frac-

tional derivative of order α ∈ (1
p
, 1]. 0 = s0 < t1 < s1 < · · · < sm < tm+1 = T ,

ω(t) ∈ C∞[0, T ] with ω0 = ess inf [0,T ] ω(t) > 0, fj ∈ C((sj, tj+1]× R,R). The
instantaneous impulses Ij ∈ C(R,R) start abrupt changes at the points tj, and
the non-instantaneous impulses continue during the finite intervals (tj, sj], for
j = 1, 2, · · ·,m, and the Φp(t) = |t|p−2t(t 6= 0) is the p-Laplacian operator and
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Φp(0) = 0.

4tD
α−1
T

(
1

ωp−2
Φp

(
ωc0D

α
t y
))

(tj) =tD
α−1
T

(
1

ωp−2
Φp

(
ωc0D

α
t y
))

(t+j )

− tD
α−1
T

(
1

ωp−2
Φp

(
ωc0D

α
t y
))

(t−j ),

tD
α−1
T

(
1

ωp−2
Φp

(
ωc0D

α
t y
))

(t±j ) = lim
t→t±j

tD
α−1
T

(
1

ωp−2
Φp

(
ωc0D

α
t y
))

(t),

and

tD
α−1
T

(
1

ωp−2
Φp

(
ωc0D

α
t y
))

(s±j ) = lim
t→s±j

tD
α−1
T

(
1

ωp−2
Φp

(
ωc0D

α
t y
))

(t).

In this paper, we mainly use the critical point theory to obtain the exis-
tence of infinitely many solutions for the problem (1.2). The novelty of this
article is as follows: Firstly, when ω(t) = 1 and µ = 1, problem (1.2) simpli-
fies to problem (1.1). Secondly, the existence of infinitely many solutions for
perturbed nonlinear fractional p-Laplacian Dirichlet boundary value problem.
The main aim of this paper is intended to establish infinitely many solutions
for the problem (1.2) under different assumptions and our results are totally
different from above problem (1.1). Therefore, our work generalizes and im-
proved significantly some existing results in literatures.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
that we need in the sequel.

Definition 2.1. ([5]) Let y be a function defined on [0, T ]. The left and right
Riemann-Liouville fractional integral of order α for the function y denoted by

0D
−α
t and tD

−α
T , respectively, with definitions as follows

0D
−α
t y(t) =

1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds, t ∈ [0, T ], α > 0,

and

tD
−α
T y(t) =

1

Γ(α)

∫ T

t

(s− t)α−1y(s)ds, t ∈ [0, T ], α > 0,

provided the right-hand side is pointwise defined on [0, T ], where Γ(·) is the
gamma function.
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Definition 2.2. ([5]) Let 0 < α < 1, y be a function defined on [0, T ]. Denote
the left and right Riemann-Liouville fractional derivatives of the function y by

0D
α
t and tD

α
T , respectively, with definitions as follows

0D
α
t y(t) =

d

dt
0D

α−1
t y(t) =

1

Γ(1− α)

d

dt

(∫ t

0

(t− s)−αy(s)ds

)
, t ∈ [0, T ],

and

tD
α
Ty(t) = − d

dt
tD

α−1
T y(t) = − 1

Γ(1− α)

d

dt

(∫ T

t

(s− t)−αy(s)ds

)
, t ∈ [0, T ].

Definition 2.3. ([5]) Let 0 < α < 1, y be a function defined on [0, T ]. Denote
the left and right Caputo fractional integrals of the function y by c

0D
α
t and c

tD
α
T ,

respectively, with definitions as follows

c
0D

α
t y(t) =

1

Γ(1− α)

(∫ t

0

(t− s)−αy′(s)ds
)
, t ∈ [0, T ],

c
tD

α
Ty(t) = − 1

Γ(1− α)

(∫ T

t

(s− t)−αy′(s)ds
)
, t ∈ [0, T ],

and the following relationships hold:

c
0D

α
t y(t) = 0D

α
t y(t)− y(0)

Γ(1− α)
t−α, t ∈ [0, T ],

c
tD

α
Ty(t) = tD

α
Ty(t)− y(T )

Γ(1− α)
(T − t)−α, t ∈ [0, T ].

Definition 2.4. ([6]) Let p ∈ (1,+∞), α ∈ (1
p
, 1]. The fractional derivative

space

Eα,p
0 = {y : [0, T ]→ R|y, c0D

α
t y ∈ L

p([0, T ],R), y(0) = y(T ) = 0, p ≥ 2}

is defined by the closure of C∞0 ([0, T ],R) with the norm:

‖y‖α,p =

(∫ T

0

|y(t)|pdt+

∫ T

0

|c0Dα
t y(t)|pdt

) 1
p

. (2.1)

Lemma 2.5. ([6]) Let α > 0, p ≥ 1, q ≥ 1 with 1
p

+ 1
q
≤ α+ 1 (p, q 6= 1 under

the case of 1
p

+ 1
q

= α + 1). If y ∈ Lp(0, T ) and x ∈ Lq(0, T ), then, we have∫ T

0

(aD
−α
t y(t))x(t)dt =

∫ T

0

y(t)(aD
−α
t x(t))dt.
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Lemma 2.6. ([6]) Let 0 < α ≤ 1 and 1 < p < +∞. For any Eα,p
0 , we have

||y||Lp ≤
Tα

Γ(α + 1)
||c0Dα

t y||Lp . (2.2)

If α > 1
p

and 1
p

+ 1
q

= 1, then

||y||∞ ≤
Tα−

1
p

Γ(α)((α− 1)q + 1)
1
q

||c0Dα
t y||Lp . (2.3)

for α > 1
p

and 1
p

+ 1
q

= 1. Since ω(t) ∈ C∞[0, T ], the norm of (2.1) is equivalent
to

‖y‖ =
( m∑
j=0

∫ tj+1

sj

|y(t)|pdt+

∫ T

0

ω(t)|c0Dα
t y(t)|pdt

) 1
p
. (2.4)

Let u ∈ Eα,p
0 and 0 < (w0)

1
p ≤ 1, from Lemma 2.6, we obtain

||y||Lp ≤ Λ1‖y‖, (2.5)

and

||y||∞ ≤ Λ2‖y‖, (2.6)

where Λ1 = Tα

Γ(α+1)(w0)
1
p

, Λ2 = T
α− 1

p

Γ(α)((α−1)q+1)
1
q (w0)

1
p

.

Proof. From (2.2), for any u ∈ Eα,p
0 and ω(t) ∈ C∞[0, T ], we easy have

||y||Lp ≤
Tα

Γ(α + 1)

(∫ T

0

|c0Dα
t y(t)|pdt

) 1
p

≤ Tα

Γ(α + 1)(w0)
1
p

(∫ T

0

ω(t)|c0Dα
t y(t)|pdt

) 1
p

≤ Tα

Γ(α + 1)(w0)
1
p

( m∑
j=0

∫ tj+1

sj

|y(t)|pdt+

∫ T

0

ω(t)|c0Dα
t y(t)|pdt

) 1
p

= Λ1‖y‖.

The same can be proved (2.6).

Lemma 2.7. ([7]) Let 1
2
< α ≤ 1, assume that the sequence {yk} converges

weakly to y ∈ Eα,p
0 ,i.e., yk ⇀ y. Then we have that {yk} converges strongly to

y ∈ C([0, T ], R),i,e., ‖yk − y‖ → 0 as k →∞.
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Lemma 2.8. ([7]) The functional y ∈ Eα,p
0 is a weak solution of (1.2) if and

only y is a classical solution of (1.2).

Definition 2.9. We say that y(t) ∈ Eα,p
0 is a weak solution of problem (1.2),

if the relationship defined below is satisfied:

∫ T
0

1
ω(t)p−2 Φp (ω(t)c0D

α
t y(t)) (c0D

α
t x(t)) dt+

m∑
j=0

∫ tj+1

sj
|y(t)|p−2y(t)x(t)dt+ µ

m∑
j=1

Ij (y(tj))x(tj)

= λ
m∑
j=0

∫ tj+1

sj
fj(t, y(t))x(t)dt, x(t) ∈ Y,

where Fj(t, y) =
∫ y

0
fj(t, s)ds.

Consider the functional ϕ : Eα,p
0 → R as follow

ϕ(y) =
1

p
‖y‖p + µ

m∑
j=1

∫ y(tj)

0

Ij(s)ds− λ
m∑
j=0

∫ tj+1

sj

Fj(t, y(t))dt, (2.7)

we esay deduce that ϕ is continuous and differentiable, we have

〈ϕ′(y), x〉 =

∫ T

0

1

ω(t)p−2
Φp (ω(t)c0D

α
t y(t)) (c0D

α
t x(t)) dt+ µ

m∑
j=1

Ij (y(tj))x(tj)

+
m∑
i=0

∫ tj+1

sj

|y(t)|p−2y(t)x(t)dt− λ
m∑
j=0

∫ tj+1

sj

fj(t, y(t))x(t)dt.

(2.8)

Then we obviously obtain that the critical points of ϕ are the weak solutions
of the problem (1.2).

Definition 2.10. ([8]) Let Y be a real Banach space and ϕ ∈ C1(Y,R) satisfy
the Palais-Smale condition, i.e., every sequence yj ∈ Y for which {ϕ(yj)} is
boundedand ϕ′(yj)→ 0 as j → 0 possesses a convergent subsequence in Y and
ϕ(0) = 0.

We denote Bρ be the open ball in Y with the radius ρ and centered at 0
and its boundary defined by ∂Bρ.

Theorem 2.11. ([9]) Let Y be a real Banach space, and let ϕ ∈ C1(Y,R)
be even satisfying the Palais-Smale condition and ϕ(0) = 0. If Y = U

⊕
V ,

where U is finite dimensional, and ϕ satisfies that:
(i) There exist constants ρ, η > 0 such that ϕ|∂Bρ

⋂
V ≥ η;

(ii) For each finite dimensional subspace W ⊂ Y , there is r = r(W ) such that
ϕ(y) ≤ 0 for all y ∈ W with ‖y‖ ≥ r.
Then ϕ possesses an unbounded sequence of critical values.



p-Laplacian type fractional Dirichlet problem 85

3 The main existence result

To prove the existence of infinitely many classical solutions to problem (1.2),
we need the following auxiliary hypotheses:
(H1) There exists γ > p, such that for all t ∈ (sj, tj+1] and y ∈ R\{0},

0 < γFj(t, y) ≤ fj(t, y)y,

where Fj(t, y) =
∫ y

0
fj(t, s)ds.

(H2) fj(t, y) and Ij(y) are odd about y .
(H3) there exist cj, dj > 0 and δj ∈ [0, 1) such that for any y ∈ R and
j = 1, 2, · · ·m, we have

|Ij(y)| ≤ cj + dj|y|δj .
(H4) The following inequality

(
1

pΛp
2

− λM1Λp
1

Λp
2

)− µ
m∑
j=1

(cj + dj) > 0

hods, where Λ1 and Λ2 is defined in (2.5), (2.6) andM1 = max{M1,M2, · · · ,Mm},
where M j = sup{Fj(t, y)|t ∈ (sj, tj+1], j = 1, 2, · · · ,m, |y| = 1} > 0.
(H5) There exist constants Lj > 0, such that for any u, v ∈ R, j = 1, 2,m, we
have

|Ij(u)− Ij(v)| ≤ Lj|u− v|,

where 0 <
m∑
j=1

Lj <
γ−p

pΛp2(γ+1)
.

(H6) The following inequality

(
1

p
− λM1Λp

1)
1

Λp
2

−
m∑
j=1

µLj − µ
m∑
j=1

|Ij(0)| > 0

holds.
Now we are ready to prove the following result:

Theorem 3.1. Assume that (H1)-(H4) hold, then the problem (1.2) has in-
finitely many classical solutions.

Proof. It is clear to see that ϕ ∈ C1(Eα,p
0 ,R) is an even functional and ϕ(0) =

0. Then we will apply Theorem 2.11 to show Theorem 3.1, process of proof
followling there three steps.

Step 1, we need to prove that ϕ satisfies the P.S. condition. Let {yk} ∈ Eα,p
0

such that {ϕ(yk)} be a bounded sequence and lim
k→∞

ϕ′(yk) = 0. Assume that

there exists a constant C1 such that

|ϕ(yk)| ≤ C1, ‖ ϕ′(yk) ‖≤ C1. (3.1)
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From the functional ϕ and (H1), we have

‖yk‖p =pϕ(yk)− pµ
m∑
j=1

∫ yk(tj)

0

Ij(s)ds+ pλ

m∑
j=0

∫ tj+1

sj

Fj(t, yk(t))dt

≤pϕ(yk)− pµ
m∑
j=1

∫ yk(tj)

0

Ij(s)ds+
pλ

γ

m∑
j=0

∫ tj+1

sj

fj(t, yk(t))yk(t)dt,

together with 〈ϕ′(y), x〉 we immediately have

(1− p

γ
)‖yk‖p ≤ pϕ(yk)− pµ

m∑
j=1

∫ yk(tj)

0
Ij(s)ds+

pλ

γ

m∑
j=0

∫ tj+1

sj

fj(t, yk(t))yk(t)dt

− p

γ
ϕ′(yk)yk +

µp

γ

m∑
j=1

Ij(yk(tj))yk(tj)−
pλ

γ

m∑
j=0

∫ tj+1

sj

fj(t, yk(t))yk(t)dt

= pϕ(yk)−
p

γ
ϕ′(yk)yk − pµ

m∑
j=1

∫ yk(tj)

0
Ij(s)ds+

µp

γ

m∑
j=1

Ij(yk(tj))yk(tj).

By (2.6), (3.1) and (H3), we obtain

(1− p

γ
)‖yk‖p ≤ pC1 + pµ‖yk‖∞

m∑
j=1

(cj + dj‖yk‖δj∞)

+
p

γ
C1‖yk‖∞ +

µp

γ
‖yk‖∞

m∑
j=1

(cj + dj‖yk‖δj∞)

≤ pC1 + µpΛ2‖yk‖
m∑
j=1

(cj + djΛ
δj
2 ‖yk‖δj)

+
p

γ
C1Λ2‖yk‖+

µpΛ2

γ
‖yk‖

m∑
j=1

(cj + djΛ
δj
2 ‖yk‖δj),

this is implies that {yk} is bounded in Eα,p
0 . Since Eα,p

0 is reflexive space,
then we may choose a weakly convergent subsequence, we denote {yk} and
yk ⇀ y in Eα,p

0 , then we will prove that yk → y in Eα,p
0 . By (2.8) and Schwarz

inequality, we have

〈ϕ′(yk)− ϕ′(y), yk − y〉 ≤ ‖ϕ′(yk)‖‖yk − y‖ − 〈ϕ′(yk),−yk − y〉 −→ 0, (3.2)

as k −→ ∞. On the other hand, by Lemma 2.7, we know ‖yk − y‖∞ → 0 as
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k →∞, since

0← 〈ϕ′(yk)− ϕ′(y), yk − y〉

= ‖yk − y‖p − λ
m∑
j=0

∫ tj+1

sj

[fj(t, yk)− fj(t, y)](yk − y)dt

+ µ

m∑
j=1

[Ij(yk(tj))− Ij(y(tj))](yk(tj)− y(tj))

≥ ‖yk − y‖p − λ|
m∑
j=0

∫ tj+1

sj

[fj(t, yk)− fj(t, y)]dt|‖yk − y‖∞

− µ
m∑
j=1

[Ij(yk(tj))− Ij(y(tj))]‖yk − y‖∞,

by (3.2), we immediately deduce that ‖yk − y‖ → 0 as k → ∞, this implies
that {yk} converges strongly to y ∈ Eα,p

0 . So ϕ satisfies the P.S.condition.
Step 2, we will show that the condition (i) of Theorem 2.11 holds. Assume

that U = R and V = {y ∈ Eα,p
0 |

m∑
j=0

∫ tj+1

sj
y(t)dt = 0}, then Eα,p

0 = U
⊕

V ,

where dimU = 1 < +∞. Suppose that 0 < ‖y‖∞ ≤ 1, if (H1) and (H2) hold,
then the following inequalities

Fj(t, y) ≤ Fj(t,
y

|y|
)|y|γ, 0 < |y| ≤ 1,

Fj(t, y) ≥ Fj(t,
y

|y|
)|y|γ, |y| ≥ 1,

hold, which implies that f is superquadratic at infinity, subquadratic at the
origin. So we deduce that

m∑
j=0

∫ tj+1

sj

Fj(t, y(t))dt ≤
m∑
j=0

∫ tj+1

sj

Fj(t,
y

|y|
)|y|γdt ≤M1

m∑
j=0

∫ tj+1

sj

|y|pdt ≤M1Λp1‖y‖
p.

(3.3)

By (2.5), (2.6), (2.7), (3,3) and (H3), we have

ϕ(y) =
1

p
‖y‖p + µ

m∑
j=1

∫ y(tj)

0

Ij(s)ds− λ
m∑
j=0

∫ tj+1

sj

Fj(t, y(t))dt

≥ 1

p
‖y‖p − µΛ2‖y‖

m∑
j=1

(cj + djΛ
δj
2 ‖y‖δj)− λM1Λp

1‖y‖p

= (
1

p
− λM1Λp

1)‖y‖p − µ
m∑
j=1

(cjΛ2‖y‖+ djΛ
δj+1
2 ‖y‖δj+1).
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Let ‖y‖ = ρ = 1
Λ2
, from (2.5), we have 0 < ‖y‖∞ ≤ 1. So

ϕ(y) ≥ (
1

pΛp
2

− λM1Λp
1

Λp
2

)− µ
m∑
j=1

(cj + dj),

let η = ( 1
pΛp2
− λM1Λp1

Λp2
)− µ

m∑
j=1

(cj + dj), then from (H4), we have ϕ(y) ≥ η > 0

for any y ∈ ∂Bρ

⋂
V .

Step 3, we will prove that the condition (ii) of Theorem 2.12 holds. By
(H1), let M2j > 0 such that for any y ≥M2j > 0 and t ∈ (sj, tj+1], we have

(
Fj(t, y)

yγ
)′y =

yγfj(t, y)− γyγ−1Fj(t, y)

y2γ
=
yfj(t, y)− γFj(t, y)

yγ+1
≥ 0,

it implies that
Fj(t,y)

yγ
is increasing for y, so we deduce that

Fj(t, y)

yγ
≥ Fj(t,M2j)

Mγ
2

≥ C2j,

where C2j = M−γ
2j inft∈(sj ,tj+1]{Fj(t,M2j)}, this yields Fj(t, y) ≥ C2j|y|γ for

any y ≥ M2j > 0 and t ∈ (sj, tj+1]. Using the same argument, we have
Fj(t, y) ≥ C3j|y|γ for any y ≤ −M2j and t ∈ (sj, tj+1],where C3j > 0. Owing
to the continuity of Fj(t, y) on t ∈ (sj, tj+1]× [−M2j,M2j], then exists C5j > 0
such that Fj(t, y) ≥ C4j|y|γ−C5j for any (t, y) ∈ (sj, tj+1]×[−M2j,M2j], where
C4j = min{C2j, C3j}, So we obtain

Fj(t, y) ≥ C4j|y|γ − C5j, (3.4)

for any (t, y) ∈ (sj, tj+1] × R. Let E1 is any finite dimensional subspace in
Eα,p

0 , then for each ξ ∈ R\{0} and y ∈ E1\{0}, combining with (2.6), (2.8),
(H3) and (3.4), we obtain

ϕ(ξy) =
1

p
‖ξy‖p + µ

m∑
j=1

∫ ξy(tj)

0
Ij(s)ds− λ

m∑
j=0

∫ tj+1

sj

Fj(t, ξy(t))dt

≤ 1

p
‖ξy‖p + µ‖ξy‖Λ2

m∑
j=1

(cj + djΛ
δj
2 ‖ξy‖

δj )− λ
m∑
j=0

∫ tj+1

sj

(C4j |ξy|γ − C5j)dt

=
1

p
‖ξy‖p + µ‖ξy‖Λ2

m∑
j=1

(cj + djΛ
δj
2 ‖ξy‖

δj ) + λTC5j − λ
m∑
j=0

∫ tj+1

sj

C4j |ξy|γdt.

Let τ ∈ E1 such that ‖τ‖ = 1, since γ > p, the above inequality implies that
there exists a sufficiently large ξ such that ‖ξτ‖ > ρ and ϕ(ξy) < 0. Since
E1 is a finite dimensional subspace in Eα,p

0 , there exists T (E1) > 0, such that
ϕ(y) ≤ 0 on E1\BT (E1). By Theorem 2.11, ϕ has infinitely many critical points
that is the system (1.2) has infinitely many classical solutions.
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Theorem 3.2. Assume that (H1), (H2), (H5) and (H6) hold, then the problem
(1.2) has infinitely many classical solutions.

Proof. It is obvious to see that ϕ ∈ C1(Eα,p
0 ,R) is an even functional and

ϕ(0) = 0. Then we will apply Theorem 2.11 to show Theorem 3.2, process of
proof followling there three steps.

Step 1, we need to prove that the functional ϕ satisfies the P.S. condition.
As in the proof of Theorem 3.1, by (2.6), (2.7), (2.8), (3.1) together with (H1)
and (H5), we have

(1− p

γ
)‖yk‖p ≤ pϕ(yk)− pµ

m∑
j=1

∫ yk(tj)

0
Ij(s)ds+

pλ

γ

m∑
j=0

∫ tj+1

sj

fj(t, yk(t))yk(t)dt

− p

γ
ϕ′(yk)yk +

µp

γ

m∑
j=1

Ij(yk(tj))yk(tj)−
pλ

γ

m∑
j=0

∫ tj+1

sj

fj(t, yk(t))yk(t)dt

= pϕ(yk)−
p

γ
ϕ′(yk)yk − pµ

m∑
j=1

∫ yk(tj)

0
Ij(s)ds+

µp

γ

m∑
j=1

Ij(yk(tj))yk(tj)

≤ pϕ(yk) +
p

γ
ϕ′(yk)yk + pµ

m∑
j=1

∫ yk(tj)

0
Ij(s)ds+

µp

γ

m∑
j=1

Ij(yk(tj))yk(tj)

≤ pC1 + P‖uk‖∞
m∑
j=0

(|Ij(0)|+ Lj‖yk‖∞)

+
p

γ
C1‖yk‖∞ +

p

γ
‖yk‖∞

m∑
j=1

Ij(yk(tj))yk(tj)

≤ pC1 + pΛ2‖yk‖
m∑
j=0

(|Ij(0)|+ LjΛ2‖yk‖)

+
p

γ
C1Λ2‖yk‖+

pΛ2

γ
‖yk‖

m∑
j=1

(|Ij(0)|+ LjΛ2‖yk‖),

then we have

[1− p

γ
−p(1+

1

γ
)Λ2

2

m∑
j=0

L1]‖yk‖p ≤ pC1 +[
pC1Λ2

γ
+pΛ2(1+

1

γ
)

m∑
j=0

|Ij(0)|]‖yk‖,

from (H5), we deduce that 1 − p
γ
− p(1 + 1

γ
)Λ2

2

m∑
j=0

L1 > 0, that implies that

{yk} is bounded in Eα,p
0 . The rest of the proof of the P.S. condition is similar

to that in Theorem 3.1, we omit it here.
Step 2, we will show that the condition (i) of Theorem 2.11 holds. As in

the proof of Theorem 3.1, by (2.5), (2.6), (2.7), (3.3) together with (H4), we
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have

ϕ(y) =
1

p
‖y‖p + µ

m∑
j=1

∫ y(tj)

0

Ij(s)ds− λ
m∑
j=0

∫ tj+1

sj

Fj(t, y(t))dt

≥ 1

p
‖y‖p − µΛ2‖y‖

m∑
j=1

(|Ij(0)|+ LjΛ2‖y‖)− λM1Λp
1‖y‖p

= (
1

p
− λM1Λp

1)‖y‖p −
m∑
j=1

µΛ2
2Lj‖y‖2 − µΛ2

m∑
j=1

|Ij(0)|‖y‖.

Let‖y‖ = ρ = 1
Λ2
, from (2.6), we have 0 < ‖u‖∞ ≤ 1, so

ϕ(u) ≥ (
1

p
− λM1Λp

1)
1

Λp
2

−
m∑
j=1

µLj − µ
m∑
j=1

|Ij(0)|,

let η = (1
p
− λM1Λp

1) 1
Λp2
−

m∑
j=1

µLj − µ
m∑
j=1

|Ij(0)|, then from (H6), we have

ϕ(u) ≥ η > 0 for any u ∈ ∂Bρ ∩ V .
Step 3, we will prove that the condtion (ii) of Theorem 2.11 holds. As in

the proof of Theorem 3.1, we assume that E1 is any finite dimensional subspace
in Eα,p

0 , then for each ξ ∈ R\{0} and u ∈ E1\{0}, combining with (2.6), (2.7),
(H5) and (3.4), we obtain

ϕ(ξy) =
1

p
‖ξy‖p + µ

m∑
j=1

∫ ξy(tj)

0

Ij(s)ds− λ
∫ T

0

Fj(t, ξy(t))dt

≤ 1

p
‖ξy‖p + µΛ2‖ξy‖

m∑
j=1

(|Ij(0)|+ LjΛ2‖ξy‖)− λ
∫ T

0

(C4j |ξy|γ − C5j)dt,

=
1

p
‖ξy‖p + µΛ2

m∑
j=1

|Ij(0)|‖ξy‖+ µΛ2
2

m∑
j=1

Lj‖ξy‖2 + λTC5j − λ
∫ T

0

C4j |ξy|γdt.

Same as theorem 3.1 such that ϕ(y) ≤ 0. By Theorem 2.11, ϕ has infinitely
many critical points that is the system (1.2) has infinitely many classical so-
lutions.

4 Example

In this part, we will give corresponding examples to illustrate the main
results in our paper.
Example 4.1 Let α = 1

2
, T = 1, p = 3, λ = 1

20
, µ = 2 and m = 1. consider
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the following fractional BVP:

tD
1
2
1

(
1
ω(t)

Φ3

(
ω(t)c0D

1
2
t y(t)

))
+ |y(t)|y(t) = 1

20
fj(t, y(t)), t ∈ (sj, tj+1], j = 0, 1

4tD
− 1

2
1

(
1
ω

Φ3

(
ωc0D

1
2
t y
))

(t1) = 2I1 (y(t1)),

tD
− 1

2
1

(
1
ω

Φ3

(
ωc0D

1
2
t y
))

(t) = tD
− 1

2
1

(
1
ω

Φ3

(
ωc0D

1
2
t y
))

(t+j ), t ∈ (tj, sj]j = 0, 1,

tD
− 1

2
1

(
1
ω

Φ3

(
ωc0D

1
2
t y
))

(s−1 ) = tD
− 1

2
1

(
1
ω

Φ3

(
ωc0D

1
2
t y
))

(s+
1 ),

y(0) = y(1) = 0,
(4.1)

where f1(t, y) = y3 + ty5 and I1(y) = 1
20
|y| 12 siny, then we obtain that f1(t, y)

and I1 are odd about y, so (H2) holds, Then we assume γ = 4,c1 = 0,d1 =
1
20

,δ1 = 1
2
,then by verification,we obtain that (H1) and (H3) hold. By simple

calculations, let ω0 = 1, we know Λ1 = Λ2 ≈ 1.27329545, M1 = 1 and ( 1
3Λ3

2
−

λM1Λ3
1

Λ3
2

) − 2(c1 + d1) ≈ 0.01147684 > 0, so (H5) holds. By Theorem3.1, (4.1)

has infinitely many solutions.
Example 4.2 Let α = 4

5
, T = 1, p = 3, λ = 1

10
, µ = 2 and m = 1 then

consider the following fractional differential equations:

tD
4
5
1

(
1
ω(t)

Φ3

(
ω(t)c0D

4
5
t y(t)

))
+ |y(t)|y(t) = 1

10
fj(t, y(t)), t ∈ (sj, tj+1], j = 0, 1

4tD
− 1

5
1

(
1
ω

Φ3

(
ωc0D

4
5
t y
))

(t1) = 2I1 (y(t1)),

tD
− 1

5
1

(
1
ω

Φ3

(
ωc0D

4
5
t y
))

(t) = tD
− 1

5
1

(
1
ω

Φ3

(
ωc0D

4
5
t y
))

(t+j ), t ∈ (tj, sj]j = 0, 1,

tD
− 1

5
1

(
1
ω

Φ3

(
ωc0D

4
5
t y
))

(s−1 ) = tD
− 1

5
1

(
1
ω

Φ3

(
ωc0D

4
5
t y
))

(s+
1 ),

y(0) = y(1) = 0,
(4.2)

where f1(t, y) = y3 + ty5 and I1(y) = 1
36
|y|siny, then we obtain that f1(t, y)

and I1(y) are odd about y, so (H2) holds. Then we assume γ = 4, L1 = 1
24

.
By a some calculation, let ω0 = 1, we know Λ1 = Λ2 ≈ 0.931384, M1 = 1,

γ−p
pΛp2(γ+1)

−L1 ≈ 0.040846 > 0 and (1
p
−λM1Λp

1) 1
Λp2
−µL1−µ|I1(0)| ≈ 0.229232 >

0, so we immediately have (H1), (H5), (H6) hold. By Theorem3.2, (4.2) has
infinitely many solutions.
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