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Abstract

We study the inverse problem of recovering the potential ¢(z) from
the spectrum of the operator —y” (x) 4 q(z)y(z —a), y(0) = y*)(7) = 0,
where k € {0,1} and a € [, %”) is a delay. It is proven that a potential is
an uniquely determined from two spectra, when a potential is symmetric
on a subinterval.
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1 Introduction

In this paper we study two boundary spectral problems Ly = Li(q,a), k = 0,1
generated by

—y"(2) +q(@)y(z — a) = My(z), = € (0,7) (1)

y(0) =0 (2)

y ™ (m) =0 (3)

where ) is a spectral parametar, a € %, %”) is a delay, ¢(z) is a complex-valued

function such that ¢ € L*(0,7) and ¢(x) = 0 for = € [0, a]. The boundary value

problem Ly, k = 0,1 has a countable set of eigenvalues (\,x)52; and for n — oo
(see [2])
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Vg =(n— %)+ Cosaz:n7 fq )dt 4 o(=), (n — o).

We are interested to recover the potential ¢(z) from those spectra. More
about differential equations with deviating argument can be found in [5]. The
case a € (5, m) has been processed in [3] and [7]. Inverse problem for delay
a € (%,%) can be found in [2] and [6]. In [1] and [4] authors studied incom-
plete inverse problems differetial equation with a deviating argument. Inverse

problems for differential operators with two delays can be found in [§].

2 Main results

Let the function Y (x,\) be a solution of the differential equation (1) which
satisfying intial conditions Y (0,\) = 0, Y’(0,\) = 1. Let A = 22, the eigen-
values (Aq)o2, of the boundary value problem Ly, k=0,1 commde with the
zeros of its characteristic function Ax(\) = Y®) (7, \), where (see [4] and [5])

Y(m,A) = sin(zm) + i/q(t) sin(z(t — a)) sin(z(m — t))dt+

z 22
a

/ / q(t1) sin(z(m —t))sin(z(t; — a)) sin(z(t — a — t1))dt, dt,  (4)

Y'(m, \) = cos(z7) + é / q(t)sin(z(t — a)) cos(z(m — t))dt+

a

L / / g(t) cos(z(r — 1)) sin((t — a)) sin((t — a — t))dtudt.  (5)

2a a

The delay a and the integral I; f q(t)dt, are uniquely determined by the

spectrum (Ap0)32, of Ly (see [5]). The functions Ag(N), given by (4-5), are
uniquely determined by the spectra (A,x)22, of Ly, k = 0,1 (see[2]).
We introduce a notation

_ Qf 0®) [ a(s)dsdt , Fo(2) = 200(N), Fi(2) = A1 (N).

Using the well-known method transformation of characteristic functions (4-5)
we obtain (see [4])

Fo(z) = sin(zw)—i—% (G.(2) — cos(z(x — a))]l)—%K:( )= L I sin(2(r—2a))

9z 2
(6)
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Fi(z) = zcos(zm) + % (—as(z) +sin(z(m —a)) ) + %K;‘(z) (7)
where
G(z) = Tq(t) cos(=(m — 20))dt, () — ﬂfg(t) sin(z(r — 2))dt
- t+35);te|5,m—35
W={ 0100y |
Ko=) = [ [ K(s)cos(=(m — 26))dsdt, K*(z) = [ [ K(s)sin(=(m — 26))dsdl

a t+a t+a
0;t€[0,a)U(m —a,n]

K(t){ Q(t+a)ft s)ds — q(t) f q(s)ds — f q(s —t)q(s)ds;t € [a,m — a] }

It is obvious that [ K (s)ds = —I, accordingly

t T—a
/ K(s)ds = —15 — / K(s)ds (8)
a t
Substituting expression from (8) in (6),(7) and after arranging we come to
22Fy(z) — 2zsin(zm) 4+ 2z cos(z(m — a)) [y = a.(z) + Li(z2) (9)
—2F1(2) + 2z cos(zm) + 2sin(z(m — a))[; = as(z) + Li(2) (10)

where

T—aTmT—a mT—aTmT—a

//K cos(z(m—2t))dsdt, L (= //K sin(z(m—2t))dsdt.

We use a notation

A(z) = 22Fy(2) — 2zsin(zm) + cos(z(m — a)) 1,
B(z) = —2F1(z) 4+ 2z cos(zm) + sin(z(m — a)) ;.
According to (9) and (10) for z =m,m € Z \ {0} we get:

a
T35 T—aT—a

(—=1)"™A(m) = /5(t)cos(2mt)dt+/ /K(s)cos(th)dsdt (11)

(NI
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a
T3 T—aT—a

(=)™ B(m) = /G(t)sin(th)dt%—/ /K(s)sin(th)dsdt (12)

Also from (9) we have

T T—aT—a

lim A(z) = / gq~(t)dt+ / / K (s)dsdt (13)

Multiplying (13) with L, (11) with Le?™ and (12) with —te?™ for

T

m € Z \ {0}, then summing we obtain the integral equation

7t + / K()ds1ian o(t) = £() (14)

where

ft) = 21m A(z) + 237 0y ((F1)™A(m) 4 i(=1)" B(m))e*™.

z—0

Function f(t) is uniquely determined by spectra (A,x)22, of Lg, k=0, 1.

Putting ¢ = x — § in (14) we obtain (see [4], eq.(25)):

forz € (3,7 —9)

q(z)+ /2q1 (s) / q2(t)dtds — / 2q1 (s) / qg(t)dtds:f(az—g> (15)
and
da) = =), v @, 3)U (- 5m)

where ¢;(z) = q(x), for = € (a,7m — a), g2(x) = q(z) for z € (2a, ™).

Theorem 2.1 (Theorem in [4]) The potential q(z), = € [0, 3)U(r—a, 2a)U
(m — §,m), is uniquely determined by spectra (Mni)pey of boundary spectral
problems Ly, k=0, 1.

Theorem 2.2 Let q(z) = —q(r—z+%) forz € (3, m—a) then the potential

q(z) is uniquely determined by spectra (M), of boundary spectral problems
Ly k=01,
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Proof: Using the fact that ¢(z) is known for z € [0, 3)U(r—a, 2a)U(7— %, ),

integral equation (15) can be transformed (see [4], equations (27) and (28)),
for z € (3,7 —a)

ql(a:)—i—/ (5) K1 (s, 2)ds — / (5) Kals + 7 — Yds = Qu(x)  (16)

where Ki(s,z) = f q(t)dt, Ko(s+x— %) = [ gt)dt and Q:(x) are
s—x+35 stx—5
known. For z € (2a,7 — %)

(SIS

() +K2(x+g) / ¢ (s)ds = Qa(x) (17)

where Ky(z + %) = [ go(t)dt and Qs(z) are known. Since [s * ¢i(s)ds = 0,
T+35 2

from (17) we obtain g;(z) = Ka(z + § f q1 (s)ds + Q2(z).

Now putting ¢(z) from last equation in (16) and using information that
q(z) = —q(r—x+%), xz € (3,7 —a), we obtain the Volterra integral equation

T—a t+35 T—a
ai(0) + / "o / Kols + 9 (s, 2)dsd + / (O Ko — t + 2)dt
x a:—l—% x

- [ @it e (19

Since Volterra integral equation (18) has unique solution, we can calculate
q1(z) for z € (32,7 —a). Then from (17) we calculate go(z) for z € (2a, 7 —%).
O

Remark 3.3 The similar result with the same method can be obtained if

q(z) = q(mr — x4+ a/2), for z € (3,7 — a) and integral [5, * ¢i(x)dz is known.
2
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