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Abstract 

 

Many authors have suggested different approximations for the cumulative 

distribution function of the beta distribution based on numerical calculations by 

computers. Such approximations require long and hard processes to be achieved. 

In this paper we propose a practical method for the calculation of the beta 

cumulative distribution function using differentiation instead of integration. 
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1. Introduction 
 

The beta distribution is a continuous probability distribution defined in the unit 

interval and possesses two positive parameters 𝛼 and 𝛽 who control the shape of 

the distribution. The beta distribution is very important model for random 

behavior of proportions. For example, in Bayesian inference, the beta distribution 

is used as a conjugate prior for binomial and negative binomial probabilities. In 

sport sciences, in particular in the batting problem of a player, the best way to 

represent the prior expectation is the beta distribution. Sulaiman et al. (1999) used 

the beta distribution to model the Malaysian sunshine data for a ten-year period.  

 

A random variable 𝑋 is said to have a beta distribution with parameters 𝛼 > 0 and 

𝛽 > 0, deneoted, by 𝑋: 𝐵𝑒𝑡𝑎(𝛼, 𝛽), the probability density function is given by 

 

𝑓(𝑥; 𝛼, 𝛽) =
Γ(𝛼+𝛽)

Γ(𝛼)Γ(𝛽)
𝑥𝛼−1(1 − 𝑥)𝛽−1,      0 < 𝑥 < 1. 

The cumulative distribution function of 𝑋: 𝐵𝑒𝑡𝑎(𝛼, 𝛽) is given by 

𝐼𝑝(𝛼, 𝛽) = 𝑃(𝑋 ≤ 𝑝) =
Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
∫ 𝑥𝛼−1(1 − 𝑥)𝛽−1𝑑𝑥

𝑝

0

                                       (1) 
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The beta distribution enjoys several nice properties.  

1. If 𝛼 = 𝛽, then the shape of 𝑓(𝑥; 𝛼, 𝛽) is symmetric, unimodal and the  

    Mode = mean = median = 0.5. 

2. If 𝛼 < 𝛽, then the shape of 𝑓(𝑥; 𝛼, 𝛽) right-skewed, unimodal and     

    Mean > median > mode < 0.5. 

3. If 𝛼 > 𝛽, then the shape of 𝑓(𝑥; 𝛼, 𝛽) left-skewed, unimodal and     

    Mean<median<mode>0.5. 

4. 𝐼𝑝(𝛼, 𝛽) = 1 − 𝐼1−𝑝(𝛽, 𝛼) 

5. 𝐼0(𝛼, 𝛽) = 0, 𝐼1(𝛼, 𝛽) = 1 and 𝐼𝑝(1,1) = 𝑝 

6. 𝐼𝑝(𝛼, 𝛽) = 𝑝𝐼𝑝(𝛼 − 1, 𝛽) + (1 − 𝑝)𝐼𝑝(𝛼, 𝛽 − 1), for  𝛼, 𝛽 = 1, 2, 3, … 

7. 𝐼𝑝(𝛼, 𝛽) has a maximum value at 𝑝 =
𝛼−1

𝛼+𝛽−2
,  for 𝛼 > 1 and 𝛽 > 1. 

8. 𝐼𝑝(𝛼, 𝛽) ≤ 𝑝 if  𝛼 > 𝛽 and 𝑝𝐼𝑝(𝛼, 𝛽) ≥ 𝑝 if  𝛼 < 𝛽. 
 

The hand-calculation integral in (1) is difficult even when the values of  𝛼 and 𝛽 

are integer, since it requires repetition of integration by parts.  In this paper, we 

derive a formula to compute the value of (1) by hand-calculation when the 

parameters values are integers.  

 

2. Relation to the other distributions 
 

In this section, we present some theorems that related the beta distribution to some 

important distribution such as the binomial, the negative binomial, the F-

distribution and the student distribution. Most of these results can be found in 

Johnson et al. (1992). 

  

Theorem 1. Let  𝑋: 𝐵𝑒𝑡𝑎(𝛼, 𝛽), where 𝛼 and 𝛽 are positive integers. Also let 

𝑌: 𝐵𝑖𝑛(𝛼 + 𝛽 − 1, 𝑝), a binomial distribution with parameters 𝛼 + 𝛽 − 1 and 𝑝. 

Then 𝑃(𝑌 ≥ 𝛼) = 𝐼𝑝(𝛼, 𝛽).  

 

Proof. By definition of 𝐼𝑝(𝛼, 𝛽), 

𝐼𝑝(𝛼, 𝛽) =
Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
∫ 𝑥𝛼−1(1 − 𝑥)𝛽−1𝑑𝑥,                 

𝑝

0

 

                             =
(𝛼 + 𝛽 − 1)(𝛼 + 𝛽 − 1)!

(𝛼 − 1)! (𝛽 − 1)!
∫ 𝑥𝛼−1(1 − 𝑥)𝛽−1𝑑𝑥,

𝑝

0

 

             =
(𝛼 − 1 + 𝛽 − 1)!

(𝛼 − 1)! (𝛽 − 1)!
∫ 𝑥𝛼−1(1 − 𝑥)𝛽−1𝑑𝑥.

𝑝

0

 

 

If we integrate (𝛼 − 1) times in the above equation, we get 
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𝐼𝑝(𝛼, 𝛽) = ∑
(𝛼 + 𝛽 − 1)!

𝑘! (𝛼 + 𝛽 − 1 − 𝑘)!
𝑝𝑘

𝛼+𝛽−1

𝑘=𝛼

(1 − 𝑝)𝛼+𝛽−1−𝑘, 

               = ∑
𝑛!

𝑘! (𝑛 − 𝑘)!
𝑝𝑘

𝑛

𝑘=𝛼

(1 − 𝑝)𝑛−𝑘 = 𝑃(𝑌 ≥ 𝛼), 

where 𝑛 = 𝛼 + 𝛽 − 1. 
 

Theorem 2. Let 𝑌: 𝐵𝑖𝑛(𝛼 + 𝛽 − 1, 𝑝) and 𝑇: 𝑁𝐵𝑖𝑛(𝛼, 𝑝), a negative binomial 

distribution with parameters 𝛼 and 𝑝. Then 𝑃(𝑌 ≥ 𝛼) = 𝑃(𝑇 ≤ 𝛼 + 𝛽 − 1). 

Proof. Let 𝑛 = 𝛼 + 𝛽 − 1. Since 

  

𝑃(𝑌 ≥ 𝛼) = ∑
𝑛!

𝑘! (𝑛 − 𝑘)!
𝑝𝑘

𝑛

𝑘=𝛼

(1 − 𝑝)𝑛−𝑘, 

then 

𝑃(𝑌 = 𝑘) =
𝑛!

𝑘! (𝑛 − 𝑘)!
𝑝𝑘(1 − 𝑝)𝑛−𝑘 =

𝑛

𝑘
𝑃(𝑇 = 𝑛). 

So 𝑃(𝑇 = 𝑛) =
𝑘

𝑛
𝑃(𝑌 = 𝑘). Hence 

𝑘

𝑛
𝑃(𝑌 ≥ 𝛼) = ∑

𝑘

𝑛

𝑛!

𝑘! (𝑛 − 𝑘)!
𝑝𝑘(1 − 𝑝)𝑛−𝑘,

𝑛

𝑘=𝛼

= ∑
(𝑛 − 1)!

(𝑘 − 1)! (𝑛 − 𝑘)!
𝑝𝑘(1 − 𝑝)𝑛−𝑘

𝑛

𝑘=𝛼

, 

 

                     = ∑
(𝛼 + 𝛽 − 2)!

(𝑘 − 1)! (𝛼 + 𝛽 − 1 − 𝑘)!
𝑝𝑘(1 − 𝑝)𝛼+𝛽−1−𝑘

𝛼+𝛽−1

𝑘=𝛼

. 

 

Hence, 𝑃(𝑌 ≥ 𝛼) = 𝑃(𝑇 ≤ 𝑛). 
 

This result means that the binomial and the negative binomial sequences are 

inverse to each other, i.e., any event can be expresses in terms of the two 

sequences. 

 

The following theorem is a straightforward generalization of Theorem 1 and 

Theorem 2. 

 

Theorem 3. Let 𝑋: 𝐵𝑒𝑡𝑎(𝛼, 𝛽),   𝑌: 𝐵𝑖𝑛(𝛼 + 𝛽 − 1, 𝑝) and 𝑇: 𝑁𝐵𝑖𝑛(𝛼, 𝑝). Then 

𝑃(𝑋 < 𝑝) = 𝑃(𝑇 ≤ 𝛼 + 𝛽 − 1). 
 

Theorem 4. Let 𝑇 has a student random variable with 𝜈 degrees of freedom. If 

𝑋 =
1

2
+

𝑇

2√𝑣+𝑇2
, then 𝑋: 𝐵𝑒𝑡𝑎 (

𝜈

2
,

𝜈

2
) and 𝑃(𝑇 < 𝑡) = 𝐼𝑡 (

𝜈

2
,

𝜈

2
).  
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Theorem 5. Let 𝑇 has a student random variable with 𝜈 degrees of freedom. If 

𝑋 =
𝜈

𝑣+𝑇2, then 

 𝑋: 𝐵𝑒𝑡𝑎 (
𝜈

2
,

𝜈

2
) and 𝑃(𝑇 < 𝑡) = 𝐼𝑡 (

𝜈

2
,

𝜈

2
) and 𝐴 (

𝑎

𝜈
) = 1 − 𝐼 𝜈

𝜈+𝑎2
(

𝜈

2
,

1

2
), where      

𝐴 (
𝑎

𝜈
) = 𝑃(−𝑎 < 𝑇 < 𝑎).  the limiting values : 𝐴 (

0

𝜈
) = 0   and 

𝐴 (
∞

𝜈
) = 1    

 

Theorem 6. Let 𝑋: 𝐵𝑒𝑡𝑎(𝛼, 𝛽) and 𝐹 has a Fisher distribution with 𝜈1 and 𝜈2 

degrees of freedom. Then 𝑃(𝐹 ≤ 𝑓(𝑣1𝑣𝑣2)) = 𝐼 𝜈2
𝜈2+𝜈1𝑓

(
𝜈

2
,

𝜈

2
). 

 

Theorem 7. Let : 𝑈𝑖𝑛𝑓(0,1) , a uniform distribution, then 

 𝑈: 𝐵𝑒𝑡𝑎(1,1) and 𝑈2: 𝐵𝑒𝑡𝑎 (
1

2
, 1). 

 

Theorem 8. Let 𝐻 be a random variable distributed according to standard arcsin 

over the interval (0,1). Then 𝐻: 𝐵𝑒𝑡𝑎 (
1

2
,

1

2
), with cumulative distribution function  

𝐹(ℎ) =
2

𝜋
arcsin(√ℎ) =

1

𝜋
arcsin(2ℎ − 1) +

1

2
.  

 

3. Recurrence relation and main result 
 

From Theorem 3, we get can relate the cumulative distribution function of 

𝑋: 𝐵𝑒𝑡𝑎(𝛼, 𝛽) and the cumulative distribution function of 𝑇𝛼: 𝑁𝐵𝑖𝑛(𝛼, 𝑝) as 

follows 

𝑃(𝑋 ≤ 𝑝) = 𝑃(𝑇𝛼 ≤ 𝛼 + 𝛽 − 1). 
 

1. If 𝛼 = 1, then 𝑇1 has a geometric distribution with cumulative distribution 

function 

𝐹(𝑛) = 𝑃(𝑇1 ≤ 𝑛) = 1 − 𝑞𝑛 =   1 − 𝑞𝛽  = 𝐼𝑝(1, 𝛽),  where 𝑞 = 1 − 𝑝 and 𝑛 =

𝛼 + 𝛽 − 1. 

2. If 𝛼 = 2, then 

𝐹(𝑛) = 𝑃(𝑇2 ≤ 𝑛) = ∑
(𝑛 − 1)!

(𝑛 − 2)!
𝑝2(1 − 𝑝)𝑛−2,

𝑛

𝑖=2

 

      = 𝑝2(1 + 2𝑞 + 3𝑞2 + ⋯ + (𝑛 − 1)𝑞𝑛−2). 
 

Let 𝑄 = 𝑞 + 𝑞2 + ⋯ + 𝑞𝑛−1 =
𝑞−𝑞𝑛

1−𝑞
=

𝜕𝑄

𝜕𝑞
(1 + 2𝑞 + 3𝑞2 + ⋯ + (𝑛 − 1)𝑞𝑛−2) 

So 

𝐹(𝑛) =
𝑝2

(2 − 1)!

𝜕(2−1)𝑄

𝜕𝑞(2−1)
=

𝑝2

(2 − 1)!

𝜕(2−1)

𝜕𝑞(2−1)
(

𝑞 − 𝑞𝑛

1 − 𝑞
), 

                                =
𝑝2

(2−1)!

𝜕

𝜕𝑞
(∑ 𝑞𝑖𝑛−1

𝑖=1 ).= 𝐼𝑝(2, 𝛽),  
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3. Similarly, if 𝛼 = 3, then 

𝐹(𝑛) =
𝑝3

(3 − 1)!

𝜕(3−1)𝑄

𝜕𝑞(3−1)
=

𝑝3

(3 − 1)!

𝜕(3−1)

𝜕𝑞(3−1)
(

𝑞2 − 𝑞𝑛

1 − 𝑞
), 

=
𝑝3

(3 − 1)!

𝜕2

𝜕𝑞2
(∑ 𝑞𝑖

𝑛−1

𝑖=2

). 

 

4. For 𝛼 = 𝑟 ≤ 𝑛, we have that 

 

𝐹(𝑛) =
𝑝𝑟

(𝑟 − 1)!

𝜕(𝑟−1)𝑄

𝜕𝑞(𝑟−1)
=

𝑝𝑟

(𝑟 − 1)!

𝜕(𝑟−1)

𝜕𝑞(𝑟−1)
(

𝑞𝑟−1 − 𝑞𝑛

1 − 𝑞
), 

=
𝑝𝑟

(𝑟 − 1)!

𝜕(𝑟−1)

𝜕𝑞(𝑟−1)
( ∑ 𝑞𝑖

𝑛−1

𝑖=𝑟−1

) = 𝐼𝑝(𝑟, 𝛽) 

 

Now the incomplete beta can be evaluated via the following equation 

 

𝐼𝑝(𝛼, 𝛽) = 𝑃(𝑋 ≤ 𝑝) = 𝑃(𝑇𝛼 ≤ 𝛼 + 𝛽 − 1) = 𝐹(𝑛), 

=
𝑝𝛼

(𝛼 − 1)!

𝜕(𝛼−1)

𝜕𝑞(𝛼−1)
(

𝑞𝛼−1 − 𝑞𝑛

1 − 𝑞
), 

=
𝑝𝛼

(𝛼 − 1)!

𝜕(𝛼−1)

𝜕𝑞(𝛼−1)
( ∑ 𝑞𝑖

𝛼+𝛽−2

𝑖=𝑎−1

). 

Hence  

Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
∫ 𝑥𝛼−1(1 − 𝑥)𝛽−1𝑑𝑥

𝑝

0

=
𝑝𝛼

(𝛼 − 1)!

𝜕(𝛼−1)

𝜕𝑞(𝛼−1)
( ∑ 𝑞𝑖

𝛼+𝛽−2

𝑖=𝑎−1

)                        (2) 

 

So we can evaluate the probability 𝑃(𝑘 ≤ 𝑋 ≤ ℎ) via 

𝑃(𝑘 ≤ 𝑋 ≤ ℎ) = 𝐼ℎ(𝛼, 𝛽) − 𝐼𝑘(𝛼, 𝛽). 
 

 

In the next section, we give a numerical example to illustrate the formula (2).  

 

4. Numerical examples 
 

In this section we compute the 𝐼𝑝(𝛼, 𝛽) for different values of  𝛼 and 𝛽 of 𝑥 in 

the interval  [0, 1] 
Table 1. Values of 𝐼𝑝(𝛼, 𝛽) using differentiation formula 

 

𝑥 𝐼𝑥(2,2) 𝐼𝑥(1,3) 𝐼𝑥(2,5) 𝐼1−𝑥(5,2) 𝐼𝑥(8,10) 

0.0 0.000 0.000 0.000000 0.000000 0.00000000000 

0.1 0.028 0.271 0.111427 0.888573 0.00010564690 
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0.2 0.104 0.408 0.344640 0.655360 0.01093431523 

0.3 0.216 0.657 0.579825 0.420175 0.10464009580 

0.4 0.352 0.784 0.766720 0.233280 0.35949234290 

0.5 0.500 0.815 0.890625 0.062500 0.685470581100 

0.6 0.648 0.936 0.959040 0.040600 0.908100745800 

0.7 0.784 0.973 0.989065 0.007505 0.987307275300 

0.8 0.896 0.992 0.998640 0.001400 0.999506750300 

0.9 0.972 0.999 0.999945 0.000415 0.999999000200 

1.0 1.000 1.000 1.000000 1.000000 1.000000000000 

 

5. Conclusion  
 

The calculation of the beta cumulative distribution of parameters 𝛼 and 𝛽, where 

𝛼 and 𝛽 integer numbers, requires 𝛼 − 1 operations of integrations by parts. Such 

operations are difficult to be achieved by hand calculation. Our method has a great 

advantage in changing the integration by parts to a simple differentiation of a 

function related to the negative binomial cumulative distribution function. The 

differentiation is an easy process that saves time compared to the process of 

integration.  
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