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Abstract
We study the behaviour of the PDE solution if g tends to a positive

constant 4 > 0 when the two parameters 0 (homogenization parameter)

and e (the large deviations parameter) tend to zero with the same speed.
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Introduction

Consider the partial differential equation (PDE) given on R? by :

0
S (2) = Losu™(t2) + Lf (5,u0(t, )

u(0,7) = g(z),  xER
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where f is a l-periodic non-linear function such that :
o Vx eRY f(x,1)=0

e dJce( (]Rd X R,R) the set of bounded and continuous functions on
R? x R taking values in R such that : f(x,y) = c(z,y).y

with
o c(r,y) >0,Vr e RY y€[0,1)
o c(z,y) <0, Vz € RYy > 1UR"
e () =max _,c(z,y) >0

and
g e C (Rd,R+) the set of bounded and continuous functions on R¢ taking
values in [0 ; +o00 [ such that : sup,cps g(x) = g < 0.

Take Gy = {:U eRY: g(x) > O} , since ¢ is continuous one notes Go = Go.

Our purpose is to combine effects of homogenization and large deviation prin-
ciple regarding PDE parabolic case. This approach of combinatorial effects
started with P. Baldi’s work [1] which has been expended by Freidlin and
Sowers [8] in stochastic differential equations (SDE). Thereafter, Diédhiou
and Manga [4] proposed a survey of parabolic PDE in which homogeniza-
tion prevails on the large deviation principle along with the condition of non-
degeneracy. Recently Diédhiou [5], by a hypo-ellipticity condition of Hérman-
der, studies the case when the second order matrix of the operator L. is
degenerate.

In this work, we analyse the situation in which homogenization parameter and
large deviation parameter go at the same rate.

The difficulty on this case, is to give an explicit limit of the solution u®’(¢, z)
as in [4] or [5] . We give here the superior and inferior limits of €logu®°(t, x),
from which we can deduce the results given by [4].

Assumption and definition: Let (€2, F,P) be a probability space on which
a d-dimensional Brownian motion (Wl, cee Wd) is defined. Let [E the corre-
sponding expectation operator. We have already defined (.,.) as the standard
euclidean inner product on R? ; let || . || be the associated norm. Also let T¢

be the d-dimensional torus of size 1 and C* (E; F') be the space of absolute
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continuous mapping from E to F; let || . ||ce(g,r) be the associated supremum

norm. Also we define P (Td) as the collection of all probability measure on T¢

The paper is organized as follow, in the first section we give some results of

the LDP and in the second section we study the convergence of the solution
€,0
u®’.

Consider the Markov diffusion process X}’ <0 ¢ Rd governed by the operator :

d d

b= N0 () o 27 ()o@

ij=1

Where () is the symbol of transposition. The trajectories of this process can
be constructed with the help of the SDE:

z,e,8 z,e,8
AX"0 = XN aw, + B () g
W’( ) o ( ; 3)

6,0
Xy =

where o : R? — R%? and B*? : RY — R? are regular applications and

1-periodic in each coordinate of the argument.

The vector-valued function B*?° is given by : B® = = 5By + Bi.
By, By are C* (Rd,Rd) Ve, 6 >0 .

Since the two parameters ¢ (homogenization) and ¢ (large deviation) tend

to zero, we consider a new defined parameter J. = 6. We suppose that
lim— =+, where v > 0 a constant . So, the homogenization parameter and

el0 €
the large deviation parameter go at the same rate.

Define X;°% by : X% = Lx%

()
Then
{ AXP = o (XP97) Wy + 2520 (X7°0) at ”
- X,E,0 T

where W O — \/WE 55>2 is a Brownian motion.
¢
v

Let us consider the process {f(f O > 0} T9-valued which generator is de-
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fined by :
d

T _l * 565
La,&: - 9 Z (UU ) ( )axlaxj ZB axl (5)

1,j=1

The process {Xf O g > 0} T9-valued has a unique invariant measure m;, and
we have mS = m., when € — 0.

We suppose that the matrix a = oo™ is strongly elliptic, the generator Ee,(ge
converges to the operator

d d
1 o2 : i
Lv:§ Z (a);; (w)m‘*‘zBo( +WZB 83:1
ij=1 i=1
.

1 Large deviation principle

Let us define, for each T >0 and z € R¢,

ng(G)—slogJE[exp< <9 Xx55>)] £>0, 0 eR?

Also define the X% the pullback on T? of +X Z’;‘S)Ez under the natural projection
€ VE t
Se

on R? to T¢ as the solution of the T¢valued stochastic differential equation

d
Xa;ea Z (Xtaz,e,ée) Ode _i_&gé (th,a,és) dt
o (7)
Xg’s’é =x/s.
If we set
NAL

650 (6) =(x,0) + ¢ log {eXp ((5)2/0() t<Bs,(sE (x2e:) ,9>d3)

2 (8)
5 (f)tzd:< (A 5) > k
X exp —E/ o ( X35 ),0)dW;
£ J0 k=1
We know that (see Freidlin and Sowers [8])
lim g 72 (0) = (@.0) +t72(0) = gu.0(0),
where
14
Ja(0) = inf / - o — O z),0
(0) = (0EC™(T)} (uep(ray) <221 . OG0 9)

(Bi(), Vo(2)) + % ((Bo,0) — L0¢(Z))> u(dz)
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Then by the theorem of Dembo A. et al.[3], the random variables { X% ¢ >

0}, satisty a large deviation principle with rate function I7, defined by

Ir.(2) = sup{{0, 2) — gr..(0)}, z € R%

fcRd

Thereafter let us define C as :

= [ eteym, (az)

Ql

From Varadhan [3] we have

Theorem 1.1. Let ¢ be an element of C* (’]I‘d), m.,  be the invariant
measure of L, and D a Borel subset of C ([0,t],R?). Define for z € T* :

'—12 in o(z 2)|1?m. (dz
a)=T nt A [ IoCvem @)} (10)

B(Y) =L inf  sup {Tdua(z)v¢(z)|y2u(dz>}. (11)

2
2 peC™ ('ﬂ‘d) pEP(T)

Then

t x,e,0¢ _
lir%%nfglogE {HD (x2e%) exp {l/ c (Xs ) dsH > tC — inf S§,(¢) + ta(y)
3 0 o 4

o€ED

™

limsupe log B [HD (x75) exp {3 / . (X ) dSH < (T — inf S2,(6) + tB(y)
el0 €Jo ¢eD

Proof.

Without loss of generality we assume that C' = 0.

Since 6. tends much more quickly to zero than e, then the homogenization
dominates. So we will treat € as fixed for the homogenization and afterwards
consider large deviations for the homogenized equation.

We will mainly use the fact that the mappings o, C, B; are smooth and peri-
odic with period one in each direction, therefore there are bounded and their
differentials in the d— dimensional torus T¢, which is compact hence bounded

in R?. There exist constants such that

ko < C(x) < ky, K, < (VC,By)(x) < K.
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Let €' be the solution of the Poisson equation L.,C' = —C. And let us set
Yf’e’ae = éth’e’ée, we have
66 2 A —a:,e,ﬁ A, XL 56 ¢ A :U €, (5
(5) (e - C“aﬁ (=) [ (ve By s

5 x €,0¢ ¢ —,€,0¢

— (UVC( ), dWs) — | C(X, )ds,

v 0

So we have
1 ¢ X§’€756 55 2 1 A ~5TE,0e AL
E[up() e > [ cas)] = [ ew{ - (R -c5)
1 66 x €,0¢
2%y (96, BT
€ € 0
56 t :1: ,€,0¢
+ 2 [ (ovOET™, dW)}dIP’
€2 Jo
Let us set A(s) = o VC(X.© o °). By some estimations and using the Girsanov
Oc\ 9/ 2 ~Fa,60c f, T
PO ™) - C(5)

formula, we have
X:Jc ,€,0¢
)ds}] = / exp{ — (=
D €
62

E[HD(X)GXP{%/O C( 5.
1 9. )/(VC B)(X “(S)ds—l—l—e/ || Ag||"ds ¢ dP xa,e.5.
e+ (2 )Zﬁy} X Pyeres (D)

e

e 1,0

)+K2( -
52

5
) /HA ) |12 ds).

S exp {Kl(

where
AP .5, 5. [*
gy :exp{—3/<A(S) _
€2 0

dPXz,e,Ee
Since X*<% ig solution of the SDE
X T:6 O

:Ee6
/fE ds—l—\/_/
66)d8, fe = Be,55+%0.

Sy

- (6VC). The rate

2:655 _

R -
where W, = —
t 3 fo

function under P is Sot
Xx ,€,0¢

)ds | <~ inf Su(e) +18(7).
peD

[HD(X)eXp{%/OC( 3

Then

limelogE
61{516 og
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For the other inequality we can notice that

1 t XS-T7€755 56 9 26,5 N
E[p(X) exp { - / C(=5—)ds}| = /D exp{ ~ (2P (CELD - (1))
1 56 ¢ A ——,€,0¢ 55 ¢ A ~5T,€,0¢
+ (% =) [ (VOB s + 5 | (VORI aw,) b
€ € 0 €2 Jo
) 1,9 1,6 ¢ -~
> TEN2 gt S(oe / T (2€N2 2
> e {(C9H1 + 1(E =ity x [ e {55507 [ 114G I as}ap
e 1.0, aly) V=
> N2 gt —(2e !
> exp { (VK + (7 = Egt + =7 HB(D)

And we end the proof by showing that the limit of

elogE[HD(X) exp {% /Ot C(X;;’:’ée )ds}]

is greater than — min So(¢) + a(7y)t. O
peD

2 Convergence of 1

In order to analyse the behaviour of u*% use the representative of Feynman-kac

t Xz,e,(sg
;/ c< > ,Y;C’E"*S)ds
us%(t,z) =E |g (Xf’s"s‘g) e Jo % (12)

Where Y %49 is the progressive measurable solution associated of the BSDE

introduced by Pardoux and Peng [9] :
t

t
, ’5 x,e,0,
Y, 9% = g (xp=%e) + %/ f (XT(SE S,Yﬁ”’f’%) dr — —\}g 7% aw,
S S

t
E{/ |Zf’5’65|2dr} < o
s

Since Y% = uf(t,z) and 0 < Y% < 1. Let’s introduce

0<s<t

v¥% (t, ) = clogu®® (t, z),

as in Pradeilles [10], we observe that v*% (¢, ) is a viscosity solution of :

W 3) = Lo s(t0) + & e (2
xr) = L.sv et x = cl —,uc(t,x
ot 7 e 5.

(13)

5 ‘Vv“sg (t,x)o (i)

v (0,2) = elog(g(x)), z € Go
lim v®%(t,x) = —o0, r € RA\G

t—0
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Remark 2.1. If ligl elogu®’(t,z) < 0, then for e small enough, there exists
[
constant C' > 0 such that u“(¢,z) < e~ <, and since u*(t, z) = YEoe,

We have Y{%% > E(g(X""), and then

lim clogP(XE" € Gy) < 0.

Definition 2.2. A functional 7 : C([0,¢],R?) — [0,1] is a stopping time if for
all o, ¢ € C([0,],R?) and s € [0,t], ¢, = @, for all r € [0,s] and 7(p) < s

imply 7(p) = 7().
Let us set ¥; the set of stopping times, and O, the set elements of ¥; such that
there exists O such that for all

Y E C([O,oo[, Rd>; 7(p) = inf {s <t:(t—s,p5) € C([0,00], Rd)},

with the convention inf () = ¢.

7 is hence a well defined element of ¥;, and O is an open set associated.
71 [0, 00[xC([0, 0o[, RY) — [0, +o0]

is an element of Y(resp. ©) if and only if, for all t > 0, = 7(¢,.) € %4
(resp.©y) where 7(t,¢) = ()

Let us set £ = {(t,x) € Rt x R % elogu(t,r) < O}.
Proposition 2.3. We have lim u®’(t,2) = 0, uniformly in all compact set K

el0
of £.

Proof: We know lim elogu®’(t,z) is continuous, since u“°(t, z) is contin-
€l0

uous. Let K be a compact set of £ by the remark above, there exists C' > 0,
such that for all V(t,z) € K,

lim elogu™(t,2) < —C.
el0
Hence, there exists ex such that
Y0 < e <ex, Y(t,z) € K, u(t,z) < e <.

Let us set

Vi(t,x) = inf sup {(5—1— Oé(’}/))’i' — Sor(9), o=z, ¢ € Gy, @ € C([O,t])},

TEO: ®
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Va(t,x) = inf Sup{(5+6(7))7 — Sor(), o=z, € Go, p € C([U,t])}-

TEO, ©

We can see that
Vilt, z) < Va(t,z) < 0.

Proposition 2.4. We have

Vi(t,) < limelogu®(t, 7) < limelogu™(t,) < V(t, 7).
€l0 €

Proof: We have,
1 [t X,
Yvoe,zs,z — E[y;e,&,x exp(— / C«(77 Y*re,&,x)dr):|
€ Jo

1 [t X
BV en(; [ O )
€ Jo

€,0

1 t XE,(S
< (1vg)E[H{T<t}U{Xf’5€G0,T=t} eXp(E/O C( (; )dr)]

(14)
using the theorem (1.1), we get

@elog u(t, ) < igg {(C+B(7))T—inf Sor (¥), 0o = z, 1 € Go, p € C([0,1])}.
€ TED ®

For the other inequality, we set

(@) = inf{0 < s < ¢ lm At —5,0.) > —a}.a >0,
4 €l0

then we have 7(¢) < t. Let choose ¢ such that

(C + B(V))T - lgf SOT(@) > ‘/l(ta 1:) - .

Let 8 €]0,t — 7(p)[ such that for all s € [7(0), () + O],

5 3
__a S ].i_mue»rvé(tjx> S __O{‘
el0 4

T is supper semi-continuous, then there exists n > 0 such that

1Y —olls = sur)] [V — sl <np=71(¢) < 7(p) + 5.

s€[0,¢

B 1 t XT 1 t X6,5
< (1 \ Q)E[H{r<t} eXp(E ; C( S )dr)] +E[H{X§v‘sggo}ﬂ{’r:t} eXp(g ; C(

r

J

)dr)]
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Let us set u*(¢, ) = limu“®?(t, z). Choosing n > 0 such that

[t —@llg <n=Vse€[0,7(p) + ], [u*(t —s,1) —u*(t —s,95)| < %,

we have

1 [T+8  x
€,7,0 €,1,0 r €,0,T
Yo = ]E[YT(@JF,B eXP(E/ C(Tayr ) dr)]
0

€,2,0 1 T(e)+h XT €,0,T

=BG el exp(C [ OS5 i)
cnd 1 T(p)+B XT‘ 5 (15)
+ BV o sl x—ellsn) eXp(;/O O Y, dr)]

€,1,0 1 Te)+h XT €0,
> B[V sl ix—ella<m eXP(E/O Ol ¥o%)dr)]

Let us choose v > 0, for € > 0 small enough the proposition (2.4)holds, and

using the fact that the function C' is continuous, we get

€,1,0 €,1,0 1 T(e)+h Xr
Yo" 2 E|Y (s pllatix—ella<n exp(- C(=5)dr — 2a =)
0

so, we deduce that
w(t,x) > sgp{(éw(v))(f(so)%)—SoTw)ww), =2, [[X—¢lls <n}—2a,
hence

Va, 8 >0, u*(t,z) > (6+a(v))(7(gp)+ﬁ)—igf Sor(oy+5 (W) —2a > Vi (t, 2) —3a,

and then u*(¢,z) > Vi(t, x).

Remark 2.5. We have

limu®’(t, ) =1,
el0

in all compact subset of the set {(¢,z) € [0, +oo[xR%: Vi(t,z) = 0}, and

li €,0 —
im v (t,z) =0,

in all compact subset of the set {(t,z) € [0, +oo[xR?: Vy(t,z) < 0}.
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