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Abstract

The computation problem of elastic structures stability is one of main problems
of solid mechanics. Traditional methods of stability calculation are based on
applying the theory of two-dimensional shell structures, in general, the classical
Kirchhoff-Love theory. The developed methods for solving three-dimensional
problems of the stability theory allow us to expand the frames of solved stability
problems and to increase the accuracy of obtained solutions. The purpose of the
paper is to derive generalized three-dimensional equations of the stability theory
of nonlinearly elastic bodies with finite deformations for a wide class of nonlinear
elastic models. For this, the method of a varied configuration and the universal
method of representation of nonlinearly elastic continua models on the base of
energetic couples of stress and strain tensors were applied. It is shown that for two
of the tensor couples the stability theory relations give an explicit analytical
expression without calculation of eigenvalues of the stretch tensor.

Keywords: three-dimensional theory of elastic stability, energetic stress and
strain tensors, finite elastic deformations

Equations of the shell stability theory with small deformations for different
cases are usually derived with the help of a number of hypotheses and assumpt-
ions [1, 2, 6, 7], because the stability equations even for continua with small
deformations follow from general nonlinear equations of the elasticity theory with
finite deformations, which are complicated enough in the general statement and
not definitive. Due to development of powerful computers using finite-element
methods, there appears an interest in three-dimensional problems of the stability
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theory. To derive generalized three-dimensional equations of the theory for
nonlinear-elastic solids with finite deformations, we apply the advanced method
of a varied configuration and the universal method of representation of solid
models on the base of energetic couples of stress and strain tensors [3, 4].

The varied configuration

Let us consider the general case of finite deformations of elastic solids [3-5].
Together with actual configuration K of a solid continuum at time t, we

~

introduce one more actual configuration K, which is called varied and differs

from the true configuration K by a small displacement. The configuration K is
used for search of possible not unique solution, the existence of which means that

~

there appears an instability of the body. Radius-vector x ofa point M in K is
connected with x of the same point in K by X= X +0X, where Ox is the radius-
vector variation determined in the following way. Let f (&) be a smooth scalar
function defined within interval 0<¢& <&, then in a small neighborhood of point
&£=0, this function can be considered as the Ilinear dependence:

f(&=10)+<& fé (0), where f§ 0)= %(0) = ?Bgf(f)%f(()) is the derivative

of the function in zero. With use of this representation, let us consider the radius-

vector X as a function not only of Lagrangian coordinates X' of the material
point and time t, but also of the additional parameter & (fictitious time), and this

function is assumed to be linear: X = x(X'1,&8) =x(X',t,0)+ Ew(X ', 1),
x(X',£,0)=x(X",t), w=(d/d&x(X',1,&)

variation Ox as a linear function of &£: 0x =&w. The body location in the actual

£ - Hence, we find the radius-vector

configuration K is assumed to be known (i.e. x is known), then the stability the-

ory problem consists in finding the varied configuration K ,1.e. w (or ox).
Kinematics of a varied configuration

On differentiating the relations with respect to X', we obtain the local basis

vectors in configuration K:

~ OX 0Ox oW ow

== —=r+{——=r.-(E+&{VOW). 1
Ti 8X| 8X| §8X| 1 §OX| I ( év ) ()

For I, at point & =0, we can also use the linear representation F, =r, +&r;;, T,

d

=——r
e

reciprocal basis vectors r' have the form r '=r' —&r' -V ® w'. The expression

<

-0 -On comparing these relations with (1), we get 1, =r,-V®w. The

S
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for the vectors in the neighborhood of point & =0 has the form

£=0 - (2

Comparing these formulae, we obtain the expression r; =-r -VQw". These

relations allow us to represent variations of local basis vectors dr, and or' in
terms of gradient VOW: ri=r, +4r, F'=r'+0Jr', or=¢&r., or' =&r.. All

formulae for variations of stress and strain tensors have the similar form.
Therefore, for finding these variations it is sufficient to find only derivatives with
respect to &, which are called convective derivatives, because they determine the

change of values at point M at passage from configuration K into K.

Convective derivative of the strain gradient

~

The strain gradient F in configur-ation K is defined similarly to the strain

A~ 0. 0.
gradient in K: F=r, ®r', where r' are local vectors of the reciprocal basis in
the reference configuration. With account of (2) we then obtain its linear

representation in the neighborhood of point £ =0:

~ 0 0. 0
F=r,®r'+{&VoOw' -r,®r '=F+{VOw'-F, F.=—F|._ =VOw'. (3)

A1 ~ ~—1

0 i
The inverse gradient F in K is determined by the formula: F =ri®r =

d ~—1

=F'-F'.vow', F :£F =—F'-V®w". The derivative of smooth

o ==

scalar functions CDI(IAT) and CDZ(IAT) with respect to & has the form

oD ; ~ ~
q)l(F)f :6_§‘§=0 “Fﬁ ’ (q)lq)z)g = q)lgq)z‘&o +®1‘§=0 q)zg = (Dufq)z +®1q)2.§ -4

0 0 0
In particular, choosing ®, =4/g /g, where g =det(g;),g =det(g;) are determin-

0 0 0
ants of metric matrices: ¢; =ri-rj, g; =ri-rj, with account of the continuity
0 A~ ~
equation in Lagrangian description [4] (4/9/ g =detF ) and F‘ -0 = F, we obtain

0

F'-V®w=14/0/gV-w. (5

0 0 0 ~ i
( g/g).»;:a_ﬁ( g/g).»;:o"Fg:(detF);:oF 1 &=0 "
Formulae (4) and (5) allow us to determine the convective derivative without use

of the varied configuration K , but immediately by formal rules of differentiation
of tensors with respect to the fictitious time chosen as parameter & [4].
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Convective derivatives of eigenvectors and eigenvalues of the
stretch tensors

0
Let us determine convective derivatives 4,.,p,.,p,, of eigenvalues 4, and eig-

envectors of the right stretch tensor U=F"-F, and derivatives U, and O,. We

3 0 0
use the properties of eigenvalues and eigenvectors [3]: U= Z A,p,9p,,
a=1
3 0 0 0 0 0 0
Uz:zﬁjpa(@pa’ pa.pﬂzéaﬂ’ Uz.pa:ljpa’ Uz:FT'F' (6)
a=l1
Differentiation of the fourth formula in (6) with respect to & gives Ué =

=2F" -g(w)-F. Differentiating the second formula in (6) with respect to & and

0 0 0 0
assuming S =« there, we find p,-p,. =0, i.e. vectors p,, and p,. are orthog-

onal. Differentiating the third formula in (6) with respect to &, we have
0 0 0 0
Ué.pa+U2'pa§:ﬂ’ozz.ﬁpa_k/lozzpa‘f' (7)

0 0 0 0 0
On multiplying this equation by p,, we obtain p,-U;-p,+p,-U’-p,. =

0 0 0 0
=/”t§§ p,p,+A P, P, - With account of (6) the second summands at the right

0 0
and left sides of the equation vanish, thus 4;. =p,-U; -p, . Hence, with account
0 0
of (4) we find 4, =(1/4,)p, F -&w)-F-p,.Using the polar decomposition

0 0 0
F=0-U and p, =0-p, [4], we get F-p, =0-U-p, =4,p,. Then we find the

final formulae for the convective derivatives of eigenvalues: 4,. =4,p, -&(W)-p,
0
and ﬂé =24’p, -&(w)-p, . Multiplying the relation (7) by p X

0 , 0 0 , 0 , 00 ,0 0
pﬁ.Uf .pa+pﬂ'U 'paé :/1015 pﬂ'pa+/1a pﬂ'paga a;tﬁ, (8)
0 0 0 0
we obtain (all 4, are assumed to be different):p,-p,,. =pﬂ~U§-pa/(/102{—/”t§),

0 0
a # . Resolving the vectors p,,. for basis p,, we have

0 0

0 3.0 0 0 3 pﬂ.Ué.pao

Poc =, (P PPy = D, P ©9)
= aippl Ao =g

The final formula for the derivatives of eigenvectors has the form

0 3 p g(w)p 0
_ B a
Pu=2 D, Ay Py
a#p,p=1 o B

(10)
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3
Using the resolution of tensor V for the eigenbasis: V2=z/ijpa®pa,

a=1
V*-p,=4,p,, we obtain p,-V:-p,+p,-V>-p,.=p, V:-p,+p; -V’ p, =
=A2p 4Pz, being the analog of formula (8). Hence, we have

_p,Vlep, 2 p,-g(W)p,

P;P.:= ., P. Z(pa PPy =2 ), L—""p,. (11
e & ij 22 & & BB oy ﬂz_/lz B

Using formulae for 4,,, Pa.»; and p,., we find convective derivatives of stretch

tensors Ug and Vg to the nth power, and the derivative of the rotation tensor O,

with differentiating the formulae of resolution of the tensors for the eigenbasiS'
3.0

3
=Z(M” ‘2 ;pa®pa+/1“(pa§®pa+pa®pa¢)) D> U, & pﬂ)pa®pﬁ,
a,p=1
(n (n)

\A Z (Vaﬁ(pa eW)-p,)+V (P, EW) PP, ®p,, V=45, (12)
a,p=1

3 0 ~ 1—5aﬂ

Of :zoaﬁpa .pﬂﬂ Oaﬁ :2(2’a2’ﬂ(pa .a.pﬂ)_'_pﬂ .a'pa)m

— » 7

W 21-5,) ™ 2(1-68,,)4,4,

ap= ﬂ 2 ;LﬂZ (/1; _/10]:)’ Uaﬂ - ﬂo‘jné‘aﬂ /1&2 _ﬂﬂz (/1,; _/1;)-

Convective derivatives of energetic and quasienergetic strain
tensors

Using formulae (12) and generalized representations [4] for energetic and
(n (n)
quasienergetic strain tensors C and A, we find the expressions for their

convective derivatives
(n (m (m 1 (n)

C:="U--g(w), Ag_ﬁvé V £(W)+* V--g(w), (13)
4(Un) ! i%m)o ®p,®p. ® 4(\nf) ! i (nV_“” ®p,®p, ®
“nom s, P PrEPe B VT & Ve P TR TR

The stress tensors in the varied configuration

Consider models A, of a nonlinear, in general, anisotropic continuum, which are

m
determined by constitutive relations [4]:T=) @ 1%, ¢ =0wdl?,
=1

(n) (n)
I;Z) = GI;S)/(? C, I(;) = vas)(C). Then with account of (5) we have
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(n) (n) (n) (n) (n)
T§ :4H(S)"C :4H(S)“4 U"S(W)

(n) r 52 0 I(s)
4y O (s) (s)
H Z aI(S)aI(S) VC + z q)y n (" (14)
e 1 aCacC

To calculate the derivatives T, and P, of the Cauchy and Piola-Kirchhoff stress

(n)
tensors we use the relations between tensors T and T, P [4]:

4 m) (n) 4 (n) 0 (n) 4(n) (n)
T="E--T, P="E T, E = z aﬂpa®p/}®pﬂ®pa’
a,p=1

) O 4 (ﬂ) (n) [ 0 (n)
a,p=1
Ao
Components of energetic equivalence tensors *E and 3 E depend only on A,
and A, [4]. Differentiating the formulae (12) with respect to &, we get

4(n) (n) (n) (n) 4(n) (n) (n) (n)
T,='E¢ T+ E-T,, P.="E%-T+E" T, (16)

Formulation of the stability problem for a nonlinear-elastic body

0
Let us write the equilibrium equation in reference configuration K:
0 0
V-P+ pf =0,where f is specific mass forces. Differentiate the equation with

0
respect to &: V-P.=0. Variations of the specific mass forces’ vector f, and

also of external surface forces’ vector S° and given displacements’ vector u®, are
assumed to be zero. Then we obtain the following equation in terms of the
variations’ vector w :

0 (n) (n) 4(n) 4(n) 6(n) oT (n -
JCRT-T+H®-*U)--g(w)+*R7--T--g(w) |=0, (17)

(n)

where 6ROT are the transpose sixth-order tensors: °R *"=(° ROT )(123634)

Linear
strain tensors &(w) and s(w) in the reference configuration basis have the form
1 0 0 ~ 1 0 0
g(w) :E(F‘“ VOW+VOW -F'), &w) :E(F-V®W+V®WT -F"). (18)
For the considered elastic body, boundary conditions are assumed to be given as

0 0
the force vector S at surface part £, and the displacements’ vector u® at part Xy :
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0
nP, =S° u

pra

, =u°. Differentiating equations (15) and using expression (1)
%

. ) A A 0 0

for variation of the displacements’ vector u =x—x=x+<&w—-x=u+<&w and

A~

u » =0. Substituting formulae (16) into these

Zy

, =0, w
I

0
, =u’, wegetnP
equations, we can write the boundary conditions in the form
o[ (m

(n) () (n) (n) n .
n-( ‘RT..T+H®.* U)--s(w)+6R°T~-T~-£(w)j

=0, w

0 , =0. (19)
2o Zu

The equations’ system (17), (19) is the desired stability problem statement for a
nonlinear-elastic body. This problem is linear with respect to the unknown

functions’ vector w, includes derivatives of the second order and is uniform, i.e.
9 9

admits the trivial solution W=0_ Solutions of the stability problem are just
nontrivial solutions: w=0 . The trivial solution corresponds to a stable equilibrium

of the body, and nontrivial — to the nonstable one.

The stability problem statement (17), (19) is concerned to the class of
problems on eigenvalues. Together with the problem (17), (19), let us consider the
initial problem on body equilibrium in K in Lagrangian description:

V.P=0, P=*E"-T (Tn):Zr:(p I‘S)((Cn)) c-—1_ (UM —E)
’ ’ ey TR n—III ’
0

. =uu’, (20)

Zu

0 0
U’=F"-F, F=E+VQ®u', nP|, =uS°, u

P

Here we introduced the scalar parameter x# being a multiplier at vectors of ext-

ernal surface forces S° and displacements u®. Let us assume that a solution of the
problem for the displacement vector u is found for values of x from a certain

(n)
interval (4, 1, ), then functions wu(x) and T(x) may be considered. Substitute

Q)
the stress tensor T(x) into the stability problem (17), (19) and include the

parameter 4 into the number of unknowns of the problem together with w . Then
the problem (17), (19) is formulated as follows: one should find such values of x,

that equation system (17), (19) has the trivial solution w. So it is the problem on

eigenvalues. This problem is solved together with the main problem (20) of the
(n)
nonlinear elasticity theory, because equations (17), (19) contain tensor T(u),

which is a solution of the problem (20).

Stability equations for models A and A,

\Y
Formulae (15) have the simplest form for model A,: T=F-T-F",

0V
P =4/9/g T-F". On differentiating these equations with respect to & and taking
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(3) and (14) into account, the problem (17), (19) for A, of a nonlinear-elastic solid
takes the form

0 \% 0 vV 0 0 \%
V-[(“H ©..g) FF+T-VOw+(F"" --V®w)T-FT}:O

0 1 0 0
8=§(V®W-F+FT -VeOw")

0
n . =0. (21)

u

\Y 0 vV 0 0 \
(4H(S)--a)-FT+T-V®w+(F'”--V®w)T-FT}O =0, w

pra

0

| |
For A, formulae (15) give T=F""-T-F"', P=4/g/gU” -T-F'. Differentiat-
ing these equations with respect to &, we get

| | |
T.=F" - T:+:F'-V®w-F"-T.F'-F"-T.F'.Vow, (22)

0 | | | |
P, =g/g(U> - Ts-F ' —2F " -¢-F" . T.F' ~U?-T-F'-V®W +(V-w)U?-T-F )

Then system (17), (19) for model A of a nonlinear-elastic solid takes the form
0 | 0 0 1 | 0 0 |
V- (‘H®--8§)-F' -2 TF'-U”-T-U>.VOW +(F"--VRwW)U”-T-F ') =0
0 0 0
g(w)= é(U2 VOW-F'"+F"'.vew" -U?), w|, =0, (23)

u
0 | 0 0 1 | 0 0 |
n(CH®--&).F'-28T-F'-U” - T-U”-VOW +(F"--V®wW)U-T-F "), =0
Za
| \%

Stress tensors Tand T in problems (21), (23) are determined by solving the
problem on a basic state equilibrium (22). For other models (A,, A, ) there is a

need to use the general equations (17), (19). Comparing the derived equation
systems (21), (23), and the general system (17), (19) for different values n, we get
that the linearized systems of stability theory equations prove different for
different models of the nonlinear-elastic behavior of a solid. Thus, ultimate
external loads leading to the loss of solids’ stability will be different as well.

Conclusions

The generalized three-dimensional stability theory of nonlinear-elastic solids is
suggested for the case of arbitrary finite deformations, which is based on the
concept of a varied configuration of nonlinear-elastic solids and with use of the
generalized models of nonlinear-elastic solids developed by the author with the
help of five energetic couples of stress-strain tensors. The final equations of the
three-dimensional stability theory prove to be different for different models of
nonlinear-elastic solids. The explicit analytical equations of the stability theory
are found for two types of the models including the right Almansi and Cauchy-
Green strain tensors, when there is no need to calculate eigenvalues of the stretch
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tensor. The derived equations of the three-dimensional stability theory have the
universal character, i.e. they may be applied to calculations of stability of
complicated nonlinear-elastic solids in frames of three-dimensional analysis of a
stress-strain state as well as solids with small elastic deformations, and also for
calculating in frames of two-dimensional shell structures.
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