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Abstract

In the present paper, we study the formal first integrals of the well-known Lorenz
system. First, for the simple condition of s=0 we consider the form of the first
integral. Furthermore, when s=0 and b is not a negative rational number, the
Lorenz system dose not have any nontrivial formal first integral in a neighborhood
of the origin.
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1 Introduction

The well-known Lorenz system is given by:
X, =S(X, —X;),
X, =Xy = X = X Xs, 1)
Xy = —bX; + XX,

where x;, X,, X;are real variables and s,r,bare real parameters. In this work, we

will use a new method to prove the necessary condition of existing formal first
integral of this system given by Jaume Llibre, see [4].
Consider the following autonomous different system

7= 1(2), z=(z;,-+,z,) eC" (2)
where f (z) = (f,(z),---, f,(z)) is a vector-valued function of dimensionn .
Definition 1. A single-valued function ®(z) is called a first integral of the
system (2) if it is constant along any solution curve of the system (2). If ®(z) is
differentiable, it can be written as the condition
oD 1 0D
<5 f(2) >:Z(3 f.(z)=0-

i=1 i

If ®(z) isaformal series in z, it is called a formal first integral of the system
(2).

The following result due to Poincaré [5] presented a simple and easily
verifiable criterion of nonexistence of formal first integrals for the system (2) .
Theorem 1. Assume that f(z) is analytic and f(0)=0. Let A be the Jacobi

matrix of the vector field f(z) at z=0. If A is diagonalizable and its
eigenvalues A,,---,4, do not satisfy any resonant equality of the following type

D ki4;=0, kjeZ*, Dk =1 3)
j=1 j=1

Then the system (2) does not have any nontrivial formal first integral.

Generally, if the system (2) has a sufficiently rich set of first integrals such that
its solutions can be expressed by these integrals, it is said to be completely
integrable. If the system (2) does not admit any nontrivial first integrals, it is
completely nonintegrable. Along the idea of Poincaré, a lot of works have been
expanded, see [1, 2, 3, 4, 6].

2 Main Results
2.1thecaseof s=0

In particular, if s = 0, the Lorenz system must satisfy the resonant equality (3),
then Theorem 1 is invalid. There are many works considering the cases that the
systems are simply resonant, see [2, 3]. Here, we will consider the form of the
first integrals for the system (1) under this simple resonance condition.
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Theorem 2. Assume that s=0 and b is not a negative rational number. If
Y =Y(x,X,,X;) Iisa formal first integral of the Lorenz system (1), it is a formal

power series with respect to the variables X .

Proof We rewrite the system as
Y, = 0,
Yo ==Y, = Y1Ys, (4)
Vs =-by; + iy, +1y;.

Let &= ZGJk(yZ, y,)yy be a formal first integral of the system (4). By

k>0

comparing the coefficients of the variable ylk :
<a®k(y21}/3) K oD, (Y5, Ys) «

&, Yi—Y, >+< Ts yr —by; >=0,

we have®, (y,,y;)=C forall k>0, i.e. the formal first integral of the system
(4) is just dependent on the variabley,. We also obtain that the formal first
integral ¥ is just dependent on the variable x; .

2.2thecaseof s=#0
Since s is a parameter of the system, we treat the system (1) as the following
system with respect to four variables X, X,,X,,S:
X = S(Xz - Xl)v
):(2 =X =X, = X X, (5)
X3 =—0X; + X, X,,
$§=0.
Theorem 3. Suppose that s=0and b is not a negative rational number. If the
system (5) has a formal first integral ¥, then it must be only dependent ons.

Proof Transform the system (5) into
u=Au+ f(u,v),
v, = rV12 — UV, (6)
v, =0,
where u=(u.u,), v=(v,v,), A=diag(-L-b), f=(f,f,) and
f,(u,v)=(r-vyv, —uyv,,
{ f,(u,v) =r(r-1vv, —ruyv, + u,v,.
Let v, =ew,, V, =sw,, Where & is a positive constant and o = (@,,®,), then
the system (6) becomes
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U= Au+ f(uem),
o, = ro) —U,m,, (7)
@, =0.
So, we can write the formal first integral of the system (7) as
© =gtk Zakl,kz (Vo o',

ky kp >0
and it satisfies the following equation

- 00U, sw,, em,) AU+ T (U g0, 60,) > + < 00U, s, sw,)
ou ow,

L&} — U W, >

e 00 (X, sy, sw,) 0>=0.
ow,
Similarly to the proof of Theorem 2, we compare the coefficients of the
variables™, m=0,1,---. By equating the coefficients of the variable ™,

<6ma®<;:(w daf > 1< aqzl(w il >+ <k e" Dk, (U@ @l U, >=0,

we get
Dy, x, (u)=C,
for all k,k,>0 and k; +k, =m, where if k, >0, then C=0, i.e. the formal
first integrals of the system (7) are just dependent on the variable w,. Also, we
obtain that the formal first integral ¥ is just dependent on the variable s.
From Theorem 3 we get the following result for the Lorenz system (1).

Corollary 1. Suppose thats = 0andb is not a negative rational. Then the Lorenz
system (1) has no formal first integral in a neighborhood of the origin.
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