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Abstract

In this paper, we study nonwandering set and recurrent set for the
non-autonomous discrete dynamical system given by a sequence { f, }22,
of homeomorphisms on a compact metric space.
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1 Introduction

Nonautonomous discrete dynamical systems induced by sequence {f,}>,
of continuous self-maps on a compact metric space have been studied in detail
e.g. [2, 4]. In various problems, including applied ones, we often work with
a sequence of maps instead of a single map. For example, if we take com-
putational experiment or we study random dynamical system then the map
used at a given time is chosen from a given set. In the study of dynamics of
a map f from a compact metric space X to itself, central role is played by
the various recursive properties of points of X. One of important such proper-
ties is nonwanderingness. Nonwandering points play important role in study
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of autonomous and nonautonomous discrete dynamical systems. For study
of nonwandering points for autonomous discrete dynamical system, one can
refer [1]. In [3], authors have studied nonwandering set from the view-point of
topological entropy. In [2, 7], authors have studied structures of nonwandering
sets in nonautonomous discrete systems.

In the next section we define and study nonwandering set, a-limit set, w-limit
set and recurrent set for nonautonomous discrete dynamical systems. Our defi-
nition of nonwandering point is different form those given in [3] and [7]. For the
time varying dynamical systems the terms orbit, periodicity and expansiveness
are defined in [4]. We have studied expansiveness, shadowing and topological
stability for a nonautonomous discrete system induced by a sequence of contin-
uous maps on a compact metric space in [5] and for a nonautonomous discrete
system induced by a sequence of homeomorphisms on a compact metric space
in [6].

Throughout this article we consider (X, d) to be a metric space and f, :
X — X, n=0,1,2,.. to be a sequence of homeomorphisms, where f; is
the identity map on X. We call (X, F) time varying homeomorphism or an
invertible nonautonomous discrete dynamical system. We denote

Fo— frnofac10---0 fio fo, for n>0
" f:nlof:(ln,l)o'”OfflOfo_l for n < —1.

Now for time varying homeomorphism F' = {f,}°°,, it’s inverse action is the
time varying homeomorphism F~! = {f-1}° . We define,

tdentity map for i>j.

)2 _{fjofj—lo"'ofz‘—f—lofi, for 1<y
[i.3] =

Thus
= fjﬁlo lelo"'o i:—llofiil for i <j
[4.5] identity map for i>7.

Definition 1.1 [6] Let (X, d) be a metric space and f, : X — X be a sequence
of homeomorphisms, n = 0,1,2,.... For a point vy € X, define a sequence as
follows :

f:$($n+1), if n<O0.

Then the sequence O(xg) = {x,}o>_ . is said to be the orbit of xo under time

varying homeomorphism F = {f,}52,. Note that O(zo) = {F.(x9): n € Z},
where Z, denotes the set of all integeres.
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2 Nonwandering Set

Definition 2.1 Let (X, d) be a metric space and fr : X — X be a sequence of
homeomorphisms, k = 0,1,2,.... A pointx € X is said to be a nonwandering
point for time varying homeomorphism F = { fi}32, if for any neighborhood
U of x and for anyn > 0 there exists m > n and r > 0 such that F[m’mw}(U)ﬂ
U # ¢ orF, m, m+r}(U) NU # ¢ . The set of all nonwandering points is denoted
by Q(F).

Theorem 2.1 Let (X,d) be a compact metric space and F = {f,}>, be the
time varying homeomorphism on X, then Q(F) is a nonempty set.
Proof : Suppose Q(F) is empty. Then for any z € X, = € Q(F). Therefore

there exist a neighborhood U, of z and an integer n, > 0 such that for any
y € Uy, Fimymotra)(y) € Uy and F[m1 matra](y) & Uy for every my > n, and
r, > 0. Note that {U,: © € X} forms an open cover of X. Since X is Compact
there exist g, 21, ..., T, such that Ul U, = X. Let N = max{n,,:i =
0,1,---,m}. Now for any z € Uy, F[N,N+1 (2) & Uy, (for my, = N > n,, and

Teo = 1), say Fiy n+1)(2) € Ug,. Then
Finnyg(2) = Fivpinig (Fiv v (2) € Uz, U U,

(for my, = N > ng, 72, = 2 and for m,, = N +1 > n,,, r,, = 1). Continuing
in this way, we have Fjy, N+m+1](z) ¢ U U,, = X which gives a contradiction.
Hence Q(F') must be nonempty.

Theorem 2.2 Let F' = {f,}>2, be a time varying homeomorphism on a com-
pact metric space (X, d). Then Q(F) is closed set.
Proof Let {z,}52, be a sequence in Q(F') converges to x € X. Let 6 > 0 and
s € N. Since z,, — z, 31 > 0 such that z; € Us(z) = {y € X: d(z,y) < d}.
Since Us(x) is open, there exists € > 0 such that U(x;) C Us(x). Since z; is a
nonwandering point, there exist m > s and r > 0 such that Fju, pqr) (Ue(21)) N
Uec(z;) # ¢ or [mm+ﬂ(U€(xl)) NUc(x;) # ¢. Since U(z;) C Us(x), we have
F[m,err](UE(xl)) - F[m,err](UcS(x)) and F ! (Ue(m)) C F[m1m+r (Us()).

Thus ml
F[m,m-I—T}(UtS(x)) NUs(z) D F[m,m-i—r}(Ue(xl)) NUc(x1) # ¢
F[m m+r (U5( )) N U5( ) D) F[r_n m+r}(U€(xl)) N UE(IZ) 7é ¢

Thus = € Q(F) and hence (F) is closed.

Definition 2.2 Let (X, d) be a metric space and f, : X — X be a sequence
of homeomorphisms, n =0,1,2,.... A point xqg € X is said to be periodic point
of time varying homeomorphism F = {f,}2, if orbit of xo is periodic, i.e.
there exists an integer k > 0 such that Fiyy;(xo) = Fj(x), for every i € Z and
0 <j < k. The set of all periodic points of F is denoted by Per(F).
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Definition 2.3 Let (X, d) be a metric space and f, : X — X be a sequence
of homeomorphisms, n = 0,1,2,.... A point x € X 1is said to be fized point of
time varying homeomorphism F = {f,}22, if fo(x) = x, for alln > 0.

Theorem 2.3 Let F' = {f,}>2, be a time varying homeomorphism on a com-
pact metric space (X,d). Then Per(F) C Q(F).

Poof Let © € Per(F) then there exists & > 0 such that Fj.;(z) = Fj(x)
for every i > 0 and 0 < 5 < k. Now for any n > 0 there exists ¢+ > 0 such
that ik > n, Now Fiy(z) = o and Fk(r) = o ie. Fupqraenn(z) =
Fiks1,6400 (Fie(2)) = Fuyne(x) = 2. Thus for any neighborhood U of z
and any n > 0 there exist m =tk +1 > n and r = k —1 > 0 such that
Fiiks1,ik+1+.-1))(U) NU # ¢. Hence x € Q(F).

Definition 2.4 Let (X, d) be a metric space and f, : X — X be a sequence
of homeomorphisms, n = 0,1,2,.... The time varying homeomorphism F =
{fn}22, is said to be topologically strongly transitive if for any for any
two nonempty open sets U,V C X,and any n > 0 there is m > n and r > 0
such that

Finmin(U) NV # ¢ or F[;’Ll,m—i—r](U) NV # ¢
Theorem 2.4 Let (X,d) be a metric space and F' = {f,}>%, be a time varying
homeomorphism on X . If F is topologically strongly transitive then Q(F) = X.

Proof : Let x € X, U, be a neighborhood of x and n > 0 be given. Since F

is topologically strongly transitive, for any two nonempty open sets U,V C X,
there exist m > n and 7 > 0 such that Fj,, .4, (U)NV # ¢ or F[:nlmw} )NV #

¢. In particular for V.= U = U, we have Fj,, ;,1,(Us) N U, # ¢. Thus
x € Q(F). Hence Q(F) = X.

Definition 2.5 Let (X,d) be a metric space and F = {f,}>2, be a time vary-
ing homeomorphism on X. By a- limit set of a point x € X, we mean the
set

a(z) = {y € X[ lim d(£,,(z),y) = 0},

where {ny} is some strictly decreasing sequence of negative integers.

Definition 2.6 Let (X, d) be a metric space and F' = {f,}°°, be a time vary-
ing homeomorphism on X. By w- limit set of a point x € X, we mean the
set

w(x) = {y < X’ kll_)I{.lod(Fnk(x),y) = 0}7

where {ny} is some strictly increasing sequence of positive integers.
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Definition 2.7 Let (X,d) be a metric space and F = {f,}>2, be a time
varying homeomorphism on X. A point x € X is said to be recurrent if
z € a(z) Nw(z). We denote the set of all recurrent points of F' by R(F) and
the closure of it by C(F).

Remark 2.1 [t is clear from the definition of Per(F') and R(F') that Per(F') C
R(F).

Theorem 2.5 Let (X,d) be a compact metric space and F = {f,}2, be a
time varying homeomorphism on X. Then for any x € X, w(x) C Q(F) and
a(z) C QF).

Proof: Let x € X and y € w(z) be given. Let n > 0 and U be a neighborhood
of y. Then there exist an increasing sequence {ny}2, of positive integers such
that F,,, (r) — y. Then there exist n; > n; > n such that F,,(z) € U and
Fnj (x) € Ujie. F[ni-l-l,nj](Fni(z)) € U. Thus F[ni—i-l,ni—l—l—l—(nj—ni—l)](U) NU # ¢,
where n;+1 > nand (nj—n;—1) > 0. Thus y € Q(F). Therefore w(x) C Q(F),
for any x € X.

Similarly let z € X and y € a(z) be given. Let n > 0 and U be a neighborhood
of y. Then there exist a decreasing sequence {ny}72, of negative integers such
that F,, (x) — y. Then there exist n; < n; < —n such that F),,(z) € U and
F, (x) € U, ie. F[:Z#L_nj](Fm(w)) € U. Thus F[:}“+1’_ni+1+(m_nj_l)](U) N
U # ¢, where —n; +1 > n and (n; —n; — 1) > 0. Thus y € Q(F). Therefore
a(x) C Q(F), for any =z € X.

Remark 2.2 From the definition of R(F) for any x € R(F), x € a(z) Nw(x)
and form above theorem a(x) Nw(x) C Q(F). Thus R(F) C Q(F). For a
compact metric space Q(F') is closed, then we have C(F) C Q(F).

Example 2.1 We construct a time varying homeomorphism for which every
point is recurrent and hence nonwandering but not all points are periodic.
Hence set of all periodic points is a proper subset of set of all nonwandering
poInts.

Let X =[0,1) and F = {f,}>>, be a time varying homeomorphism such that

x for n=14% i=1,2,3,...;
fo(z) =< 2V*ED for n=i®+k, k=1,2,... where i=kk+1,k+2,...;
s for n=(i+1)* =k, k=1,2,... where i=kk+1,k+2,....

Thus we have sequence {z, \/z, 2%, ¥, /T, /x, 23 2% x, ...} of homeomorphisms.
Clearly each = € [0, 1] is a recurrent point as it infinitely many times re-appears
in its orbit and period of appearance is getting large and large, except for 0
and 1 which are fixed points. So no point except 0 and 1 is periodic. Thus
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Per(F) is proper subset of R(F).
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