
Applied Mathematical Sciences, Vol. 6, 2012, no. 100, 4965 - 4979

Second-Order Sliding Mode Controllers for

Spacecraft Relative Translation

Chutiphon Pukdeboon

Department of Mathematics
Faculty of Applied Science

King Mongkut’s University of Technology
North Bangkok, Thailand
c pukdeboon@yahoo.com

Abstract

This paper studies robust control schemes for two spacecraft in for-
mation subjected to external disturbances in the space environment.
Two sliding mode control schemes are designed to generate control with
a finite time convergence property. The super twisting and adaptive
super twisting control algorithms are developed for the two-spacecraft
formation flying system. The second method of Lyapunov is used to an-
alyze the stability of closed-loop system. Simulation results of a leader-
follower spacecraft pair are given to verify the usefulness of the proposed
control techniques.
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1 Introduction

A formation flying of spacecraft consists of a group of spacecrafts perform-
ing a unity space mission together. Relative translation control of spacecraft
formation has become considerable attraction in recent years due to its ad-
vantages such as mission flexibility, cost reduction, increased reliability and
so on. Formation flying of multiple coordinate spacecraft has been an active
area of research in recent years. Various control strategies have been devel-
oped for spacecraft formation flying such as LQR [1], decentralized control [2],
intelligent control [3], adaptive control [4]. In [5] a nonlinear tracking con-
troller for both rotation and translation was designed with an adaptation law
to deal with unknown mass and inertia parameters of the spacecraft. These
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controllers were employed for either the translational motion or the attitude
motion. Queiroz et al. [6] developed the nonlinear control law resulting in
global uniform ultimate boundedness of position and velocity tracking errors.
A similar result was also presented in [7] and the same stability properties
to the closed-loop system were obtained. Nonlinear adaptive tracking control
approach was later proposed in [8]. The result obtained ensures global asymp-
totic position tracking errors. Other developments of position feedback for
spacecraft formations can be found in [9], [10].

For practical situations two types of uncertainties are broadly examined
in the relative motion control system. One arises from unexpected environ-
ment torques, i.e. external disturbances, and the other represents the model
uncertainties existing in the inertia matrix of the spacecraft, i.e., inertia un-
certainties. Due to these limitations, external disturbances and inertia uncer-
tainties are not considered in some papers such as [11], [12]. It is noted that
the presence of the external disturbances and the inertia uncertainties make
the relative motion control problem more complicated. Sliding mode control
(SMC) has been shown to be an effective method for the control of uncertain
dynamical systems. Its ability to reject disturbances and parameter variations
is useful for practical applications. The controller designs of spacecraft forma-
tion flying (SFF) based on SMC schemes were proposed in [13], [14]. However,
SMC is the induced control chattering due to the discontinuous control law.
In mechanical systems such control signals are undesirable because they can
cause damage and accelerate wear. The SMC theory has been extended in
recent years to incorporate the new technique which is known as higher-order
sliding mode control (HOSMC) [15], [16]. This technique preserves the main
advantages of SMC and also yield more accuracy and desired performances.
Various real-life applications may be controlled in a practical implementation
of HOSMC (for instance see [17]- [19]). However, higher-order sliding mode
controllers (HOSMC) of nonlinear spacecraft systems have been studied rarely.
We study in this paper spacecraft relative translation controller designs using
HOSMC. The super twisting (ST) sliding mode and adaptive super twisting
(AST) sliding mode control algorithms are applied to design relative transla-
tion controllers of spacecraft formation. Both proposed controllers can guar-
antee finite time convergence of given desired position.

This paper is organized as follows. In Section 2 a model for the SFF
system is described. Section 3 states the control problem. A relative tracking
controller is designed using the ST algorithm. The finite convergence of the
proposed controller for the resulting closed-loop system is proven theoretically.
In Section 4 the controller design based on the AST algorithm is provided. The
stability of the closed-loop system is analyzed. Numerical simulations are also
given in Section 5 to demonstrate the performance of the proposed controllers.
In Section 6 we present conclusions.
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2 Mathematical model of SSF

This section presents a nonlinear SFF system model referring to Fig. 1. It
is assumed that each spacecraft is point mass and the leader is in a circular
orbit with a constant angular velocity ω0. Let CI = {X, Y, Z} be the inertial
coordinate system. The origin of the coordinate system CI is the center of
Earth. R = {X, Y, Z} is the position vector from the center of the Earth to
the leader. The coordinate system CL = {Xl, Yl, Zl} is attached to the moving
frame of the leader spacecraft with the Xl axis pointing along the direction of
R(t), Yl pointing along the velocity vector and normal to Xl, Zl being mutually
perpendicular to Xl and Yl axes such that the moving frame CL forms a right-
hand coordinate frame. ρ ∈ R3 denotes the relative position vector from the
leader to the follower.

Figure 1: Schematic presentation of the SFF system.

The nonlinear position dynamics of the leader and follower with respect to
CI is given as [4]

mlR̈ +
GMml

‖R‖3
R + Fdl = ul (1)

mf (R̈ + ρ̈) +
GMml

‖R + ρ‖3
R + Fdf = uf (2)

where ml and mf are the masses of the leader and the follower respectively,
Fdl, Fdf ∈ R3 are disturbance force and ul, uf ∈ R3 denote the control force,
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M is mass of the earth, and G is the universal gravity constant. In this article
the leader is assumed to be free flying, which implies that ul is a zero vector.

After a simple algebraic manipulation on (1) and (2), the dynamic equation
representing the motion of relative position between the leader and follower
can be written as [4]

mf ρ̈ + mfGM

(
R + ρ

‖R + ρ‖3
− R

‖R‖3

)
+ Fd = ut (3)

where Fd = Fdf − (mf/ml)Fdl and ut = uf servers as the control force for the
translational motion of relative position.

If the vector ρ in the moving coordinate frame CL is expressed as

ρ = x�il + y�jl + z�kl (4)

where �il,�jl, �kl denote the unit vectors along the axis of CL, then the second
time derivative of ρ can be obtained as

ρ̈ = (ẍ − 2ω0ẏ − ω2
0x)�il + (ÿ + 2ω0ẋ − ω2

0y)�jl − z̈�kl. (5)

Furthermore, the vector R in CL is a constant, i.e., R = [0 ‖R‖ 0]T . Then
substituting (5) into (3), the nonlinear translational dynamic equation of rel-
ative position for SFF can be written as

mf ρ̈ + mfC(ω0)ρ̇ + mfN(ρ, ω0, R, ul) + Fd = uf (6)

where C(ω0) ∈ R3 is defined as

C(ω0) = 2ω0

⎡
⎣0 −1 0

1 0 0
0 0 0

⎤
⎦ , (7)

N(ρ, ω0, R, ul) ∈ R3 is nonlinear term and defined as

N(ρ, ω0, R, ul) =

[
MG

x

‖R + ρ‖3
− ω2

0xMG

(
y + ‖R‖
‖R + ρ‖3

− 1

‖R‖2

)
− ω2

0yMG
z

‖R + ρ‖3

]T

,

(8)

Fd(t) ∈ R3 is a composite disturbance force vector given by

Fd = Fdf − mf

ml
Fdl. (9)

Let x1 = ρ and x2 = ρ̇ then the state-space form of this model is given by

ẋ1 = x2

ẋ2 = f(x) +
1

mf
uf − Fd, (10)

where

f(x) = −C(ω0)x2 − N(ρ, ω, R, ul)

In (10) we suppose that the ith component of disturbance vector Fd is bounded
by some positive constants, |Fdi| ≤ dmax

i , i = 1, 2, 3.
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3 Controller designs

In this work the problem of tracking relative translation in a leader-follower
spacecraft formulation is considered. The control objective is to design the
control input uf so that the trajectory tracking errors of the follower with
respect to the leader will converge to zero. Let e = [e1 e2 e3]

T and ė =
[ė1 ė2 ė3]

T be the tracking errors of the follower and are defined as

e � ρ − ρd, ė � ρ̇ − ρ̇d (11)

where ρd, ρ̇d ∈ R3 are the relative position/velocity of the desired trajectory
with respect to the leader.

In this section we develop a relative trajectory tracking control based on
the ST algorithm. The goal is to enforce the sliding mode on the manifold

s = ė + λe (12)

where λ ∈ R3 is a diagonal positive definite matrix.
The proposed controller is given be the following

uf = mf

(
ρ̈d − λė − K1sign(s)

1
2 − K2

∫ t

0

sign(τ)dτ − f(x)

)
(13)

where The function sign(s)
1
2 is defined as

sign(s)
1
2 = [|s1| 12 sign(s1) |s2| 12 sign(s2) . . . , |sm| 12 sign(sm)]T .

and sign denotes

sign(s) = [sign(s1) sign(s2) . . . , sign(sm)]T .

The gain matrices K1 = diag(k11, k12, k13) and K2 = diag(k21, k22, k23), with
k1i and k2i are positive gains. Letting wi(t) = Fdi and substituting (13) into
(10), the closed-loop dynamics is obtained as

ṡ = −K1sign(s)
1
2 − K2

∫ t

0

sign(s(τ))dτ − w(t) (14)

Let us define δi(t) = ẇi(t) and z = [z1i z2i]
T with

z1i = s1

z2i = −k2i

∫ t

0

sign(s(τ))dτ − wi(t) (15)

then (14) can be written as

ż1i = −k1i|z1i| 12 sign(z1i) + z2i

ż2i = −k2isign(z1i) − δi(t) (16)

Note that (16) is in the form of the super twisting algorithm. Next, the proof
of finite time convergence to the origin is given.
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Theorem 3.1. Suppose that |δi| ≤ ν and k1i > 0, k2i > 0 (i = 1, 2, 3) are
selected such that

σmin(Q) > ν‖ζ‖, (17)

where

Q =
k1i

2

[
2k2i + k2

1i −k1i

−k1i 1

]
, ζ =

[
k1i −2

]

and

P =
1

2

[
4k2i + k2

1i −k1i

−k1i 2

]
.

Then all trajectories of the system (16) converge in finite time to the origin
zi1 = 0 and z2i = 0. The time taken from the initial states z(0) to 0 is
determined by

T =
2V

1
2 (z(0))

γ
(18)

where γ is a constant depending on the gains k1i and k2i.

Proof. The proposed Lyapunov function can be written as a quadratic form

V (z) = ϑT Pϑ, (19)

where ϑ = [|z1i| 12 sign(z1i) z2i]. Note that V (z) is continuous but is not dif-
ferentiable at z1i = 0. It is positive definite and radially unbounded if k2i > 0,
i.e.

σmin(P )‖ϑ‖2 ≤ V ≤ σmax(P )‖ϑ‖2 (20)

where ‖ϑ‖2 = |z1i|+z2
2i denotes the Euclidean norm of ϑ. σmin(P ) and σmax(P )

denote the minimum and maximum singular values of the matrix P ; After
lengthy algebraic manipulation, the derivative of V can be written as

V̇ = − 1

|z1i|1/2
ϑT Qϑ + δζTϑ. (21)

Using |δi| ≤ ν we obtain

V̇ ≤ − 1

|z1i|1/2
σmin(Q)‖ϑ‖2 + ν‖ζ‖‖ϑ‖ (22)

From (19) it follows by
1

|z1i|1/2
≥ 1

‖ϑ‖ and

V̇ ≤ −(σmin(Q) − ν‖ζ‖)‖ϑ‖ (23)
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Using (19) we know that
V

σmax(P )
≤ ‖ϑ‖2 ≤ V

σmin(P )
. We obtain

V̇ ≤ −(σmin(Q) − ν‖ζ‖) V 1/2√
σmax(P )

(24)

which can be further written as

V̇ ≤ −γV 1/2, (25)

where

γ =
(σmin(Q) − ν‖ζ‖)√

σmax(P )
. (26)

To obtain the solution of (25) we find
∫ 0

z(0)

dV

V 1/2
≤ −γ

∫ T

0

dt, (27)

and then can obtain

T =
2V

1
2 (z(0)

γ
. (28)

Obviously, if the gains (k1i and k2i) are chosen as in (17), one obtains Q > 0
and V̇ < 0. Therefore, zi1(0) and zi1(0) converge to zero in finite time and
reach zero at most after T units of time.

4 Super twisting adaptive sliding mode Con-

troller designs

Next we study the adaptive version of ST algorithm. To improve the dynami-
cal performance and reduce chattering phenomenon the proposed controller is
developed by adding linear correction terms to the nonlinear one.

The proposed controller is given be the following

uf = mf

(
ρ̈d − λė − Λ1sign(s)

1
2 − Λ2s − Λ3

∫ t

0

sign(τ)dτ − Λ4

∫ t

0

s(τ)dτ − f(x)

)

(29)

The gain matrices Λ1 = diag(λ11, λ12, λ13), Λ2 = diag(λ21, λ22, λ23), Λ3 =
diag(λ31, λ32, λ33) and Λ4 = diag(λ41, λ42, λ43) with λ1i, λ2i, λ3i and λ4i are
positive gains. Substituting (29) into (10) the the closed-loop dynamics is
obtained as

ṡ = −Λ1sign(s)
1
2 − Λ2s − Λ3

∫ t

0

sign(s(τ))dτ + Λ4

∫ t

0

s(τ)dτ − w(t) (30)
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Using the same procedure presented in Section 3, then (30) can be written as

ż1i = −λ1i|z1i| 12 sign(z1i) + z2i − λ2izi1

ż2i = −λ3isign(z1i) − λ4izi1 − δi(t) (31)

To discuss the finite time stability of the closed-loop system (31), we now
establish the following lemma and stability theorem.

Lemma 4.1. For any real numbers λ1 > 0, λ2 > 0, 0 < α < 1, an extended
Lyapunov condition of finite-time stability can be given in the form of fast
terminal sliding mode (TSM) as [20], [21]

V̇ (x) + λ1V (x) + λ2V
α ≤ 0, (32)

where the settling time can be estimated by

Tr ≤ 1

λ1(1 − α)
ln

λ1V
1−α(x0) + λ2

λ2

. (33)

Theorem 4.2. Suppose that |δi| ≤ ν and λ1i > 0, λ2i > 0, λ3i > 0, λ4i > 0
are selected such that such that

4λ3iλ4i > (8λ3i + 9λ2
1i)λ

2
2i, and σmin(Ω1) > ν‖Γ‖, (34)

where

Γ =
[
λ1i λ2i −2

]
, (35)

Π =
1

2

⎡
⎣(4λ3i + λ2

1i) λ1iλ2i −λ1i

λ1iλ2i (2λ4i + λ2
2i) −λ2i

−λ1i −λ2i 2

⎤
⎦

and

Ω1 =
λ1i

2

⎡
⎣(2λ3i + λ2

1i) 0 −λ1i

0 (2λ4i + 5λ2
2i) −3λ2i

−λ1i −3λ2i 1

⎤
⎦ .

Then all trajectories of the system (31) converge in finite time to the origin
zi1 = 0 and z2i = 0. The time taken from the initial states z(0) to 0 is
determined by

TR ≤ 2

γ1

ln
γ1V

1
2 (z(0)) + γ2

γ2

(36)

where γ1 and γ1 are constants depending on the gains λ1i, λ2i, λ3i and λ4i.
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Proof. Let the Lyapunov function be chosen as

V (z) = 2λ3i|z1i| + λ4iz
2
1i +

1

2
z2
2i +

1

2
(λ1i|z1i| 12 sign(z1i) + λ2iz1i − z2i)

2 (37)

which can be written as

V (z) = ξT Πξ, (38)

where ξ = [|z1i| 12 sign(z1i) z1i z2i]
T . It satisfies

σmin(Π)‖ξ‖2 ≤ V ≤ σmax(Π)‖ξ‖2 (39)

where ‖ξ‖2 = |z1i|+z2
1i +z2

2i. After lengthy algebraic manipulation, the deriva-
tive of V can be written as

V̇ = − 1

|z1i|1/2
ξTΩ1ξ − ξTΩ2ξ + δΓξ (40)

where

Ω2 = λ2i

⎡
⎣(λ3i + 2λ2

1i) 0 0
0 (λ4i + λ2

2i) −λ2i

0 −λ2i 1

⎤
⎦ . (41)

Therefore we have

V̇ ≤ − 1

|z1i|1/2
σmin(Ω1)‖ξ‖2 − σmin(Ω2)‖ξ‖2 + ν‖Γ‖‖ξ‖ (42)

Using |z1i|−1/2 ≥ ‖ξ‖−1, one obtains

V̇ ≤ −σmin(Ω1)‖ξ‖ − σmin(Ω2)‖ξ‖2 + ν‖Γ‖‖ξ‖
≤ − (σmin(Ω1) − ν‖Γ‖) ‖ξ‖ − σmin(Ω2)‖ξ‖2

≤ − (σmin(Ω1) − ν‖Γ‖) V
1
2√

σmax(Π)
− σmin(Ω2)

σmin(Π)
V, (43)

which can be further written as

V̇ = −γ1V − γ1V
1
2 . (44)

Evidently, if we can select λi, i = 1, 2, 3, 4 such that the conditions 4λ3iλ4i >
(8λ3i +9λ2

1i)λ
2
2i, and σmin(Ω1) > ν‖Γ‖ are satisfied, then the system (30) is

finite time stable. The settling time can be estimated by

TR ≤ 2

γ1
ln

γ1V
1
2 (z(0)) + γ2

γ2
(45)

Therefore, The state z converges to zero at most after TR units of time.
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5 Simulation Results

In this section, simulation results for a leader-follower spacecraft formation are
presented to verify and compare the performance of the developed controllers
(13) and (28). We assumed that mass of the earth is M = 5.974× 1024kg and
the universal gravity constant is G = 5.974 × 1024kg. The masses of leader
and follower spacecrafts are ml = 1kg and mf = 1kg. Additional parameters
used for simulation within the SFF system are as follows Rl = 4224km, ω0 =
7.272 × 1015rad/s and Fd = [sin(ω0t) cos(2ω0t) sin(3ω0t)]

T × 10−3N. The
follower is assumed to be with an initial relative position ρ(0) = [20 5 20]T .
Additionally, desired relative position is set to
ρd = [−10 cos(1.5ω0t) 10 sin(2ω0t) 5 cos(2ω0t)]

T . For the control law (12)
the chosen gains are given as λi = 0.5(i = 1, 2, 3), K1 = diag(2.0, 2.0, 2.0)
and K2 = diag(2.5, 2.5, 2.5). Also, for the control law (27) the control gains
are selected to be Λ1 = diag(2.0, 2.0, 2.0), Λ2 = diag(0.5, 0.5, 0.5), Λ3 =
diag(2.0, 2.0, 2.0) and Λ4 = diag(1.5, 1.5, 1.5).

The relative position errors are showed in Figs. 2 and 6, and the velocity
tracking errors are illustrated in Figs. 3 and 7. The AST control law gives
smoother tracking outputs. From Figs. 4 and 8 it can be seen that the sliding
vectors are on the sliding surface s = 0 after 10 seconds. As shown in Figs. 5
and 9 the control input forces obtained by the ST algorithm are more oscilla-
tory for the first 10 s. In view of these simulation results, AST seems to be
the more useful control for practical relative translation control of spacecraft
formation.

Figure 2: Relative position tracking error.
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Figure 3: Velocity tracking error.

Figure 4: Switching function.

6 Conclusion

In this research, second order sliding mode controllers have been developed
for the two-spacecraft formation flying system. Based on the super twisting
and adaptive super twisting sliding mode concepts the presented controllers
can achieve finite time stabilization. For the implementation of the proposed
controller, theoretical proofs of finite time convergence of the resulting closed-
loop system are given. An example of two spacecraft in the leader and follower
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Figure 5: Control torques.

Figure 6: Relative position tracking error.

configuration is presented and simulation results are included to verify the
usefulness of the developed controllers.
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Figure 7: Velocity tracking error.

Figure 8: Switching function.
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