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Finite Elements for a Certain Class of

Variational Problems with Gradient Constraints

D. Hage and F.T. Suttmeier1

Abstract

In this note, we extend our studies on finite element Galerkin schemes
for elliptic variational inequalities to situations with gradient constraints.
Especially we perform the corresponding a posteriori error analysis for
a prototypical model situation. Numerical examples and tests confirm
our theoretical results.
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1 Introduction

A fundamental situation in the regime of variational inequalities with gradient
constraints is the torsion problem, which is uniquely solvable (cf. Glowinski
[3]) and, under appropriate smoothness conditions on the boundary and data,
the solution is known to satisfy the regularity result u ∈ W 2,p(Ω) , 1 < p < ∞
(see Brézis and Stampacchia [1]).

Here, and in what follows, W m,p = W m,p(Ω) denotes the standard Sobolev
space of Lp-functions with derivatives in Lp(Ω) up to the order m, where Ω
is a bounded domain in R

2. The subscript in W m,p
0 indicates zero boundary

conditions and we write Hm = W m,p for p = 2. Furthermore, (., .) represents
the L2 inner product and ‖.‖ the corresponding norm.

A significant number of results are obtained by rewriting the original torsion
problem as an unilateral one. But following Kunze & Rodriguez [6], we note
that this equivalence cannot be exploited in the case of non-constant gradient
constraints.

In this note we consider such more general situations. In detail we provide
an FE-analysis for the following model problem:

Find a scalar function u on Ω being a minimiser of the functional

J(ϕ) =
1

2
(∇ϕ,∇ϕ) − (f, ϕ) (1.1)
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over the convex set

K = {ϕ ∈ H1
0 | |∇ϕ − ξ(x)| ≤ g(x)} ,

with given data ξ and g.
Defining a(v, ϕ) := (∇v,∇ϕ), the variational setting in form of an inequal-

ity is given by

a(u, ϕ − u) ≥ (f, ϕ − u) ∀ϕ ∈ K . (1.2)

We will apply the finite element method on decompositions Th = {Ti | 1 ≤
i ≤ Nh} of Ω consisting of Nh triangular elements Ti, satisfying the usual
condition of shape regularity. For ease of mesh refinement and coarsening,
hanging nodes are allowed in our implementation. The width of the mesh Th is
characterised in terms of a piecewise constant mesh size function h = h(x) > 0,
where hT := h|T = diam(T ).

With the setting Vh := {ϕ ∈ H1
0 (Ω) | ϕ linear on T ∈ Th} the solution

u ∈ K is approximated by uh ∈ Kh = {ϕ ∈ Vh | |∇ϕ − ξh| ≤ gh} fulfilling

a(uh, ϕ − uh) ≥ (f, ϕ − uh) ∀ϕ ∈ Kh . (1.3)

Here ξh and gh are cellwise constant approximations of ξ and g respectively.
Their definitions are

• gh|T = infx∈T g(x) ,

• |∇uh − ξ| ≤ |∇uh − ξh| .

Remark: ξh can be constructed within an numerical iteration as indicated
below.

In order to find a discrete solution of (1.3), we introduce the Lagrange
functional

L(ϕ, w) =
1

2
a(ϕ, ϕ) − (f, ϕ) +

1

2

∫
w((∇ϕ − ξh)

2 − g2
h) (1.4)

for ϕ ∈ V := H1
0 (Ω) and w ∈ Λ = {q ∈ L∞ | q ≥ 0 a.e.}.

Choosing Kh and Vh as above, we introduce Λh ⊂ Λ by

Λh = {w ∈ Λ | w constant over each T ∈ Th} .

Proposition 3.5 in Glowinski [3] guarantees the existence of a saddle point
(uh, λh) ∈ Vh ×Λh of (1.4). The first component uh is then the solution of the
original problem (1.3). Basic variational calculus applied to (1.3) shows that
there holds

((1 + λh)∇uh∇ϕ) = (f, ϕ) + (λhξh,∇ϕ) ∀ϕ ∈ Vh . (1.5)
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Now, a variant of standard Uzawa-type schemes can be employed, to solve
the discrete problem (cf. Glowinski [3]):

Uzawa’s scheme: The discrete problems are solved by the following iterative
algorithm.

1. Choose an initial iterate λ0
h,ξ

0
h and ρ > 0

2. Solve the linear problem
∫

(1+λν
h)∇uν

h∇ϕ = (f, ϕ)+(λν
hξ

ν
h,∇ϕ) ∀ϕ ∈ Vh

3. Update: λν+1
h = max(0, λν

h + ρ(|∇uν
h − ξν

h|2 − g2
h)) on each cell.

4. Choose ξν+1
h such that |∇uν

h − ξ| ≤ |∇uν
h − ξν+1

h |

5. Set ν = ν + 1 and go back to 2.

2 A posteriori error bounds

We intend to develop efficient schemes in the sense that the requirements on
computer storage and computation time are close to the minimum to achieve a
prescribed accuracy, or under given computer resources the FE-approximation
is nearly optimal with respect to the discretisation error. In order to reach
this goal, we employ an adaptive algorithm, i.e., based on a suitable criterion
locally refined FE meshes are produced within an iteration. The heart of
each such procedure is an a posteriori error bound. On the one hand such
an estimator provides information how to refine the meshes with respect to a
given error tolerance prescribed by the application with minimum computer
resources. On the other hand it enables us to get a reliable quantification of
the accuracy of our numerical approximation.

In what follows we present the error analysis for the discretisation error
e = u − uh. Below the subscription wi denotes the application of a standard
interpolation operator to a function w ∈ H1 into the corresponding discrete
FE-space.

We start with estimating a(e, ei) by

a(e, ei) = a(u, ei − e) − (f, ei − e) + (f, ei) − a(uh, ei)︸ ︷︷ ︸
I

+ a(u, e) − (f, e)︸ ︷︷ ︸
≤0

For term I we get:

(f, ei) − a(uh, ei) = (λh(∇uh − ξh),∇(ei − e)) + (λh(∇uh − ξh),∇e)︸ ︷︷ ︸
II
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For term II we get:

(λh(∇uh − ξh),∇e) = (λh(∇uh − ξh),∇u − ξh + ξh −∇uh)

≤
∑

T

∫
T

λh|∇uh − ξh||∇u − ξ + ξ − ξh| − λhg
2
h dx

≤
∑

T

∫
T

λhgh(g − gh) + λhgh|ξ − ξh| dx

Using this result we obtain for the square of the energy error

a(e, e) = a(e, e − ei) + a(e, ei)

≤ (f, e − ei) − (∇uh,∇(e − ei)) − (λh(∇uh − ξh),∇(e − ei))

+
∑

T

∫
T

λhgh(g − gh) + λhgh|ξ − ξh| dx

Eventually cell-wise integration by parts results in

Theorem 2.1. There holds the a posteriori error bound

a(e, e) ≤
∑
T∈�h

ωT ρT +
∑

T

∫
T

λhgh(g − gh) + λhgh|ξ − ξh| dx ,

with local residuals ρT and weights ωT defined by

ρT := hT‖f + (1 + λh)Δuh‖T + 1
2
h

1/2
T ‖n · [(1 + λh)(∇uh − ξh])‖∂T ,

ωT := max
{
h−1

T ‖e − ei‖T , h
−1/2
T ‖e − ei‖∂T

}
,

where for interior interelement boundaries [(1 + λh)(∂nuh − ξh)] denotes the
jump of the term (1 + λh)(∂nuh − ξh) .

Next, one uses the interpolation estimates

ωT ≤ Ci,T‖∇e‖T ,

yielding the estimate

‖e‖2
1 ≤ C

∑
T∈�h

ρ2
T +

∑
T

∫
T

λhgh(g − gh) + λhgh|ξ − ξh| dx =: ηh

measuring the discretisation error in the energy norm.
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3 Application to Strang’s problem

The mathematical model of the anti-plane shear or Strang’s problem (c.f.
Strang [9]) seeks for a scalar displacement u and a stress vector σ = (σ1, σ2)
as functions on a bounded domain Ω ⊂ R

2 . Stresses and displacement are
caused by an external load described by a scalar function f on Ω . A nonlinear
relation between u and σ, the so called plastic behaviour of the material, is
taken into account by the restriction |σ| ≤ 1 . The classical form of the whole
system is given by

− div σ = f , σ = Π∇u in Ω , u = 0 on ∂Ω ,

where Π denotes the pointwise projection onto the circle with radius 1 .
In order to give a weak form for (3), we set

H :=
{
τ ∈ L2(Ω, R2) | div τ ∈ L2(Ω)

}
,

ΠH := {τ ∈ H, |τ | − 1 ≤ 0} ,

V :=
{
ϕ ∈ L2(Ω)

}
,

where |τ |2 = τ 2
1 +τ 2

2 . Now, similar to the approach in Johnson [5], the solution
{σ, u} ∈ ΠH × V is determined by the variational inequality

(σ, τ − σ) + (u, div(τ − σ)) − (div σ, ϕ) ≥ (f, ϕ) ∀{τ, ϕ} ∈ ΠH × V

where (., .) denotes the L2-scalar product on H . Existence of the solution and
uniquenes for the stresses σ have been proven, e.g., by Johnson [4]. From
regularity theory (see e.g. Seregin [8]) one knows (roughly spoken) the stresses
to fulfill σ ∈ (H1(Ω))2.

In a next step, u can be eliminated by employing the following formulation:
Find a solution σ as a minimizer of the functional

1

2

∫
τ 2 dx

with σ, τ ∈ Hf = {w ∈ ΠH | − div w = f} .
In order to construct Hf we choose an ansatz with scalar stress potential

τT = (∂2ϕ,−∂1ϕ) + wf

where ϕ ∈ H1 and wf is a given function fulfilling − div wf = f . Note that by
construction there holds − div τ = f .

Eventually setting ξT = (w2,−w1), we seek for a solution beeing the min-
imiser of

1

2

∫
(∇ϕ − ξ)2 dx
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with inequality constraint |∇ϕ − ξ| ≤ 1, we obtain a problem fitting into the
framework presented above.

Figure 1: Structure of the solution of the test example, ‖σh‖ (left), λh

(right).

4 Numerical tests

The numerical results presented throughout this work are obtained by FE-im-
plementations based on the DEAL-library [2, 10].

Cells αh Ratio
128 - 1.55
512 8.34e-1 1.60

2048 8.86e-1 1.65
8192 9.17e-1 1.70

32768 9.42e-1 1.74
131072 9.54e-1 1.78

Table 1: Computational results for the test example. Ratio describes the
relation between the true error and the corresponding estimation.

The a posteriori mesh design is organised as follows. Let an error tolerance
TOL or a maximal number of cells Nmax be given. Starting from some ini-
tial coarse mesh the refinement criteria are chosen in terms of the local error
indicators ηT . Then for the mesh refinement, we use in the majority of cases
the following fixed fraction strategy: In each refinement cycle, the elements are
ordered according to the size of ηT and then a fixed portion of about 30% of
the elements with largest ηT is refined resulting in approximately a doubling
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of the number N of cells. This process is repeated until the stopping crite-
rion η(uh) ≤ TOL is fulfilled or Nmax is exceeded. A more detailed discussion
about mesh refinement strategies can be found, e.g., in [7].

The solutions on very fine (adaptive) meshes with about 500,000 cells are
taken as reference solutions σref for determining the error

Eh := ‖σref−σh‖ ,

on coarser meshes, while

Ratio := ηh/Eh ,

are the overestimation factors of the error estimators ηh. Furthermore assum-
ing ηh to behave like O(hα) we determine an approximation αh on each level,
by comparing ηh with the estimator on the previous level.

Figure 2: Sequence of locally refined grids produced by our numerical
simulation, showing that especially the critical zone where plastification
occurs is well resolved. Background colour is given by values of λ.
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For our test calculations we considered the following choice of wf :

w1
f = 55 (1

2
x2 − 1

3
x3) (y − y2) , w2

f = 55 (1
2
y2 − 1

3
y3) (x − x2)

The computational results are shown in Table 1. Evaluating Ratio indicates
the constant relation between the true error and the corresponding estimation
on sufficiently fine grids, and consequently it is demonstrated that the proposed
approach to a posteriori error control gives useful error bounds. Furthermore
one observes αh tending towards 1, indicating the error to behave like O(h),
as one would anticipate. A sequence of adaptively refined grids, generated on
the basis of the weighted estimate, is depicted in Figure 2.
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