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Abstract 
 
The state of chaos exhibited in nonlinear system may appear through various 
roots. However, for mostly one dimensional system, it appears through period 
doubling roots. Phenomena of bifurcations, drawn by varying certain parameter of 
the system, explain clearly regular as well as chaotic evolution of the system. As a 
measure of chaos, the most suitable tools to be considered are: Lyapunov 
characteristic exponents (LCE) and topological entropies. Though the plots of 
both of the LCE’s and topological entropies are similar, but both have certain 
limitations.  LCE would not work for systems having relativistic considerations 
but the topological entropy can work. In fact, topological entropy can nicely 
provide the measure of complexity of the system in the sense that the more 
complexity in the system means more topological entropy it will have. A chaotic 
system exhibits a chaotic set, strange attractor, having fractal property. 
Calculation of correlation dimension is required to obtain the dimension of such 
attractor. 
The work presented here explains the appearance of chaos through bifurcation in 
some nonlinear one dimensional discrete system. The stability of the steady state, 
(i.e. fixed points), have been examined for each system and then plots of 
Lyapunov exponents and topological entropies for their evolution have been 
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obtained. Then, the calculations have been extended to find the correlation 
dimensions chaotic sets, chaotic attractors, seen for different systems. Graphical 
results reveal some interesting information.   
 
Key words: Topological entropy, Correlation dimension, Lyapunov exponents, 
strange attractors 
 
 
1. Introduction 
 
Though there are several ways to identify chaotic and regular evolutions in 
nonlinear systems, some recent articles, Gribble (1995), Adler et al (1965), 
Bowen (1971), Boyarski and Gora (1991), Balmforth et al(1994), Stewart and 
Edward (1997) , Iwai (1998) , Kawan (2011) suggest for clear identification, also, 
one has to study carefully the plots of bifurcation, Lyapunov characteristic 
exponents, (LCE) and topological entropies. LCEs and topological entropies are 
considered as effective tools to measure the degree of sensitivity to initial 
conditions in a system. If the divergence is exponential in time, with the constant 
factor in the exponent λ, then λ is a LCE of the system and as long as  λ ≤ 0, the 
system is regular. However, if any of the   λ > 0, then the system is chaotic. But 
the usefulness of LCE’s are limited to non-relativistic systems only, Gribble 
(1995). 
The topological entropy measures the complexity or chaotic nature of a dynamical 
system in the sense: the more complex a system is, the more topological entropy it 
will have. Topological entropy was introduced by Adler et al (1965) and later 
extended by Bowen (1971). Computation methodology of topological entropy, 
later, was extended by Boyarski and Gora (1991) and many others. A recent 
survey on topological entropy can be found in the article by Kawan (2011). 
Topological entropies can be assumed as an alternate replacement of Lyapunov 
exponents and be more reliable and acceptable as an indicator of chaos. It 
describes the rate of mixing and it has a relationship to LCE, through the 
dependence of rate, and to the ergodicity, because of the association of mixing. 
Topological entropy provides a true measure of chaoticity of a system and for a 
system having non-zero topological entropy, the rate of mixing must be 
exponential which reminiscent of LCEs. Positivity of LCEs and topological 
entropy are characteristic of chaos in the system. A mathematical definition of 
topological entropy can be found in the book by Nagashima and Baba, (2005). 
 A compact and complex pattern of diagram appears in bifurcation diagram for a 
system evolving chaotically. The set appears thereby has fractal property and so 
termed as strange or chaotic attractor. The measurement of dimension of such 
strange attractor is important and as it provides information about complex nature 
of the system. There are several methods to determine dimension of chaotic 
attractor, however in this article we propose to use correlation dimension.  
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Objective of the present work is to study evolutions in some one and two 
dimensional discrete systems and to observe the appearance of chaotic and non-
chaotic nature of evolutions through bifurcations. For the maps considered in this 
article, we have obtained the LCEs and correlation dimension of the chaotic set 
appearing in bifurcation. Also, we have obtained the topological entropy for each 
one dimensional systems and made comparison of graphs of LCEs and 
topological entropies. Further, we extended our study to obtain the correlation 
dimension of the chaotic attractors appearing during motion.  
 
 
 
2. Descriptions of Lyapunov exponents, Topological Entropies and 
Correlation  Dimensions 
 
(a) Lyapunov Exponents: 
 
The LCEs, may be denoted by λ, provide an average measure of exponential 
divergence of two orbits initiated with infinitesimal separation. The largest 
eigenvalue of a complex dynamical system is an indicator of chaos, Saha and 
Budhraja (2007).   
For, consider two orbits initiated at x0 and y0 with x0, y0 ∈ [0, 1], of a one 
dimension map   
                                               f : [0, 1] → [0,1]    (2.1) 
 
such that l x0 – y0 l << 1 , and at nth iteration if we have xn = fn(x0 ), yn = fn(y0 ) 
with the assumption  l xn – yn l << 1, then  
   

    0y0x
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enynx −≈−
  (2.2)  

 
For higher dimensional system, we can generalize (2.2) and obtain      
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where  X ∈ Ρn,  F: Ρn → Ρn , U0  = X0 – Y0  and J is the Jacobian matrix of map F. 
The system described by the map f be regular as long as λ ≤ 0 and chaotic when λ > 0. 
 
(b) Topological Entropy: 
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Topological entropy h(f) for a map f defined in a  close interval I = [a, b], is 
closely related to Li and Yorke chaos, Nagashima and Baba (2005), and measures 
the complexity of the map f. 
If f be a continuous map from І to І and if α be an open initial cover of І, then the 
topological entropy h(f) can be described by the supremum, sup h(α, f), for all the 
covers of interval І such that 

  h(α, f)  =  
n 11 log N f αVlim nn i 0

i⎛ ⎞− −⎜ ⎟
⎜ ⎟→∞ =⎝ ⎠

 ,                  (2.5) 

then 
  h ( f )  = sup h (α, f ).              (2.6) 
 
(c) Correlation Dimensions: 
The correlation dimension actually gives a measure of complexity for the 
underlying attractor of the system. To determine correlation dimension we use 
statistical method. It is a very practical and efficient method then other methods, 
like box counting etc. The procedure to obtain correlation dimension follows the 
following steps, Martelli (1999): 
Consider an orbit O(x1) = {x1, x2, x3, x4,…}, of a map f: U → U, where U is an 
open bounded set in Ρn. To compute correlation dimension of O(x1), for a given 
positive real number r, we form the correlation integral, Grassberger and 
Procaccia (1983), 
   ∑
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is the unit-step function, (Heaviside function). The summation indicates the 
number of pairs of vectors closer to r when 1 ≤ i, j ≤ n and i ≠ j. C(r) measures the 
density of pair of distinct vectors xi and xj that are closer to r.  
The correlation dimension Dc of O(x1) is defined as 
   

rlog
)r(Clog

lim
0rcD

→
=     (2.9) 

To obtain Dc, log C(r) is plotted against log r and then we find a straight line fitted 
to this curve. The y- intercept of this straight line provides the value of the 
correlation dimension Dc. 
 
3. Numerical Computations for Discrete Models 
 
In this section we have considered following one dimensional discrete maps, each 
representing some real phenomena:  
I. One Dimensional Maps: 
(i) Quadratic map used to model epidemics, Buskirk and Jeffries (1985):  
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f(x)  = 1 –a x2 .     (3.1) 
 
This map appeared in numerous research articles, and so we do not intend here a 
detailed description for this map. The bifurcation diagram of this map is given in 
Fig.1 which clearly indicates how the system evolves chaotically after number of 
regular steps. 
 
 

 
 Fig.1: Bifurcation diagram of Quadratic map for 0 ≤ a ≤ 2. 

 
 
The plots of LCEs and that for the topological entropy are shown in Fig. 2.  
 
 

       
   Fig. 2: Plots of Quadratic map: (i) Lyapunov exponents, (ii) Topological entropy 
  
 
 The appearance of periodic windows within chaotic region, shown in bifurcation 
diagram in Fig.1, resulting in corresponding decrease in topological entropy and 
Lyapunov exponents shown above .     
 
(ii) Chebyshevs Map: 
The Chebyshevs map was described Pickover (1988) and represented by the 
discrete map (3.2) below. This map is a special case of Chebyshevs polynomial  
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and it evolves in a specifically characteristic manner and has application in some 
neurological and cardiac activity applications. The bifurcation diagram, Fig. (3), 
shows unique pattern and chaotic evolution grow rapidly. It does not display 
period doubling behavior or any periodic windows within chaos as seen in most of 
the cases of bifurcations leading to chaos.  
 

                    
1

1 ( )n nx Cos a Cos x−
+ =                                         (3.2) 

 
 

      
 
Fig.3: Bifurcation of Chebyshevs Map described by eqn. (3.2) a is varied 0 ≤ a ≤ 5.  
 
 
The corresponding plots for LCEs and Topological entropy are given in Fig. 4 
shown below  
 
 

                
 
Fig. 4 : LCE curve and Topological entropy of Chebyshevs Map  Equation (3.2). 
 
(iii) Gaussian map: Another type of nonlinear one-dimensional iterative map is the Gaussian map G : 
IR→ IR defined by 
 

                  
2

( ) axf x e b−= +                 
                                   or   xn + 1  =  exp[-α xn

2 ] + b ,             (3.3) 
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where α and b are constants. The parameters α and b are related to the width and 
height of the Gaussian curve, respectively. Since there are two parameters 
associated with this map, one would expect the dynamics to be more complicated 
than those for the logistic map. All of the features which appear in the logistic 
map are also present for the Gaussian map. Also, some additional properties 
described as period bubblings, period undoublings, and bistability observed in 
Gauss map.. These features can be seen in the bifurcation diagrams. The map 

(3.3) has two points of inflection at 1
2

x
α

=± . This means period-one behavior 

can exist for two ranges of the parameters that can make a transition from being 
stable to unstable and back to stable again. The bifurcation diagram of (3.3), by 
Fig. 5 presents meaningful explanation of evolutionary behavior. 
 
 

 
Fig. 5: Bifurcation diagram of Gauss map for a = 8 and -1 ≤ b ≤ 1. 
 
 
The plots of LCEs and that for the topological entropy of the Gauss Map are 
shown in Fig. 6.  

    
 
Fig. 6: LCEs and entropy diagrams of Gauss map for a = 8 and -1 ≤ b ≤ 1.  
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II. Two Dimensional Map: 
 
(i) Chirikov’s Map :  Researchers have used Chirikov map in various forms and 
shown its applications in representing certain dynamical systems . It is also known 
as Chirikov standard map or Chirikov-Taylor map. A formal description of this 
map can be found in many books of dynamical systems e.g. Lichtenberg and 
Lieberman (1992). The discrete form of Chirikov map can be represented by, 

1

11

( ) m o d ( 2 )
( ) m o d ( 2 )

n

n

n

n n

n

n y x k
x x k S in

S iny y
y π

π
+

+ ++ −
= −
=                           (3.4) 

For parameter values k = 2.5 the map (3.4) evolve chaotically and that can be 
observed through the bifurcation diagram, Fig. 7. 
 
 

 
 
Fig. 7. Bifurcation diagram of Chirikov’s Map for the parameter 0 ≤ k ≤ 3. 
 
 
The diagram for LCEs is given in Fig. 8. This shows the chaotic motion of the 
system. 
 
 

. 
 
 
Fig. 8 : LCEs  diagram of Chirikov’s Map for the parameter k = 2.5  
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(ii) Ikeda Map, (Ikeda et al 1980): A discrete form of equation of motion for 
Ikeda Map is represented by  
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Bifurcation diagram of the Ikeda map, showing period doubling phenomenon and 
occasional crises, where attractors collide or suddenly become unstable. The 
image below the diagram shows basin of attractors of certain parameter values.  
Its dynamic is very interesting and it has been discussed in various recent 
literatures. The bifurcation diagram and LCEs of model (3.5) are given in Fig. 9.  
 

          Fig. 9:  Bifurcation diagram and LCEs plot of Ikeda Map 0 ≤ k ≤ 1.5. 
 
 
Correlation Dimensions: 

 
In this section our objective is to find the dimension of the chaotic attractors 
observed in various bifurcation diagrams. As such attractors have fractal 
properties, obviously, dimension obtained are positive non-integers. Chaos 
appears when certain parameter varies and assumes some characteristic value. 
Correlation dimension provides such dimension of the attractor and here, we have 
calculated after drawing the correlation curves for each system.  For this, first, we 
have collected data for the correlation curves plotted for each model and then used 
the method of least square linear fit described by Martelli (1999) and Nagashima 
and Baba (2005) to obtain correlation dimensions. Actually, the correlation 
dimension gives the measure of complexity whenever a system evolves 
chaotically. 
Correlation curve and straight lines equations for models (3.1) to (3.5) are given 
below: 
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                                     Fig. 10 correlation curve of Quadratic Map 
 
 
After drawing the correlation curve we have used least square linear fit to the data 
of correlation curves. This provides the equation of a straight line. For, quadratic 
model, the straight line obtained is  
 
                                    Y = 0.410138 + 1.33082 x. 
 
The y-intercept of this straight line is 1.33082 ≈ 1.33. So, Martelli (1999), this is 
the correlation dimension of the chaotic set of the quadratic map. For two 
dimensional cases, sometimes, we have taken the slope of the straight line 
obtained by least square linear fit to the correlation data, Nagashima and Baba 
(2005). Below we have shown the correlation curves, Fig. 11 – Fig.12, and for 
each maps discussed in this article and used linear fit as stated above.   
 
 
 
 

                
                    
 
 
Fig. 11: Correlation curves: Left figure is for Chebyshevs Map (3.2) and that on 
the right is for Gauss map (3.3)  
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   Fig. 12: Correlation curve of Chirikov’s Map and that of Ikeda Map  
 
The correlation dimensions obtained are given in the table below: 
S. No. Map Correlation Dimension 

1 Quadratic Map 1.33 
2 Chebyshevs Map                   0.424 
3 Gauss Map 0.751797 
4 Chirikovs  Map 1.156 
5 Ikeda map 1.616 

 
 
4. Conclusion 
 
Topological entropy and Lyapunov exponents provide very accurate detection of 
chaotic motion observed in dynamical systems. The chaotic attractors appearing 
through bifurcation diagrams bear non-integer dimension and show self similarity 
or fractal property.  Models studied in this article have large applications in 
different areas. LCE curves for each system justify clearly regular and chaotic 
evolutions in various models. Topological entropies are calculated for one 
dimensional models and shown they behave similar to those of LCEs. For each 
system, correlation dimensions have been calculated by drawing correlation 
curve.  Mathematica codes are employed for numerical calculations and plotting 
various graphs. Computation of topological entropies for two and higher 
dimensional systems will be performed in our future studies. The results obtained 
have their own merits because models used are representing certain natural 
phenomena.  
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