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Abstract

The classical damped Mathieu differential equation was firstly in-
troduced by Mathieu in 1868 to determine the vibration modes of a
stretched membrane having an elliptical clamped boundary. In this
paper, we consider the fractional calculus model of damped Mathieu
equation and introduce the approximate analytical solution by using
two different methods, namely, Adomian decomposition method and a
series method.
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1 Introduction

Mathieu equation was first introduced by Mathieu [1] in 1868 when he de-
termined the vibration modes of a stretched membrane having an elliptical
clamped boundary. The subject of infinite determinants to obtain the transi-
tion curves was subsequently introduced in 1886 [2]. Before launching into the
main idea of the present work, we introduce the damped Mathieu equation as
given in [1] by

ÿ(t) + εẏ(t) + [a − 2q cos(2t)] y(t) = 0, (1)

with
y(0) = 1, ẏ(0) = 0. (2)

Equation (1) is known as the classical damped Mathieu equation which is
present in almost all physical systems. Our objective in this paper is to present
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a fractional calculus model to Eq. (1) and obtaining the approximate analytical
solution using two different methods, Adomian decomposition method (ADM)
and a series method.

2 Fractional calculus model

During the past 10 years or so, the fractional calculus starts to attract increas-
ing attention of physicists and engineers from an application point of view.
It was found that many systems in interdisciplinary fields can be elegantly
described with the help of fractional derivatives such as viscoelastic systems,
dielectric polarization, electromagnetic waves, quantitative finance, and quan-
tum evolution of complex system. In an historical account, Srivastava and
Saxena [3] cite applications of fractional calculus in fluid flow, rheology, diffu-
sive transport, electrical networks, probability, viscoelasticity, electrochemistry
of corrosion, and chemical physics. Reference [4] cites numerous others that
apply fractional calculus to problems in viscoelasticity. Another historical ac-
count of fractional calculus is in the collection of papers on applications in
physics edited by Hilfer [5]. The fractional derivative approach provides a
powerful tool for modeling damped systems [6]. Accordingly, the fractional
calculus model for equation (1) is assumed in the form

D2
t y(t) + εD

1/2
t y(t) + [a − 2q cos(2t)] y(t) = 0, (3)

with
y(0) = 1, Dty|t=0 = 0. (4)

The damped term of the conventional model is replaced by D
1/2
t y(t). The

mathematical definition of fractional calculus has been the subject of several
different approaches [6]. The most frequently encountered definition of an
integral of fractional order is the Riemann-Liouville integral, in which the
fractional order integral is defined as

Iqf(x) =
d−qf(x)

dx−q
=

1

Γ(q)

∫ x

0

f(t)dt

(x − t)1−q
, (5)

while the definition of fractional order derivative is defined as

Dq
xf(x) =

dqf(x)

dxq
=

1

Γ(m − q)

dm

dxm

∫ x

0

f(t)dt

(x − t)1+q−m
, (6)

where q is the order of the operation which is positive real number and m is
an integer that satisfies m − 1 ≤ q < m.

In the next section, the Adomian decomposition method (ADM) shall be
used to obtain the approximate solution for equation (3). The main advantage



Fractional calculus model for damped Mathieu equation 4077

of the decomposition method is that it does not change the problem into a
convenient one for the use of linear theory, see for examples [7-13]. Moreover,
no linearization or perturbation is required and therefore it can reduce the labor
of perturbation method. The solution of a fractional differential equation has
been obtained through the ADM by [14].

3 Application of the ADM

The ADM is adopted in this section for solving Eq. (3). To do that, we may
rewrite Eq. (3) as

Ly(t) = [2q cos(2t) − a] y(t) − εD
1/2
t y(t), (7)

where L = d2/dt2 is an easily invertible linear operator, D
1/2
t (.) is the Riemann-

Liouville fractional derivative of order 1/2. According to the ADM, Eq. (7)
can be written as

y(t) = y(0) + Dty|t=0 + L−1 [2q cos(2t) − a] y(t) − εL−1[D
1/2
t y(t)], (8)

where L−1 =
∫ t
0

∫ t
0 dtdt. On using the given initial conditions, equation (8)

becomes

y(t) = 1 + 2qL−1

[ ∞∑
k=0

(−1)k(2t)2k

(2k)!
y(t)

]
− aL−1y(t) − εL−1[D

1/2
t y(t)], (9)

In the light of the ADM the solution is expressed in a series form given by

y(t) =
∞∑

n=0

yn(t). (10)

Substituting (10) into (9), the following recurrence scheme is established for
n ≥ 0:

yn+1 = 2qL−1

[ ∞∑
k=0

(−1)k(2t)2k

(2k)!
yn−k(t)

]
− aL−1yn(t) − εL−1[D

1/2
t yn(t)], (11)

where y0 = 1. In view of (11) and by the help of the following fractional
derivative formula

Dq
t t

α =
Γ(α + 1)

Γ(α − q + 1)
tα−q, (12)

we can easily obtain the first few components as

y1(t) = (2q − a) t2

2!
− εt3/2

Γ(5/2)
,

y2(t) = [(2q − a)2 − 8q] t4

4!
− 2ε(2q − a) t7/2

Γ(9/2)
+ ε2 t3

3!
,
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y3(t) = [(2q − a)3 − 56q(2q − a) + 32q] t6

6!
− ε[3(2q − a)2 − 43q] ×

t11/2

Γ(13/2)
+ 3ε2(2q − a) t5

5!
− ε3 t9/2

Γ(11/2)
,

y4(t) = [(2q − a)4 − 176q(2q − a)2 + 512q(2q − a) + 960q2 − 128q] t8

8!
−

ε[4(2q − a)3 − 297q(2q − a) + 1283q
4

] t15/2

Γ(17/2)
+ ε2[6(2q − a)2 −

123q] t7

7!
− 4ε3(2q − a) t13/2

Γ(15/2)
+ ε4 t6

6!
. (13)

Therefore, the five term-approximate solution φ5(t) =
∑4

n=0 yn(t) of the frac-
tional damped Mathieu differential equation is given by

φ5(t) = 1 + (2q − a) t2

2!
− εt3/2

Γ(5/2)
+ [(2q − a)2 − 8q] t4

4!
− 2ε(2q − a) t7/2

Γ(9/2)
+

ε2 t3

3!
+ [(2q − a)3 − 56q(2q − a) + 32q + ε4] t6

6!
− ε[3(2q − a)2 − 43q]

× t11/2

Γ(13/2)
+ 3ε2(2q − a) t5

5!
− ε3 t9/2

Γ(11/2)
+ . . . . . . . . . . . . . . . . (14)

It is clear that all the components contain mixed terms with degrees not lees
than 3/2, for each. So it may be difficult to obtain a closed form in general.
Consequently, the practical solution may be taken as five-term approximation
to y(t) as given by Eq. (14). Here, it is important to note that the approximate
solution given above by the five-terms has been obtained by the ADM without
and need to linearization or perturbation. The ADM has been rigorously
proven to converge by [15] and applications have shown very accurate results.

4 Application of a series method

We can look for the solution y(t) of the equation (3) in the form of the fractional
power series [3]:

y(t) =
∞∑

n=0

yn(t)t
n
2 . (15)

Substituting Eq. (15) into Eq. (3), it then follows

∑∞
n=0

n
2

(
n
2
− 1

)
t

n
2
−1yn + ε

∑∞
n=0

Γ(n+2
2

)

Γ(n+1
2

)
t

(n−1)
2 yn + a

∑∞
n=0 yn(t)t

n
2 −

2q
∑∞

n=0

∑[n/4]
k=0

(−1)k22k

(2k)!
yn−4k(t)t

n
2 = 0. (16)

Note that y0 = 1, by comparing the coefficients of the resulting fractional
power series in equation (16) we obtain

y1 = y2 = 0, y3 = −ε
Γ( 5

2
)
, y4 = (2q−a)

2!
, y5 = 0, y6 = ε2

3!
, y7 = −2ε(2q−a)

Γ( 9
2
)

,

y8 = (2q−a)2−8q
4!

, y9 = − ε3

Γ( 11
2

)
, y10 = 3ε2(2q−a)

5!
, y11 = − ε[3(2q−a)2−43q]

Γ( 13
2

)
,

y12 = ε4+(2q−a)3−56q(2q−a)+32q
6!

, y13 = −4ε3(2q−a)

Γ( 15
2

)
, y14 = ε2[6(2q−a)2−123q]

7!
. (17)
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The results obtained above lead to a series solution of Eq. (3) as

y(t) = 1 − εt
3
2

Γ( 5
2
)
+ (2q−a)t2

2!
+ ε2t3

3!
− 2ε(2q−a)t

7
2

Γ( 5
2
)

+ [(2q−a)2−8q]t4

4!
−

ε3t
9
2

Γ( 11
2

)
+ 3ε2(2q−a)t5

5!
− ε[3(2q−a)2−43q]t

11
2

Γ( 13
2

)
+ . . . . . . . . . , (18)

which is the same series solution obtained by using the ADM.

5 Conclusions

The fractional calculus model of the damped Mathieu differential equation
is presented and discussed in the present paper. Two different methods are
applied to search for the approximate analytical solution. It is found that the
series solution obtained by applying the Adomain decomposition method is
identical to the series solution obtained by using the series method. Although
the series method is found easier to deal with the linear fractional model of
the damped Mathieu equation, it is not so if a nonlinear term is involved. In
the later case, the Adomian’s method can be applied easily whatever the form
of the nonlinearity.
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