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Abstract
In this paper, we analyze the model associated to an economic

growth process with a Kaldor-Pasinetti saving and a delay in produc-
tion. We demonstrate that the steady state may exhibit Hopf cycles.
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1 Introduction

The analysis of the fundamental issues in dynamical macroeconomics usually
begins with the study of the Solow-Swan growth models [11-12], which is a
one-dimensional dynamical system able to generate monotonic convergence to
a steady growth equilibrium. As shown by Asea and Zak [1], when production
occurs with a delay, the resulting model is able to generate chaotic dynamics.
In this paper, we study the dynamics of a Solow-Swan growth model modified
by introducing different but constant saving propensities attached to factor
shares (Kaldor-Pasinetti saving) and a time delay in the productive operation
of installed capital. The length of delay which preserves the stability of the
positive equilibrium is estimated, and the existence of Hopf bifurcation when
the delay crosses through a critical value is investigated. For future research it
would be interesting to extend this line of research to other economic growth
models (e.g., Ferrara and Guerrini [2-3], Guerrini [4-8]).

2 The model with Kaldor-Pasinetti saving

Let us consider the standard Solow-Swan growth model [11-12] in the tradition
of Kaldor [9] and Pasinetti [10], where two types of agents, workers and share-
holders, have different but constant saving rates. The production function is
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assumed to have the Cobb-Douglas form f(kt) = kα
t , α ∈ (0, 1), where kt is

capital per worker. As a consequence, capital accumulation is described by
the following equation:

.

kt = [sw + α(sc − sw)]kα
t − nkt, (1)

where sw ∈ (0, 1) and sc ∈ (0, 1), sw < sc, denote the constant saving rates for
workers and shareholders, respectively. Here n > 0 is the constant population
growth rate. For simplicity, there is no capital depreciation. First, we investi-
gate the question of existence and uniqueness of non-trivial steady states for

Eq. (1). The equilibrium points are all the solutions of
.

kt = 0. Since share-
holders do not save less than workers, there is only one positive steady state
k∗ = {[sw + α(sc − sw)]/n}1/(1−α). Furthermore, a graphical analysis makes it

clear that whenever kt < k∗,
.

kt > 0 and whenever kt > k∗,
.

kt < 0. Thus, the
capital-effective labor ratio monotonically converges to the steady state value
k∗ implying the model’s asymptotic stability.

3 The model with Kaldor-Pasinetti saving and

time delay

We modify the model by assuming a time lag T ≥ 0 in the production tech-
nology. As a result, Eq. (2) is replaced by a differential equation with a delay
parameter:

.

kt = [sw + α(sc − sw)]kα
t−T − nkt, (2)

for some initial function kt = φt, t ∈ [−T, 0]. The equilibria of Eq. (2) coincide
with those of Eq. (1). In order to investigate the stability of k∗ we analyze the
linearized version of (2) about the point k∗. Linearization and introduction of
the new variable zt = kt − k∗ reduce Eq. (2) to

.
zt = αnzt−T − nzt. (3)

The corresponding characteristic equation is

λ + n − αne−λT = 0. (4)

We recall that the stability of the positive steady state and local Hopf bifur-
cations can be determined by the distribution of the roots of Eq. (4), and the
positive steady state k∗ of Eq. (2) is stable if and only if the zero steady state
of Eq. (4) is stable. Moreover, to obtain the values T such that the equilib-
rium point changes from local asymptotic stability to instability or viceversa,
we need to find the imaginary solutions of Eq. (4).
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Proposition 3.1.

1. Let α ≤ 1/
√

1 + n2. Then all roots of the characteristic Eq. (4) have
negative real parts.

2. Let α > 1/
√

1 + n2, then the following hold.

(a) For

T = Tj =
cos−1 (1/α) + 2jπ√

α2(1 + n2) − 1
(j = 0, 1, 2, ...),

Eq. (4) has a pair of imaginary roots ±iω0, where

ω0 =
√

α2(1 + n2) − 1.

(b) For T ∈ [0, T0), all roots of Eq. (4) have negative real parts; for
T = T0, all roots of Eq. (4), except ±iω0, have negative real parts;
for T ∈ (Tj, Tj+1], Eq. (4) has 2(j +1) roots with positive real parts.

Proof. We start examining the imaginary solutions of Eq. (4). Let λ = ±iω be
these solutions and without loss of generality let us assume ω > 0. It is easy
to see that Eq. (4) has a pure imaginary solution iω if and only if

iω + n − αne−iωT = 0.

Separating the real and imaginary parts yields

α cos ωT = 1 and ω = −αn sinωT, (5)

leading to

ω2 = α2(1 + n2) − 1.

Therefore, ω =
√

α2(1 + n2) − 1 if α2(1 + n2) − 1 > 0, i.e. α > 1/
√

1 + n2.
We can conclude that the characteristic equation (4) has a pair of imaginary
roots ±ω0i if α > 1/

√
1 + n2 and T = Tj .

Theorem 3.2. If α ≤ 1/
√

1 + n2, the steady state k∗ is asymptotically sta-
ble for all T ≥ 0. If α > 1/

√
1 + n2, we have that k∗ is asymptotically stable

when T ∈ [0, T0) and unstable when T > T0. Moreover, the economy undergoes
a Hopf bifurcation at k∗ if T = Tj , j = 0, 1, 2, ....
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Proof. Let λ(T ) = μ(T ) + iω(T ) be a root of Eq. (4) near T = Tj such that
μ(Tj) = 0, ω(Tj) = ω0, j = 0, 1, 2, .... By substituting λ(T ) into Eq. (4) and
differentiating both sides of the equation with respect to T , we obtain

dλ

dT
− (1 − α)ne−λT

(
T

dλ

dT
+ λ

)
= 0,

so that (
dλ

dT

)−1

= − 1

λ(λ + n)
− T

λ
.

Hence, it follows that

Re

(
dλ

dT

)−1

T=Tj

=
1

ω2
0 + n2

> 0, i.e.
d (Reλ)

dT

∣∣∣∣
λ=iω

> 0, j = 0, 1, 2, ....

From the previous Proposition and the above discussion we get the statement.
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