Applied Mathematical Sciences, Vol. 6, 2012, no. 57, 2821 - 2832

Corollary to a Theorem
of Oblique Linear Regression
Brian J. Mc Cartin
Applied Mathematics, Kettering University
1700 University Avenue, Flint, MI 48504-6214 USA
bmccarti@kettering.edu
Abstract
The Galton-Pearson-McCartin Theorem [5, p. 2899] states that the
best and worse lines of oblique regression contain conjugate diameters of
the concentration and inertia ellipses. The First Theorem of Apollonius
[9, p. 100] states that the sum of squares of any pair of conjugate
semi-diameters of an ellipse is a constant. These theorems are herein
combined to yield a relation between the orthogonal sums of squares of
the best and worse lines of oblique regression that is independent of the
direction of oblique projection.
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1

Introduction

If, in ﬁtting a linear relationship to a set of experimental (x, y) data (Figure
1), it is assumed that one (‘independent’) variable, say x, is known exactly
while the other (‘dependent’) variable, say y, is subject to error then the line
L (Figure 2) is chosen to minimize the total square vertical deviation Σd2y and
is known as the line of regression of y on x. Reversing the roles of x and y
minimizes instead the total square horizontal deviation Σd2x , thereby yielding
the line of regression of x on y. Either method will be termed coordinate
regression [2].
This procedure may be generalized to the situation where both variables
are subject to independent errors with zero means, albeit with equal variances.
In this case, L is chosen to minimize the total square orthogonal deviation Σd2⊥
(Figure 2). This will be referred to as orthogonal regression [7].
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Figure 1: Fitting Experimental Data
Moreover, this approach may be further extended to embrace the case
where the error variances are unequal. Deﬁning σu2 = variance of x-error,
σv2 = variance of y-error and λ = σv2 /σu2 , a weighted least squares procedure
1+m2
2
is employed whereby λ+m
2 · Σd⊥ is minimized in order to determine L. This
will be referred to as λ-regression [3]. Finally, if the errors are correlated with
1+m2
2
puv = covariance of errors and μ = puv /σu2 then λ−2μm+m
2 · Σd⊥ is minimized
in order to determine L. This will be referred to as (λ, μ)-regression [4].
The concept of oblique linear regression (Figure 3) was introduced in [5].
In this mode of approximation, we ﬁrst select a direction speciﬁed by the slope
s. We then obliquely project each data point in this direction onto the line L.
Finally, L is then chosen so as to minimize the total square oblique deviation
Σd2i . It was therein demonstrated that this permits a uniﬁed treatment of all
of the previously described ﬂavors of linear regression.
Galton [2] provided a geometric interpretation of coordinate regression in
terms of the best-ﬁtting concentration ellipse which has the same ﬁrst moments and second moments about the centroid as the experimental data [1,
pp. 283-285]. Pearson [7] extended this geometric characterization to orthogonal regression. McCartin [3] further extended this geometric characterization
to λ-regression. McCartin [4] ﬁnally succeeded in extending this geometric
characterization to the general case of (λ, μ)-regression. In a similar vein, a
geometric characterization of oblique linear regression [5], the Galton-PearsonMcCartin (GPM) Theorem, was proﬀered which was subsequently shown to
further generalize these Galton-Pearson-McCartin geometric characterizations
of linear regression.
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Figure 2: Coordinate and Orthogonal Regression
In the present paper, the First Theorem of Apollonius [9, p. 100], to the
eﬀect that the sum of squares of any pair of conjugate semi-diameters of an
ellipse is a constant, is combined with the GPM Theorem to yield a corollary
embodying a relationship between the orthogonal sums of squares of the best
and worse lines of oblique regression that is independent of the direction of
oblique projection. However, before proceeding any further, the elements of
oblique linear regression are reviewed.

2

Oblique Linear Regression

Consider the experimentally ‘observed’ data {(xi , yi )}ni=1 where xi = Xi +
ui and yi = Yi + vi . Here (Xi , Yi) denote theoretically exact values with
corresponding random errors (ui , vi ). We shall assume that E(ui ) = 0 =
E(vi ), that successive observations are independent, and that V ar(ui) = σu2 ,
V ar(vi ) = σv2 , Cov(ui, vi ) = puv irrespective of i.
Next, deﬁne the statistics of the sample data corresponding to the above
population statistics. The mean values are given by
x̄ =

n
n
1
1
xi ; ȳ =
yi ,
n i=1
n i=1

(1)

the sample variances are given by
σx2 =

n
n
1
1
(xi − x̄)2 ; σy2 =
(yi − ȳ)2 ,
n i=1
n i=1

(2)
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Figure 3: Oblique Projection
the sample covariance is given by
pxy =

n
1
(xi − x̄) · (yi − ȳ),
n i=1

(3)

and (assuming that σx · σy = 0) the sample correlation coeﬃcient is given by
pxy
rxy =
.
(4)
σx · σy
Note that if σx2 = 0 then the data lie along the vertical line x = x̄ while
if σy2 = 0 then they lie along the horizontal line y = ȳ. Hence, we assume
without loss of generality that σx2 · σy2 = 0 so that rxy is always well deﬁned.
Furthermore, by the Cauchy-Buniakovsky-Schwarz inequality,
p2xy ≤ σx2 · σy2 (i.e. − 1 ≤ rxy ≤ 1)

(5)

with equality if and only if (yi − ȳ) ∝ (xi − x̄), in which case the data lie on
the line
σ2
pxy
y − ȳ = 2 (x − x̄) = y (x − x̄),
(6)
σx
pxy
since pxy = 0 in this instance. Thus, we may also restrict −1 < rxy < 1.
Turning our attention to Figure 3, the oblique regression line, L, corresponding to the speciﬁed slope s may be expressed as
y − ŷ = m(x − x̂),

(7)

where (x̂, ŷ) is any convenient point lying on the line. L is to be selected so as
to minimize the total square oblique deviation
S :=

n

i=1

d2i =

n

i=1

[(xi − x∗ )2 + (yi − y∗ )2 ].

(8)
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Straightforward analytic geometry implies that we should instead minimize
S=

n
1 + s2 
·
[m(xi − x̂) − (yi − ŷ)]2 .
(m − s)2 i=1

(9)

Before proceeding any further, we point out an important simpliﬁcation of
our optimization problem:
Lemma 1 The oblique regression line, defined as the solution to the above
optimization problem, always passes through the centroid, (x̄, ȳ), of the data.
Thus, Equation (7) for the oblique regression line may be replaced by
L : y − ȳ = m(x − x̄)

(10)

which passes through the centroid.
As a result of this, we may reduce our optimization problem to choosing
m to minimize
S(m; s) =

n
1 + s2 
·
[m(xi − x̄) − (yi − ȳ)]2 ,
(m − s)2 i=1

(11)

for a given s. Furthermore, we ﬁrst recast the objective function as
S(m; s) =

1 + s2
· n · [m2 σx2 − 2mpxy + σy2 ].
(m − s)2

(12)

Diﬀerentiating Equation (12) with respect to m and setting S  (m) to zero
produces the extremizing slope:
Theorem 1 The slope of the oblique regression line is given by
m∗ (s) =

σy2 − s · pxy
.
pxy − s · σx2

(13)

Thereby, Equations (10) and (13) taken together comprise a complete solution
to the problem of oblique linear regression.
Observe that, from Equation (11), oblique linear regression may be interpreted as a weighted least squares procedure whereby L is chosen to minimize
(1+m2 )·(1+s2 )
· Σd2⊥ . The symmetry of this objective function with respect to m
(m−s)2
and s leads directly to:
Corollary 1 (Reciprocity Principle) If m is the slope of the oblique regression line in the direction s then s is the slope of the oblique regression line
in the direction m.
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3

Special Cases of Oblique Linear Regression
We next consider some important special cases of oblique linear regression

[5].

3.1

Coordinate Regression

We commence with the case of coordinate regression [2]. Setting s = 0 in
Equation (13) produces regression of x on y:
σy2
.
pxy

mx :=

(14)

Likewise, letting s → ∞ in Equation (13) produces regression of y on x:
pxy
.
σx2

my :=

(15)

Unsurprisingly, we see that the coordinate regression lines are special cases of
oblique linear regression.

3.2

Orthogonal Regression

We now consider the more substantial case of orthogonal regression [7]. Setting
s = − m1 in Equation (13) produces
pxy · m2 − (σy2 − σx2 ) · m − pxy = 0,

(16)

whose roots provide both the best orthogonal regression line
m⊥ =

(σy2 − σx2 ) +



(σy2 − σx2 )2 + 4p2xy

,

(17)

.

(18)

2pxy

as well as the worst orthogonal regression line
s⊥ =

(σy2 − σx2 ) −



(σy2 − σx2 )2 + 4p2xy

2pxy

Thus, orthogonal regression is also a special case of oblique linear regression.

3.3

λ-Regression

λ
Turning now to the case of λ-regression [3], set s = − m
in Equation (13):

pxy · m2 − (σy2 − λσx2 ) · m − λpxy = 0,

(19)
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whose roots provide both the best λ-regression line
mλ =

(σy2 − λσx2 ) +



(σy2 − λσx2 )2 + 4λp2xy

,

(20)

.

(21)

2pxy

as well as the worst λ-regression line
sλ =

(σy2 − λσx2 ) −



(σy2 − λσx2 )2 + 4λp2xy
2pxy

Thus, λ-regression is also a special case of oblique linear regression.

3.4

(λ, μ)-Regression

Proceeding to the case of (λ, μ)-regression [4], set s =

μm−λ
m−μ

in Equation (13):

(pxy − μσx2 ) · m2 − (σy2 − λσx2 ) · m − (λpxy − μσy2 ) = 0,

(22)

whose roots provide both the best (λ, μ)-regression line
mλ,μ =

(σy2 − λσx2 ) +



(σy2 − λσx2 )2 + 4(pxy − μσx2 )(λpxy − μσy2 )
2(pxy − μσx2 )

,

(23)

.

(24)

as well as the worst (λ, μ)-regression line
sλ,μ =

(σy2 − λσx2 ) −



(σy2 − λσx2 )2 + 4(pxy − μσx2 )(λpxy − μσy2 )
2(pxy − μσx2 )

Thus, (λ, μ)-regression is also a special case of oblique linear regression.

4

Concentration and Inertia Ellipses
Deﬁne the concentration ellipse (Figure 4) via
p2xy
(x − x̄)2
pxy (x − x̄) (y − ȳ) (y − ȳ)2
−2
·
·
+
= 4(1 − 2 2 ).
σx2
σx σy
σx
σy
σy2
σx σy

(25)

It has the same centroid and second moments about that centroid as does the
data [1, pp. 283-285]. In this sense, it is the ellipse which is most representative
of the data points without any a priori statistical assumptions concerning their
origin.
Deﬁne also the inertia ellipse (Figure 5) via
(x − x̄)2
pxy (x − x̄) (y − ȳ) (y − ȳ)2
1
−
2
·
·
+
=
.
2
2
σx
σx σy
σx
σy
σy
n · σx2 σy2

(26)
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Figure 4: Concentration Ellipse
The reciprocal of the square of the distance from the centroid of any point
on its periphery is equal to the moment of inertia of unit masses located at
the data points with respect to the line joining the centroid to that peripheral
point [1, pp. 275-276]. In turn, this moment of inertia is given by Equation
(11) with s = − m1 , viz.



n

1
1
=
S⊥ (m) := S m; −
· [m(xi − x̄) − (yi − ȳ)]2 ,
2
m
(1 + m ) i=1

(27)

which is seen to be the sum of squares of orthogonal distances of the data
points from the line with slope m passing through their centroid. Importantly,
the concentration and inertia ellipses are clearly homothetic with one another
with center of similitude located at the centroid.
In order to describe the GPM Theorem and its corollary in the next section,
we will require the concept of conjugate diameters of an ellipse [8, p. 146]. A
diameter of an ellipse is a line segment passing through the center connecting
two antipodal points on its periphery. The conjugate diameter to a given
diameter is that diameter which is parallel to the tangent to the ellipse at
either peripheral point of the given diameter (see Figure 6, where the dashed
line is the major axis).
If the ellipse is described by
ax2 + 2hxy + by 2 + 2gx + 2f y + c = 0 (h2 < ab),

(28)

Corollary of oblique regression

2829

1

0.8

y

0.6

0.4

0.2

0

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

Figure 5: Concentration (dashed) and Inertia (solid) Ellipses
then, according to [8, p. 146], the slope of the conjugate diameter is
s=−

a+h·m
,
h+b·m

(29)

where m is the slope of the given diameter. Consequently,
m=−

a+h·s
,
h+b·s

(30)

thus establishing that conjugacy is a symmetric relation. As a result, these
conjugacy conditions may be rewritten symmetrically as
b m · s + h (m + s) + a = 0.

(31)

The ﬁnal tool that is required is the following classical result [9, p. 100].
Theorem 2 (First Theorem of Apollonius) The sum of squares of two
conjugate semi-diameters is constant and equal to the sum of squares of the
principal semi-axes.
A matrix analytic proof of this important theorem is to be found in [6].

5

The GPM Theorem and Its Corollary

As established previously, all of the familiar modes of linear regression are
subsumed under the umbrella of oblique linear regression. We now consider the
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Figure 6: Conjugate Diameters
generalization of the Galton-Pearson-McCartin geometric characterizations of
linear regression [2, 7, 3, 4] to oblique linear regression [5] and its immediate
corollary.
For the concentration ellipse, Equation (25), and inertia ellipse, Equation
(26), we may take
a = σy2 , h = −pxy , b = σx2 ,
(32)
so that
s=−

σy2 − pxy · s
σy2 − pxy · m
;
m
=
−
,
−pxy + σx2 · m
−pxy + σx2 · s

(33)

which, by Equation (31), implies that s and m satisfy the symmetric conjugacy
condition
σx2 m · s − pxy (m + s) + σy2 = 0.
(34)
Direct comparison of Equations (33) and (13) demonstrates that the best
and worst slopes of oblique regression satisfy Equation (34) and are thus conjugate to one another. Hence, we arrive at the unifying GPM Theorem [5]:
Theorem 3 (Galton-Pearson-McCartin Theorem) The best and worst
lines of oblique regression contain conjugate diameters of the concentration
and inertia ellipses whose slopes satisfy the conjugacy relation Equation (34).
Note that s = μm−λ
may be rearranged to reproduce the geometric charm−μ
acterization for (λ, μ)-regression of McCartin [4]: (m − μ) · (s − μ) = μ2 − λ.
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Furthermore, subsequently setting μ = 0 reproduces the geometric characterization for λ-regression of McCartin [3]: m · s = −λ. Now, setting λ = 1
reproduces Pearson’s geometric characterization for orthogonal regression [7]:
it is the major axis of the ellipse. Instead, setting λ = 0, ∞ reproduces Galton’s geometric characterization for coordinate regression [2]: they are the lines
connecting the points of horizontal/vertical tangencies, respectively.
Combining the GPM Theorem with the First Theorem of Apollonius leads
immediately to the principal new result of the present paper:
Corollary 2 (GPM Corollary) The orthogonal sums of squares of the best
oblique regression line, S⊥ (m), and the worse oblique regression line, S⊥ (s),
satisfy the relation:


−1

1
S⊥ (m)
n



+

1
S⊥ (s)
n

−1

=

σx2 + σy2
,
σx2 σy2 − p2xy

(35)

independent of the direction of oblique projection s.
Proof: By the deﬁnition of the inertia ellipse, the sum of squares of a pair of
conjugate semi-diameters is equal to the sum of the reciprocals of the corresponding moments of inertia given by Equation (27). By the First Theorem of
Apollonius, this sum of reciprocals is constant and equal to that for the principal semi-axes. As the major and minor axes correspond to the best and worst
orthogonal regression lines, respectively, the moment of inertia with respect to
the major axis is [3, Equation (28)]

n 
S⊥ (m⊥ ) = · (σy2 + σx2 ) − (σy2 − σx2 )2 + 4px y 2 ,
2
while that with respect to the minor axis is [3, Equation (29)]

n 
S⊥ (s⊥ ) = · (σy2 + σx2 ) + (σy2 − σx2 )2 + 4px y 2 .
2
Thus, reciprocating and adding these last two equations yields the desired
relation:

−1

−1
σ2 + σ2
1
1
S⊥ (m)
+ S⊥ (s)
= 2 x2 y2 .
n
n
σx σy − pxy
2

6

Conclusion

In the foregoing, the concept of oblique linear regression [5] was reviewed
with emphasis placed upon its ability to provide a uniﬁed treatment of the various modes of linear regression: coordinate regression [2], orthogonal regression
[7], λ-regression [3] and (λ, μ)-regression [4]. This development culminated in
the Galton-Pearson-McCartin Theorem [5] and the opportunity to present and
prove an interesting corollary using the First Theorem of Apollonius has been
exploited.
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