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Abstract 
 

A quadratic polynomial equation for the four-point rectangular data array was 
first derived by means of the shifting operator. An alternative derivation applies a 
posited symbolic function that represents the forms of the coefficients in the 
equation. The method is illustrated by examples.        
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1. Introduction 
 

A recent presentation in This Journal introduced a method for deriving a 
cubic equation for the eight-point rectangular prism [1-3]. This equation is exact on  
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the first, second, and third powers of trilinear numbers. It was derived by positing a 
function that takes the general form of the higher-order coefficients in the equation. 
The same principle can be used to derive a polynomial equation for the four-point 
rectangular array. It demonstrates the posited-function approach to the derivation of 
polynomial equations for data in rectangular and prismatic arrays [4-6].  
 
 
2. The four-point rectangle 
 

Suppose experimental data are available only at the four vertices of the 
rectangular design ACIG in Fig. 1. The bilinear equation is the customary 
representation such arrays. It is illustrated by Eq. (1). The capital letter R represents 
an interpolated number in the (x,y) coordinate system whose dimensions are –1 .. 1 
in horizontal x- and vertical y-directions, respectively. Equation (2) is a symbolic 
representation of Eq. (1). Hereafter, the coefficients P, xc, yc, and xyc represent a 
constant, the coefficients of the two linear terms, and the coefficient of the cross-
product term, respectively.  

 
R = (A+C+G+I)/4 + (I+C–G–A)(x/4) + (I+G–A–C)(y/4) + (I+A–C–G)(xy/4)      (1) 
 
R = P + Qx + Sy + Txy                                                                                            (2) 
 

Let it be desired to develop another equation for rectangle ACIG in Fig. 1. 
The new equation is to be exact on bilinear numbers as well as on the squares of 
bilinear numbers. In the case of the bilinear numbers, the cross-product coefficient 
vanishes so Eq. (1) takes the form of the right-hand side of Eq. (2) in which T is 
zero. Only the coefficients P, Q, and S are retained. When the bilinear numbers are 
squared, Eq. (2) can be rewritten as Eq. (3). The expanded form of Eq. (3) is Eq. (4).   
 
R = (P + Qx + Sy)2                                                                                                   (3) 
 
R = P2 +2(PQ)x + 2(PS)y + (Q2)x2 + 2(QS)xy + (S2)y2                                          (4) 

 
The coefficients in Eq. (4) are a constant P2, two linear-term coefficients xc 

and yc, a cross-product coefficient xyc, and two quadratic-term coefficients that can 
be abbreviated as x2c and y2c. In these abbreviations, the trailing letter c represents 
the word coefficient so that y2c represents the numerical coefficient of the quadratic 
term y2.  
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Equation (4) indicates that the linear-term coefficients are constructed from 
P, Q, and S. The cross-product coefficient is constructed from Q and S. The 
quadratic-term coefficients contain only Q or S. From these observations it can be 
conjectured that the quadratic-term coefficients can be constructed from the linear-
term coefficients and the cross-product coefficient. The conjecture remains to be 
verified.  
 

The proposed conjecture can be expressed in several ways. One possibility is 
defined by the three letters FNC as in Eq. (5). It can be substituted with the symbolic 
forms of xc, yc, and xyc as they appear in Eq. (4). These substitutions yield Eq. (6). 
Equation (6) can be then simplified as in Eq. (7). From that expression the symbolic 
forms of the quadratic-term coefficients can be prepared.  
 
FNC = (xc)J(yc)K(xyc)L                                                                                           (5) 
 
FNC = (PQ)J(PS)K(QS)L                                                                                          (6) 
 
FNC = P(J+K)Q(J+L)S(K+L)                                                                                           (7) 

 
Let the form of x2c be derived from Eq. (7). The numerical values of J, K, L 

must first be found. To find them, generate three equations that are based on the 
symbolic form x2c as it appears in Eq. (4). The three equations are Eqs. (8)-(10).  
 
J + K = 0         (power of P in x2c)                                                                           (8) 
 
J + L = 2         (power of Q in x2c)                                                                           (9) 
 
K + L = 0        (power of S in x2c)                                                                         (10)    
  

Solve Eqs. (8)-(10) as a simultaneous set. They render J = (1), K = (–1), L = 
(1). Substitute these numbers into Eq. (5). When the operations are completed, the 
symbolic definition FNC represents the relationship of xc, yc, and xyc in the 
quadratic coefficient x2c. The right-hand side of Eq. (5) can now be rewritten as Eq. 
(11). The form of x2c is given the symbol x2cf. The letter W represents a constant.  
 
x2cf = (W)(xc)(xyc)/(yc)                                                                                      (11)  
 

Repeat the illustrated process in order to obtain the form of y2c. This 
application  renders  three new  equations:  Eqs.  (12)-(14).   When  solved  as  a  
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simultaneous set, they render J = (–1), K = (1), L = (1). Substitute these numbers into 
Eq. (5). The form of y2c is  Eq. (15). In other words, by supposing (1) that x2c and 
y2c are definable in terms of xc, yc, and xyc, and (2) by positing Eq. (5) as an 
adequate symbolic form of the supposition, the forms of x2c and y2c have found. As 
above, the symbol y2cf represents the form of y2c in Eq. (15). The letter W 
represents a constant.  
 
J + K = 0         (power of P in y2c)                                                                         (12) 
 
J + L = 0         (power of Q in y2c)                                                                         (13) 
 
K + L = 2        (power of S in y2c)                                                                         (14)   
 
y2cf = (W)(yc)(xyc)/(xc)                                                                                        (15)  
 
 The value of the numerical constant W is found by examining particular 
cases. For example, suppose the data (A,C,G,I) are (2,5,8,11), respectively. The 
bilinear equation renders Eq. (16). When the right-hand side of Eq. (16) is squared, 
the result is Eq. (17). 
 
R = (13/2 + 3x/2 + 3y)                                                                                           (16)    
 
R =  169/4 + 39x/2 + 39y + 9xy + 9x2/4 + 9y2                                                      (17)    
 
 When Eq. (11) is substituted with xc, yc, and xyc from Eq. (17), the result is 
9W/2. However, the real x2c coefficient in Eq. (17) is 9/4. This means W=(1/2) in 
Eq. (11). When Eq. (15) is substituted with xc, yc, and xyc from Eq. (17), the result 
is 18W. However, the real y2c coefficient is 9. This means W=(1/2) in Eq. (15). The 
sum of the quadratic-term coefficients that are to be added to Eq. (1) are represented 
by Eq. (18). 
 
(x2c)x2 + (y2c)y2 = [(xc)(xyc)/(2(yc))]x2 + [(yc)(xyc)/(2(xc))]y2                         (18) 
 

The constant term in the quadratic equation for the four-point rectangle is the 
arithmetic average of the squares of the original data, (A+C+G+I)/4 = 
(4+25+64+121)/4, minus (x2c+y2c), or 169/4. These operations establish the 
constant term in the quadratic equation for the four-point rectangle. 
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3. Discussion 
 
 
 A quadratic equation for the four-point rectangular array was once believed 
to be impossible [4]. Its derivation can proceed by means of the shifting operator [4], 
or by the customary methods of algebra [5], or by the posited-function approach 
illustrated above. The case of the four-point rectangle is simpler than the case of the 
eight-point cube [3]. 
 

In this symbolic approach, the underlying supposition is given a tangible 
form by Eq. (5). An analogous supposition, and an analogous process, establishes an 
interpolating equation for the eight-point cube. It is also a polynomial equation. It is 
exact on the first, second, and third powers of trilinear numbers in cubical array [1-
3]. The posited-function approach is tedious but it has been successful on four- and 
eight-point data arrays [1-4]. 
 
 A question can now be asked: Is it possible to use the method of posited 
functions to derive another equation for the four point rectangle, one that is exact on 
bilinear numbers, on their second powers, and on their third powers? If the basis of 
the derivation is the bilinear equation, the answer presently seems to be No. There is 
a reason for this negative answer: the bilinear equation provides only a constant and 
three coefficients: xc, yc, and xyc. In order to step from the second to the third power 
of the bilinear equation, either a better use of these terms must be found or more 
coefficients are needed. Sadly, the bilinear equation does not provide more 
coefficients. There seems to be no possibility of deriving a third-power equation 
from four points in a rectangular array. The method of posited functions appears to 
be inadequate for this purpose. The trilinear equation for the cube does not have this 
deficiency. It has enough coefficients to generate both second- and third-degree 
equations for eight-point cubical arrays [1-3,5,6].  
  
 The negative answer to the preceding question is a potential trap. Because the 
answer is No for one method does not mean the answer is No forever. Suppose the 
data at A, C, G, I in Fig. 1 are (1)4, (3)4, (7)4, and (9)4, respectively. Nothing else is 
known except that these numbers are in a rectangular array. Nevertheless, there are 
equations that meet the requirements of the problem. With rounded coefficients, five 
of them are Eqs. (19)-(23). They replicate the four data and they are third-degree 
polynomial equations.  
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R = 104.1x3 + 926.6x2y + 2748xy2 + 2717y3 + 172.0x2 + 1020xy + 1513y2 – 1792x  
       –  1423y + 576.5                                                                                             (19) 
 
 
R = 46.65x3 + 400.0x2y + 1143xy2 + 1089y3 + 178.5x2 + 1020xy + 1458y2 – 129.7x   
       + 731.1y + 625.0                                                                                             (20) 
 
R = 25.83x3 + 202.8x2y + 530.9xy2 + 463.2y3 + 194.8x2 + 1020xy + 1335y2 + 503.3x  
       + 1554y + 731.2                                                                                              (21) 
 
R = 19.77x3 + 138.7x2y + 324.3xy2 +252.8y3 + 218.1x2 + 1020xy + 1193y2 + 715.9x  
       + 1829y + 850.3                                                                                              (22) 
 
R = 17.30x3 + 104.2x2y + 209.0xy2 + 139.8y3 + 254.2x2 + 1020xy + 1023y2 + 833.7x  
       + 1976y + 983.4                                                                                              (23) 
 
 
 What is presently hidden is the assumption that any four-point rectangular 
data array that forms a real, continuous, monotonic surface has a number associated 
with any interior point. Another hidden assumption is this: the center point of the 
present array, (x,y)=(0,0), can be assigned the numbers (4.9)4, (5.0)4, (5.2)4, (5.4)4, 
and (5.6)4. These unstated assumptions render Eqs. (19)-(23), respectively. Allowed 
the privilege of hidden assumptions, third-degree equations for four data in a 
rectangular array are a possibility [7].   
 
 
 
 
 
     G  I 
 
     A  C 
     
 
     Fig. 1. The four-point rectangle.  

        Data are positioned at its four vertices.  
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