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1 Introduction

In recent years there has been enormous growth of research articles using homo-
topy analysis method (HAM) for finding the solutions of nonlinear problems
[1]-[13] which is a newly developed technique and independent of any small
parameters. Liao [14] has proved that HAM logically contains the so called
nonperturbative methods such as Adomian’s decomposition method [15]-[20],
the δ-expansion method [21], Lyapunov’s artificial small parameter method
[22, 23], and so on. Abbasbandy [24, 25] has pointed out that the so called ho-
motopy perturbation method is also a special case of homotopy analysis method.
All of these show that HAM is general method for many kind of non-linear
problems. The zero order deformation equation for HAM is given as follows

(1 − q) L[Φ(ξ; q) − y0(ξ)] = q � N [Φ(ξ; q)] , (1)

where L is the linear operator, N is the nonlinear operator, � is convergence
control parameter, 0 ≤ q ≤ 1 is an embedding parameter and y0(ξ) is the
initial guess of the unknown Φ(ξ; q). The basic ingredients required for HAM
are linear operator, base function and initial guess. In fact linear operator and
base function both are interconnected means one speaks for the other. One can
play with different base functions, different linear operators and different initial
guesses for the same problem and can observe the differences in convergence
of results. Here we will observe this and provide amazing results with the help
of the following linear operator,

L[φ(ξ; q)] =
∂2φ

∂ξ2
+ κ2φ . (2)

This linear operator contains κ which is a positive integer. By changing κ we
get different linear operators. Also we have used the base functions involving
κ. So for different κ we have different base functions as well that is discussed
in next sections.
For this purpose we chose two famous nonlinear problems named as general-
ized Van der Pol’s equation and Rayleigh’s equation as examples. Different
researchers have tackled these problems with different techniques [26]-[29]. In
this paper we handled these problems by using HAM beside we proved the
beauty and flexibility of this method as well.

In section 2 we will introduce the examples taken to support our statement
about linear operator. In section 3 we provide the HAM analysis of one of the
example. In section 4 we investigate these linear operators and base functions
in detail to show how they influence the convergence of solution with the help
of tables and graphs.
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2 Examples

Here we take following examples to prove our statements about freedom of
choice of linear operator and base functions. First we consider the generalized
Van der Pol’s equation given as follows,

x′′ + ε(x2 − 1)x′ + x
2m+1
2n+1 = 0, (3)

where m,n ∈ N and ε > 0. Here, the oddness of both the numerator (2m + 1)
and denominator (2n + 1) is important [30].

Another example is Rayleigh equation which is given as follows,

x′′ + ε(x′2 − 1)x′ + x = 0, (4)

where ε > 0. In the next section we will discuss HAM analysis only on the
Rayleigh’s differential equation in detail. However, the same procedure can be
used for the generalized Van der Pol’s equation as well, which is discussed in
the result analysis section.

3 HAM Analysis

We introduce the following transformation

x(t) = γy(ξ), ξ = λt, ω = κλ, μ =
ε

1 + ε
, (5)

where ω is the frequency, γ the amplitude, λ time scale parameter and μ ∈ [0, 1)
a constant. After applying the transformation, Rayleigh’s equation (4) takes
the form

(1 − μ)(λ2y′′ + y) + μ λ(γ2λ2y′2 − 1)y′ = 0, (6)

with boundary conditions as follows

y(0) = 1, y′(0) = 0, y(0) = y(2π). (7)

4 HAM deformation equation

Considering the boundary conditions in (7) we choose the basis functions as

{cos(κmξ), sin(κmξ) | m≥1, κ≥1} , (8)

with which the solution can be written as

y(ξ) =
+∞∑
m=1

am cosκmξ +
+∞∑
m=1

bm sinκmξ, (9)
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where am and bm are coefficients. This provides us the Rule of Solution Ex-
pression of y(ξ).

According to the solution expression (9) and the boundary conditions (7),
it is straightforward to choose the initial solution

y0(ξ) = cosκξ, (10)

and the following generalized auxiliary linear operator

L[φ(ξ; q)] =
∂2φ

∂ξ2
+ κ2φ , (11)

which has the following property

L[C1 cos(κξ) + C2 sin(κξ)] = 0 , (12)

where C1 and C2 are integral constants. Note that this linear operator contains
κ which is a positive integer, by changing κ we get different linear operators.
Also we have used the base functions that also involves κ. So for different κ we
have different base functions as well. For κ = 1 this linear operator become as
same as that used by Liao [29] for the Van der Pol’s equation which we took
here as one of the examples.

We will show the effects of changing κ on the convergence of the solution
series. From Eq. (6), we are led to define a nonlinear operator

N [Φ(ξ; q), Λ(q), Γ(q)] = (1 − μ)(Λ2 Φ′′ + Φ) + μΦ′Λ(Λ2Γ2Φ′2 − 1). (13)

We construct the zeroth-order deformation equation,

(1 − q) L[Φ(ξ; q) − y0(ξ)] = q � N [Φ(ξ; q), Λ(q), Γ(q)] , (14)

subject to the corresponding boundary conditions

Φ(0; q) = 1,
∂Φ(ξ; q)

∂ξ

∣∣∣∣
ξ=0

= 0, Φ(0; q) = Φ(2π; q), (15)

where q ∈ [0, 1] is the embedding parameter and � the nonzero auxiliary pa-
rameter.

When q = 0, we have, from Eqs. (14) and (15), the solution

Φ(ξ; 0) = y0(ξ), Λ(0) = λ0, Γ(0) = γ0, (16)

where λ0 and γ0 are the initial approximations of λ and γ respectively. Since
� �= 0 , Eq. (14) is equivalent to Eq. (6), when q = 1 provided that

Φ(ξ; 1) = y(ξ), Λ(1) = λ, Γ(1) = γ. (17)
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Thus, as q increases from 0 to 1, Φ(ξ; q) varies from the initial guess y0(ξ) to
the solution y(ξ) of the original equations (6) and (7), so does the Λ(q) from
λ0 to λ and Γ(q) from γ0 to γ.

Using (16), we expand Φ(ξ; q), Γ(q) and λ(q) in the Taylor series with
respect to q, i.e.

Φ(ξ; q) = y0(ξ) +
+∞∑
m=1

ym(ξ) qm , (18)

Γ(q) = γ0 +

+∞∑
m=1

γm qm, Λ(q) = λ0 +

+∞∑
m=1

λm qm, (19)

where

ym(ξ) =
1

m!

∂mΦ(ξ; q)

∂qm

∣∣∣∣
q=0

, λm =
1

m!

dmΛ(q)

dqm

∣∣∣∣
q=0

, γm =
1

m!

dmΓ(q)

dqm

∣∣∣∣
q=0

.

Note that the above three series are dependent upon the auxiliary parameters
�. Assuming that � is properly chosen so that the above three series converges
at q = 1, and using (17), we have the solution series

y(ξ) = y0(ξ) +

+∞∑
m=1

ym(ξ) , (20)

γ = γ0 +
+∞∑
m=1

γm, λ = λ0 +
+∞∑
m=1

λm. (21)

5 High-order deformation equation

For brevity, define the vectors

ym = {y0(ξ), y1(ξ), y2(ξ), · · · , ym(ξ)},
γm = {γ0, γ1, γ2, · · · , γm}, λm = {λ0, λ1, λ2, · · · , λm}.

Differentiating the zeroth-order deformation equation (14) m times with re-
spect to the embedding parameter q, then setting q = 0, and finally dividing
by m!, we have the so-called mth-order deformation equation

L[ym(ξ) − χmym−1(ξ)] = � Rm(ym−1, γm−1, λm−1) , (22)

subject to the boundary conditions

ym(0) = 0, y′
m(0) = 0, (23)
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where

Rm(ym−1, γm−1, λm−1) = (1 − μ)

[
m−1∑
j=0

y′′
j Em−1−j + ym−1

]
+ μ

[
m−1∑
j=0

CjFm−1−j − Cm−1

]
,

and

χm =

{
0, m ≤ 1,
1, m > 1,

(24)

in which

Ek =

k∑
j=0

λj λk−j, Ck =

k∑
j=0

λj y′
k−j, Dk =

k∑
j=0

Aj Bk−j,

Bk =

k∑
j=0

y′
j y′

k−j, Ak =

k∑
j=0

γj γk−j, Fk =

k∑
j=0

Ej Dk−j.

Thus, the nonlinear Eq. (6) is converted into an infinite number of linear
problems as in (22). Here ym(ξ) for m≥1 is calculated by solving the linear
equations (22) with linear boundary conditions (23), which can be easily solved
by using symbolic computation software such as Mathematica.

Let y∗
m(ξ) represents a particular solution of equation

L[y∗
m(ξ)] = � Rm(ym−1, γm−1, λm−1) , (25)

then using property (12), the general solution of Eq. (22) is

ym(ξ) = χmym−1(ξ) + y∗
m(ξ) + C1 cos(κξ) + C2 sin(κξ), (26)

where coefficients C1 and C2 are determined by boundary conditions (15).
Here we notice that Rm contains cosκξ and sinκξ, due to the property (12)
the solution ym contain the terms like ξ sinκξ and ξ cosκξ which are called
secular terms, and disobey the rule of solution expression denoted by (9). In
order to keep this rule we have to enforce coefficients of cos ξ and sin ξ in Rm

equal to zero, as a result we can get a set of two equations for solving λm and
γm. In this way, we get λ0 = 1/κ and γ0 = 2√

3
, as initial values of λ and γ,

respectively. The same procedure can be applied to the Van der Pol’s equation
(3). The effect of generalized linear operator on the convergence is discussed
in the next section.

6 Result Analysis

6.1 Generalized Van der Pol’s equation

Due to flexibility of HAM it allows us to have different experiments. We
can increase the convergence region by selecting better base function, linear
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operator and proper value of � within the frame work of HAM. Now to observe
the effects of generalized linear operator (11) on the convergence of the solution
Fig. (1) gives the �-curve of frequency ω varied with �. It is seen that by
increasing the value of κ the convergence region for Van der Pol’s equation
with m = 4 and n = 1 also increases. For κ = 1, the convergence region is
−0.8 < � < 0 and that of for κ = 3, is −5 < � < 0. So with the help of
this kind of generalized linear operator we can improve the convergence of the
solution. Fig. (2) and Fig. (3) show the calculated errors with case of different
κ. In Fig. (2) the � is very small for κ = 1 while in Fig. (3) � is much larger for
κ = 3 and the error of the original equation is also reduced with the increase
of κ. Here error is defined as follows,

Y (M) =

M∑
m=0

ym(ξ) , Γ(M) =

M∑
m=0

γm, Λ(M) =

M∑
m=0

λm. (27)

error ≈ (1 − μ)
[
Λ(M)2 Y (M)′′ + Y (M)

]
+ μY (M)′Λ(M)

[
Λ(M)2Γ(M)2Y (M)′2 − 1

]
.

6.2 Rayleigh’s equation

Tables 1 to 4 shows the results of Rayleigh’s equation given by HAM for
different parameters. The main aim is to investigate the convergence of the
solution varying with κ. In all these tables, the comparison is made between
HAM results and that of homotopy-Padé approximation. As is seen that if we
increase value of κ, the convergence become faster with some higher |�| values.
For example, the result of γ in case of κ = 1, μ = 1/2 is 1.25442, however, if
we take κ = 9, only 10th-order approximation is accurate enough for the same
case. This shows that using HAM we have freedom to chose linear operator
and base functions in order to improve the convergence of the solution.

Remember that � plays a key role in adjusting the convergence of the
solution in the frame work of HAM. We have also shown that using some
higher κ values we can get even better convergent results with the help of
properly chosen � for larger μ. As in Table 3, it is obvious that our results
agree well with the homotopy-Padé approximations for higher κ and |�| values.
The 20th order result for κ = 3 is much better than that of 30th order for κ = 1.
Similar behavior can be observed in Table 4.

7 Conclusion

In this paper we proved that, convergence region can be increased by means
of the selection of better base function, linear operator and proper value of
�, within the frame work of HAM. This is one of the advantage of HAM.
Besides, unlike all perturbation and previous non-perturbation methods the
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HAM provides us with great freedom to choose proper base function and lin-
ear operator so as to give better approximations of nonlinear problems. Such
kind of freedom and flexibility greatly helps in solving complicated nonlinear
equations and thus increases the possibility of finding satisfactory series solu-
tion of a given nonlinear problem. By means of the HAM a nonlinear ODE
is often replaced by an infinite number of linear ODEs which with the help
of symbolic computation software can be handled easily. Here in this paper
from the result analysis of two examples we have observed that by using the
flexibility of HAM one can observe even better and more convergent results for
some nonlinear problems. For example, by increasing κ, we can get convergent
result with lower order of approximations and higher |�| value.
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Table 1: The convergent result for κ = 1 when � = −1.5 and μ = 1/2.

m γ γ homotopy-Padé Error

10 1.25447 1.25439 0.0012
20 1.25442 1.25441 0.000012
30 1.25442 1.25441 7.78×10−8

Table 2: The convergent result for κ = 9 when � = −140 and μ = 1/2.

m γ γ homotopy-Padé Error

10 1.25442 1.25439 0.00049
20 1.25442 1.25441 5.3×10−7

30 1.25442 1.25441 3.9×10−9

Table 3: The comparison of convergence for different κ with μ = 2/3.

m γ (κ = 1, � = −1/2) γ (κ = 3, � = −13) γ homotopy-Padé

10 1.4245 1.5152 1.50263
20 1.50075 1.50914 1.50972
30 1.5118 1.50984 1.50975
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Table 4: The comparison of convergent result for different κ with μ = 3/4.

m γ (κ = 1, � = −1/10) γ (κ = 3, � = −8) γ homotopy-Padé

10 1.28879 1.79012 1.7537
20 1.40975 1.83682 1.8269
30 1.50677 1.82335 1.8294
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Figure 1: � curve for Van der Pol’s equation with m = 4, n = 1 and μ = 1/2.
Solid line: κ = 1, dashed line: κ = 3.
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Figure 2: Error curve for Van der Pol’s equation with m = 4, n = 1, � =
−1/10, μ = 1/2 and κ = 1. Dashed line: error for 10th order approximate
solution, solid line: error for 20th order approximate solution.
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Figure 3: Error curve for Van der Pol’s equation with m = 4, n = 1, � = −3,
μ = 1/2 and κ = 3. Dashed line: error for 10th order approximate solution,
Solid line: error for 20th order approximate solution.
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