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Abstract 
   
      The logistic regression model is one of the statistical models that widely used 
to analyze binary response data. Bayesian and maximum likelihood methods were 
used to model binary data for prostate cancer. In Bayesian method Gibbs 
sampling algorithm was used to select 5 millions samples from posterior 
distribution of logistic coefficients under flat non-informative prior. Then mean, 
standard deviation, and some percentiles of posterior distribution were computed. 
The empirical results showed that the estimates of coefficients and mean square 
errors for Bayesian approach not different from maximum likelihood approach, 
but the percentage of correct classification when using Bayesian approach greater 
little than maximum likelihood. Also in the testing lack of fit, the probability of 
accept the null hypotheses that model is appropriate under Bayesian approach 
greater little than the probability of accept the null hypotheses under maximum 
likelihood approach. The research recommended using Bayesian approach for 
making statistical inference about application of the logistic regression model on 
prostate cancer data because Bayesian approach allows for probabilistic 
interpretations to logistic coefficients and its results more accurate than the 
maximum likelihood method at least the same accuracy under non-informative 
prior. 
 
Keyword: Binary logistic model, Bayesian inference, Gibbs sampling, Maximum 
likelihood Estimates (MLE), Bayes factor 
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1- Introduction 

 
Binary logistic regression model is used in fields which study and analyze the 

effects of covariates on a categorical response variable. When modeling binary 
data, the outcome response variable has a Bernoulli distribution with probability 
of success regressed on the covariates through a link function taken as the 
cumulative distribution function (CDF) of the logistic distribution. These kind of 
analysis described in detail in a number of books such as, Cox (1971) and 
Maddala (1983). 

Bayesian and maximum likelihood (ML) methods can be used to estimate the 
parameters of logistic regression model. Bayesian inference about model 
considers the parameters are random variables, and allows for probabilistic 
interpretations to these parameters, whereas maximum likelihood estimates 
(MLE) approach does not. When using maximum likelihood estimation, 
inferences about the model are usually based on asymptotic theory. Griffiths et al. 
(1987) found that the (MLE) have significant bias for small sample. 

Albert and Chip (1993) introduced a simulation-based approach for the 
computation of the exact posterior distribution of logistic coefficients in the case 
of the probit model. Groenewald and Mokgatlhe (2005) applied the data 
augmentation approach of Albert and Chip (1993) and used Gibbs sampling to 
obtain samples from the posterior distribution of coefficients, drawing only from 
uniform distribution. 

Tektas and Gunay (2008) handled Bayesian approach to estimate parameters 
of binary logit and probit models. Furthermore, the maximum likelihood and 
ordinary least-squares methods are discussed briefly, and a simple example is 
presented to compare these three methods. 

In this paper Bayesian inference about logistic regression model applied on 
prostate cancer data that introduced by Hosmer and Lemeshow (2000). So form of 
logistic model is displayed in section 2, Bayesian method for estimating 
parameters of model under flat non-informative prior introduced in section 3, and 
Gibbs sampling method that can be used to sample from the posterior distribution 
of parameters is presented in section 4, description of prostate cancer data is 
discussed in section5, In section 6 the empirical results of Bayesian method are 
discussed and compared with maximum likelihood results.       

 
 

2- Form of Logistic Regression Model 
 

  Suppose that a categorical response variable includes only two groups and  
represented by binary variable )1,0(y , then y  distributed as Bernoulli with  
probability of success p . If  n  independent random variables ),...,,( 21 nyyy  are 
observed, logistic regression model given by  
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Where, ),...,,( 10 ′= kββββ is a ( )1)1( ×+k  vector of unknown parameters,  
),...,,1( 1 ikii xx=′x are 1+k  of  known covariate measurements, and (.)g  is a 

known CDF  linking the probabilities ip  with the linear structure )( βx i′ . The 
logit model is obtained if  (.)g  is the logistic CDF (Cox,1971,….), Then  the 
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The above distribution contains )1( +k   unknown parameters, can be 
estimated by using some methods of estimation such as maximum likelihood 
(ML), ordinary least squares (OLS), and Bayesian approach (BA). In this paper, 
we can be compared the accuracy of these methods especially, ML and BA for 
some different sample sizes with application on  prostate cancer data. 
 
 
3- Bayesian inference for logistic regression parameters 

 
The centerpiece of Bayesian methodology is Bayes theorem. In our 

applications, we can write: 

functionLikelihooddensityior
parametersdataPprametersPdataparametersP

×∝
∝
Pr

)|()()|(
                (3) 

In the preceding function, the first term on the right-hand side is the prior beliefs 
of analyst. The second term is the joint distribution of the observed random 
variable y  given parameters ),...,,( 10 kβββ=β . The lift-hand side is the posterior 
density of the parameters given the current body of data. The posterior is mixture 
of the prior information and current information(Greene,P.430,2003). The 
Bayesian inference for logistic regression analysis follows the usual pattern for all 
Bayesian analysis: write down the likelihood function of data, form prior 
distribution over all unknown parameters, and use Bayes theorem to find posterior 
distribution over all parameters. 
3-1 The Likelihood Function 
        For a sample of n  observations, the likelihood function is given by 
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The maximum likelihood estimators (MLEs) can be obtained by solving the 
system of non-linear equations given by  
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The MLEs of vector β , denoted by mleβ̂  can be found using frequents approach 
for solving non-linear equations in (5). The frequents approach considers the 
parameter value  ),...,,( 10 kβββ=β  to be a fixed but unknown value.  
3-2 The Prior Distribution of Logistic Coefficients 

In the Bayesian analysis of logistic regression model conjugate prior 
distribution for logistic coefficients not exist, then making inferences is 
complicated. Albert and Chib (1993) proposed approach for binary logit 
regression models to resolve this problem. 
Let ( )βπ  denotes the prior distribution of β , and If ),...,,( 10 kβββ are 1+k  
identically independently uniform random variables, Bayesian estimate of β , 

Bayesβ̂  is the same as MLEs, mleβ̂ . According to the usual asymptotic 
approximation, the posterior distribution of β is a multivariate normal distribution 

with mean  mleβ̂ , and variance [ ] 1
)ˆ(
−

mleI β  , where [ ])ˆ( mleI β  defined as the inverse 

of the observed information matrix about  mleβ̂  (Tektas and Gunay,2008). 
 In the most applications, β  usually has a flat non-informative prior 
distribution. A multivariate normal distribution with 1+k   variables can be 
denoted by ( )Σ,μ1+kN , where μ  is the mean vector and Σ  is the variance-
covariance matrix. According to the usual, the prior distribution of β  is defined as  

( )ββ Σ,μ(β 1~)π +kN                                               (6) 
In practice  ),...,,( 10 kβββ assumed normal independent variables,  then  form (6) 
can be represented as  

 ( ))]([~)π 1
1

−
+ jkN τdiag,μ(β β                                       (7) 

and each of  1,...,2,1),,(~ 1 +=− kjN jj j
τμβ β , where )/1( 2

jj βστ =  represents 
the precision. In Bayesian analysis the precision is often specified instead of 
variance.  The variance 2

jβσ  is usually chosen to be large enough to be considered 

as non-informative, common choices being in the range from  22 10=
jβσ  to 

62 10=jσ , then precision may be from 210−=jτ   to 610−=jτ  . 
3-3 The Posterior  Distribution of logistic coefficient 

The posterior distribution is derived by multiplying the prior distribution 
of parameters in (7) by the full likelihood function in (4) , then the  posterior 
distribution in  equation (3)  is defined by 
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Equation (8) represents the posterior probability distribution of β , and under these 
distribution statistical inference can be carried out by using Bayesian method. 
Estimation 
The Bayesian point estimate is the parameter vector that minimizes the expected 
loss function. If the loss function is quadratic form in )ˆ( ββ − , then the mean of 
the posterior probability distribution in (8) is the “minimum expected loss” 
(MELO) estimator (Green,2003,p.434). These point estimate defined as:  
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The Bayesian confidence interval for  logistic coefficient jβ ,  kj ,...,2,1,0= can 

also be implemented by calculating the lower and upper bound )2/1()2/(
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Where jlklj ≠,,,...,,...,, 10 x)y,|( βββββπ  is the posterior conditional 
probability distribution for jβ .  
Hypothesis Testing 

The Bayesian approach for testing a hypothesis about significance of 
logistic coefficient jβ  can be applied by using two methods:   
First method can be applied by depending on Bayesian confidence interval. If 

)1( α−  confidence interval ( ))2/1()2/(
ˆ,ˆ

αα ββ −jj  includes value of  jβ  under null 
hypothesis  0:0 =jH β , we can accept the null hypothesis and reject the 
alternative hypothesis, 0:1 ≠jH β  at significant level α . The lower and upper 

bound, ( ))2/1()2/(
ˆ,ˆ

αα ββ −jj   can be computed from equation (10). Second method is 
defined as the posterior preference that depends on Bayes factors. Assume that the 
prior probabilities under 0:0 =jH β and 0:1 ≠jH β assigned )π( 0H and 

)π( 1H to the two hypotheses. The prior odds ratio is simply the ratio 
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After the sample evidence is gathered, the prior will be modified, so the posterior 
odds is, in general 
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The value of 01Β  is called the Bayesian factor for comparing the two hypotheses, 
and represents the likelihood ratio. If posteriorOdds   greater than one, the posterior  
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odds must be prefer the null hypothesis, so that we can accept 0:0 =jH β and 
reject 0:1 ≠jH β (Kass,1995).  

We can also apply the posterior preference method for testing the goodness of 
fit for logistic model, where the null hypothesis is denoted by 

0...: 210 ==== kH βββ . The  posterior odds takes the form in equation (12).  
 
 

4- Gibbs sampling 
 

         Gibbs sampling can be used to compute the posterior distribution of β in the 
form (8). The Gibbs sampling allows one to sample from a multivariate 
distribution using full conditional distributions. A full conditional distribution is 
the conditional distribution of a parameter given all of the other parameters in the 
model. The data set which is obtained by applying Gibbs sampling to the model 
converges to the joint posterior distribution of the parameters (Gelfand and Smith 
1990). Tektas and Gunay (2008) presented the Gibbs sampling algorithm as 
follows , for the parameters ),...,1,0( kjj =β the initial values are taken as 

),...,,( )0()0(
1

)0(
0 kβββ . After the initial values of the parameters are determined, 

Gibbs sampling is implemented by sampling from the full conditional 
distributions successively. 
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The cycle (1) in (13) is iterated sufficient large number. In applications this 
number approaches infinity. Suppose we draw m  data vectors 

),...,,( )()(
1

)(
0

)( l
k

lll βββ=β , ml ,...,2,1=  from posterior distribution in equation (8). 
According to Gelfand and Smith (1990), we can be find accurate Bayesian 
estimate for vector β as:  
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Statistical inference can be implemented by using empirical distribution for Gibbs 
sampling )( )()2()1( m

jjj ,...,β,ββ , )()(ˆ
)()( ljjlj PF βββ ≤= .  

 
 
5- Prostate Cancer Data  

 
     Hosmer and Lemeshow (2000) applied logistic regression on prostate caner  
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data. They used random sample of size 380 individuals diagnosed with prostate 
cancer for obtaining the maximum likelihood estimates of logistic model 
parameters. In this research Bayesian method for making statistical inference 
about  logistic regression model can be also applied by using the same random 
sample.  
 
5-1  Description of Prostate Cancer Data 
 
         The random sample includes data on the case of tumor penetration within 
prostatic capsule )(Capsule  as a response Bernoulli variable 
( 0: =CapsuleCapsule  if no penetration, 1: =CapsuleCapsule  if penetration), 
and five independent variables: Age by years ( Age ), prostatic specific antigen 
value  ( PSA )  by mg/ml, tumor volume obtained from ultrasound (VOL ) by cm3, 
total Gleason score from     0 - 10 (Gleason  ), and results of the digital rectal 
exam  includes four results: 1=Dpros  if no nodule, 2=Dpros  if unilobar nodule 
(Left) , 3=Dpros  if unilobar nodule (Right), and 4=Dpros  if bilobar nodule. the 
categorical independent variable 4,3,2,1=Dpros   is represented by three dummy 
variables as: ( 1)( =iDpros  if  iDpros= , 0)( =iDpros  otherwise, 3,2,1=i ). 

Table 1 shows mean, standard deviation, standard error, and confidence interval 
of mean for independent quantitative variables: Age , PSA , VOL , and Gleason  
for each case of response variable (Capsule  ). 
 
 
Table 1: mean, standard deviation, standard error, and confidence interval of mean 
for independent quantitative variables: 
 
 

Independent 
Quantitative 

Variables group
Gleason

  N Mean Std. 
Deviation 

Std. 
Error 

95% Confidence 
Interval for Mean 
Lower 
Bound 

Upper 
Bound 

Age  

no penetration 
227 66.18 6.54 0.43 65.33 67.04 

penetration 153 65.83 6.52 0.53 64.79 66.87 
Total 

380 66.04 6.53 0.34 65.38 66.70 

PSA  

no penetration 227 9.97 10.38 0.69 8.62 11.33 
penetration 

153 23.47 26.97 2.18 19.16 27.78 
Total 

380 15.41 20.00 1.03 13.39 17.43 
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VOL  

no penetration 
227 17.62 19.66 1.31 15.04 20.19 

penetration 
153 13.24 15.85 1.28 10.71 15.77 

Total 
380 15.85 18.33 0.94 14.01 17.70 

Gleason  

no penetration 
227 5.98 1.00 0.07 5.85 6.11 

penetration 
153 6.99 0.94 0.08 6.84 7.14 

Total 
380 6.38 1.09 0.06 6.27 6.49 

 
 

Table 2 shows the joint frequency and percentage distribution between 
response variable (Capsule  ) and qualitative independent variable 
( 4,3,2,1=Dpros ). 
Table 2: the joint frequency and percentage distribution between response variable 
(Capsule  ) and qualitative independent variable ( Dpros ). 
 

   DPROS 

Total 
   

no 
nodule

uniloba
r 

nodule
unilobar 
nodule 

bilobar 
nodule 

Capsule  

no 
penetration 

Count 80 84 45 18 227 
%  percent 35.2% 37.0% 19.8% 7.9% 100.0% 

penetration 
Count 19 48 51 35 153 
% percent  12.4% 31.4% 33.3% 22.9% 100.0% 

Total 
Count 99 132 96 53 380 
% percent 26.1% 34.7% 25.3% 13.9% 100.0% 

 
5-2  Empirical Posterior Distribution  

 Suppose that a response variable )(~ ii pbernoulliCapsule , where ip is 
the probability of success  and defined by: 

            38,...,2,1,
)exp(1

)exp(
=⎟⎟
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i

i
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Where iλ  denotes logit model and takes the form: 
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Then we can rewrite the empirical posterior distribution by using equation (8) as: 
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The vector of logistic coefficients, )`,...,,( 710 βββ=β  can be estimated by using 
some method such as ordinary least square(OLS), maximum likelihood(ML), and 
Bayesian method. When Bayesian method using, we assume non-informative 
priors, and the prior distribution of vector β  defined as: 
 
                           ( ))]10000([~)π 8 diag,0(β N                                                    (18) 
 
That is mean the logistic coefficients independent random variables, each of                         

)10000,0(~ Njβ  and that will make the precision, 7,...,1,0,10 4 == − jjτ . 
 
 
 
6- Results and conclusions  

 
 
WinBugs1.4 was the Gibbs sampling software was used to compute logistic 

coefficients for model of prostatic capsule cancer. Maximum likelihood estimates, 

mle)ˆ,...,ˆ,ˆ( 710 βββ  used as initial values of logistic coefficients, ),...,,( 710 βββ . 
After submitting our actual Win Bugs program, we obtained 5,000,000 draws 
from ( ))3(),2(),1(,,,, DprosDprosDprosGleasonVOLPSAAgeCapsule,|βπ , 
equation (17). 

Figure 1 shows the shape of the respective posterior distributions of elements 
in ( ))3(),2(),1(,,,, DprosDprosDprosGleasonVOLPSAAgeCapsule,|β from 
5,000,000 iterations. 
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Figure 1: The respective posterior distributions  of elements. 

       
 
Table 3 shows the (ML) estimates of ),...,,( 710 βββ and some of the Bayesian 

results from iterations/drawings obtained from posterior distribution, 
( ))3(),2(),1(,,,, DprosDprosDprosGleasonVOLPSAAgeCapsule,|βπ . 

 
Table 3: maximum likelihood estimates and some of the Bayesian results from 
5,000,000 iterations. 
 

Coefficients

Maximum 
likelihood 
estimates 

Bayesian Estimates 

mleβ̂ ES. Mean DS. Val 2.5 % Val 97.5% 
)(0 0βbeta -6.068 1.604 -6.2430 1.6290 -9.487 -3.100 

)(1 1βbeta -0.007 0.019 -0.0074 0.0196 -0.046 0.031 
)(2 2βbeta 0.029 0.010 0.0306 0.0098 0.012 0.051 
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)(3 3βbeta -0.014 0.008 -0.0144 0.0079 -0.030 0.001 
)(4 4βbeta 0.993 0.164 1.0230 0.1665 0.706 1.359 
)(5 5βbeta -1.394 0.453 -1.4330 0.4612 -2.348 -0.539 
)(6 6βbeta -0.660 0.409 -0.6759 0.4157 -1.497 0.135 
)(7 7βbeta 0.148 0.426 0.1486 0.4329 -0.701 0.997 

 
 

From table 3 we note the following results: 
1- The values of posterior means used as estimates of logistic coefficient for 

equation (17), and the Bayesian representation for logistic equation (16) 
becomes: 

   
iii

iiiii

DprosDprosDpros
GleasonVOLPSAAge

)3(1486.0)2(6759.0)1(433.1
023.10144.00306.00074.0243.6ˆ

+−−
+−+−−=λ (19) 

This equation shows that, if each of Age   and VOL   tends to increase,  
that makes the probability value of tumor penetration within prostatic 
capsule, )1( =Capsulepr   tends to decrease, But this probability tends to 
increase if each of PSA   and Gleason   tends to increase. Under the 
assumption that the stability of the independent quantitative 
variables, Age , PSA , VOL , Gleason ,    the conditional probabilities of 
tumor penetration given the result of the digital rectal exam, 

)4,3,2,1|1( == DprosCapsulepr  can be compared as: 
 

)1|1()2|1(
)4|1()3|1(

==>==
>==>==
DprosCapsuleprDprosCapsulepr

DprosCapsuleprDprosCapsulepr  (20) 

2- The maximum likelihood estimates do not have appreciable differences to 
the Bayesian estimates. This is due in part because we specified non-
informative priors. 

3- The 95% credible set for logistic coefficients  show the effect each of  
constant , PSA , Gleason , 1=Dprose   is significance, where 95% Bayesian 
interval do not include zero. 

         The likelihood ratio )(LR  , percentage of correct classification, mean 
square errors )(MSE , and  the statistics of Hosmer and Lemeshow for testing 
lack of fit are computed by using estimates of each maximum likelihood and 
Bayesian method and summarized in table 4. 

Table 4: The computed some of statistical indicators by using estimates of each 
maximum likelihood and Bayesian methods 

 Maximum Likelihood  Bayesian 
Predicted Predicted 

Penetration Percentage 
Correct 

Penetration Percentage 
Correct No Yes No Yes 

Observed No 192 35 84.6 192 35 84.6
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Yes 54 99 64.7 52 101 66.0
 Overall 

Percentage 76.6
Overall Percentage 

77.1

Hosmer  & 
Lemesho 

( )
2
8χ  P_Value ( )

2
8χ  P_Value 

12.01 0.151 11.846 0.158 
Mean square 
errors  

0.166 0.166 

Likelihood Ratio  8.83E-30  
 
 
From table 4 we note that the likelihood ratio for testing the null hypotheses 
( )7210 ...: βββ ===H  is equal )10*83.8( 30−=LR  and this value used as the 
Bayesian factor )]10(83.8[ 30

1
−=oB . If we assume the prior distribution under null 

hypotheses ( ) 5.0...:π 7210 ==== βββH , then  the posterior odds is determined 
as: 

                        
)10(83.8)5.0/5.0)(10(83.8 3030

01

−− ==

Β= priorposterior OddsOdds
                 (21) 

The value of  posterior odds ])10(83.8[ 30=posteriorOdds  less than one, that is 
mean the posterior odds prefer the alternative hypothesis comparing with the null 
hypothesis, so that we can accept zeroequalallnottscoefficienTheH :1 , and we 
suggest that the logit model (16) is a good fit for data. 
 

  
 The statistical indicators in table 4  can be used for comparing the 
accuracy of Bayesian results with the maximum likelihood results as follows. 
1- Percentage of correct classification under the application of Bayesian method 

greater than the percentage under the application of maximum likelihood 
method.  

2- Hosmer and Lemesho test statistics for testing lack of fit when using Bayesian 
approach ( )85.112 =χ  is less than test statistics when using maximum 
likelihood approach ( )01.122 =χ , then the probability of accept null 
hypotheses ( :0H  The model is appropriate) by using results of Bayesian 
approach greater than the probability of accept when using results of 
maximum likelihood method. 

3- mean squares errors for the two methods are equal. 
 
      From previous results, we infer that the Bayesian method is more accurate 
than the maximum likelihood method or  at least the same accuracy under non-
informative prior. The MLE can now be seen as a special case of Bayesian 
estimation. 
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Appendices       
 
Appendix 1: Win BUGS program for selecting 5 million from posterior distribution of logistic 
coefficients in logit model.     
#----MODEL Definition---------------- 
model 
{ 
 for(i in 1:N)  
 { 
  CAPSULE[i] ~ dbern(p[i]) 
  logit(p[i]) <- 
beta0+beta1*AGE[i]+beta2*PSA[i]+beta3*VOL[i]+beta4*GLEASON[i] 
                                                   +beta5*DPROS1[i]+beta6*DPROS2[i]+beta7*DPROS3[i] 
 } 
 beta0 ~ dnorm(0, 1.E-4) 
 beta1 ~ dnorm(0, 1.E-4) 
 beta2 ~ dnorm(0, 1.E-4) 
 beta3 ~ dnorm(0, 1.E-4) 
 beta4 ~ dnorm(0, 1.E-4) 
 beta5 ~ dnorm(0, 1.E-4) 
 beta6 ~ dnorm(0, 1.E-4) 
 beta7 ~ dnorm(0, 1.E-4) 
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} 
#----Initial values file---------------------------- 
list(beta0=,beta1=0.0,beta2=0.0,beta3=0.0,beta4=0.0,beta5=0.0,beta6=0.0,beta7=0.0) 
#----Data File---------------------------------- 
list(N= 380, 
CAPSULE=c(0,0,0,0,0,1,0,0,0,0,1,1,1,1,0,0,0,0,0,1,1,1,1,0,1,0,0,0,0,0,1,0,0,1,0,0,0,1,1,1,
1,0,1,0,1,1,0,0,0,0,0,1,0,1,0,1,0,1,0,0,0,1,0,0,1,1,0,0,0,1,0,0,0,0,0,0,0,1,0,1,0,0,0,0,0,1,1,
1,0,0,0,0,1,1,0,1,0,0,0,1,0,1,0,0,1,0,1,0,0,1,0,1,1,0,1,1,1,0,0,0,1,0,0,1,1,0,0,0,0,0,0,0,0,1,
0,0,0,1,1,0,0,1,0,1,0,0,1,0,0,0,0,1,0,1,1,0,1,1,1,1,1,1,1,1,0,1,1,0,1,1,1,1,1,1,0,0,1,0,0,1,1,
1,1,1,1,1,1,0,1,0,0,0,0,0,1,1,0,1,0,0,0,1,1,0,0,1,0,0,0,0,0,1,1,0,0,0,1,1,0,0,1,1,0,1,0,0,0,0,
0,1,1,1,1,1,1,1,0,0,0,0,1,1,1,0,0,1,0,1,0,0,0,0,1,0,0,1,0,0,1,0,0,1,1,0,1,0,1,0,1,1,0,0,1,1,1,
1,0,1,0,0,0,0,0,0,0,1,1,1,0,0,0,1,0,1,0,1,1,0,0,0,0,0,1,0,0,0,0,1,0,0,0,1,1,0,1,1,1,0,1,0,0,1,
0,1,0,0,1,0,0,0,1,1,0,0,0,0,0,1,1,1,1,0,0,0,1,0,0,0,1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,
0,1,0,0,1,0,0,0,1,0,0), 
AGE=c(65,72,70,76,69,71,68,61,69,68,68,72,72,65,75,73,75,70,54,67,58,70,74,73,77,77,
67,73,64,58,54,72,77,60,65,71,54,78,63,73,66,71,71,72,65,75,69,68,70,67,76,72,66,61,7
0,57,74,70,60,58,59,71,76,66,59,65,54,78,65,68,68,71,60,65,68,54,73,62,60,66,76,62,74
,75,75,75,68,71,68,70,68,66,70,65,71,75,70,58,64,66,64,72,62,75,68,56,69,67,66,69,74,
79,65,71,57,47,66,64,74,56,77,66,67,70,70,65,63,59,75,70,73,72,67,60,66,63,68,66,69,6
7,72,56,74,66,61,62,68,63,55,70,65,66,68,55,55,76,58,75,70,59,63,62,58,62,69,62,70,76
,64,73,74,71,60,62,71,67,68,69,67,70,68,70,70,60,61,57,68,75,69,64,62,61,59,71,72,73,
66,69,69,70,57,68,61,71,62,76,65,53,65,57,62,68,66,50,67,56,69,68,68,74,51,69,65,58,7
1,68,56,59,67,54,69,54,68,59,53,68,73,66,71,69,68,74,58,67,70,70,66,57,62,50,61,43,74
,78,65,57,71,70,55,71,63,62,71,59,64,67,65,62,65,71,61,59,60,59,70,70,59,70,54,64,62,
65,66,71,61,58,76,53,65,69,64,61,62,63,61,63,73,72,52,73,70,70,67,64,51,64,68,66,69,6
7,78,75,59,64,74,73,57,71,66,64,64,62,63,64,70,69,75,52,62,71,60,68,73,51,57,65,61,56
,72,54,62,63,68,65,66,70,64,71,61,65,62,75,54,59,71,66,63,66,56,73,57,65,78,67,69,55,
69,74,53,79,74,73,72,65,64,58,69,76,69,69), 
PSA=c(1.4,6.7,4.9,51.2,12.3,3.3,31.9,66.7,3.9,13,4,21.2,22.7,39,7.5,2.6,2.5,2.6,2.8,8.6,3.
1,67.1,12.7,12.3,61.1,8.8,2.8,2.9,5.6,5.6,8.4,6.5,11,9.5,11.1,7.3,1,27.2,35.1,4.5,7.9,2,7.5,
5.3,83.7,33,6.7,12.3,0.4,5.8,7.6,124,8.8,67.6,13.9,7.4,23.1,19.3,3,3.7,0.7,6,9.5,2.6,30.7,1
0.8,10.5,6.5,1.3,9.6,0.3,8.3,3.2,6.9,11,64.3,1.6,1.9,7.9,25.7,4.9,22.1,31.5,11,9.9,3.7,51.3,
89,17.1,12.3,4.4,8,15,35.8,13.4,16,11.2,7,29.1,9.5,6.1,6.3,2.8,25.7,5.7,2.7,6,40.4,13.2,15
.2,8.8,7.8,6.9,17.2,64,28,45.3,32.8,3.2,5.6,16.4,6.8,25.2,12.5,3.6,11,8.1,2.3,1.4,6.7,1,4.5,
6.2,4.6,8.9,8.2,5,91.9,94,13.4,9.1,41.9,21.6,37.7,9.4,9.1,55.6,3.6,6.2,6.3,4.6,4.9,2.6,16.3,
4.39,8.9,21.2,7.9,44.4,16.1,26,8.8,20.6,26.7,3.5,14.8,11.9,5.7,2.4,42.8,7,3.3,7.3,17.2,3.8,
5.7,31.6,5.4,15,22,23.4,51.9,20.4,18.7,12.7,20.1,85.4,9.3,8,7.5,5,61.6,8.5,10,12.7,12.3,1
1,17.7,3.9,5,10.2,19.2,2.9,1.7,9,11.7,8,9.9,14.7,1.5,13.7,8.6,45.8,1.8,8,5,53.9,18.8,2.4,1.
2,7.4,38,9.4,3.1,1.29,12.7,7.3,3.8,10.2,7,24.1,9.4,25,126,16.8,8.2,3.1,11,4.9,15.6,6.7,8.7,
20.7,2.1,8,13.2,2.3,63.3,13.7,13.2,8.4,3.8,17.7,5.9,22,15.1,25.1,24.8,6.7,11.3,17.5,8.3,4.
8,1.7,7.5,20,3.4,10.6,18,18.7,5.4,4.6,28.5,11.2,8.9,1.7,1.4,8.4,8.6,10.9,20.1,7.3,8,2,13.1,
5.4,4.1,6.5,6.1,6.2,3.8,6.8,9.5,20.4,4.8,9.8,7.9,22.1,5.5,17.4,10,5.8,135,8.5,13,7.2,11.8,4.
8,14.3,18.1,5.2,9.9,12.9,22,9,14,7.8,4.8,58.6,2,8.7,4.6,0.7,24.1,5.3,6.3,4.8,2.2,7.4,4.6,11.
4,13.7,7.9,8.9,3.4,6.3,1.5,58,1.4,18,7.3,14.3,5.4,8.4,75,4.5,3.7,11.7,21,18.5,6.4,1,21.6,7.
9,12.3,4.4,0.5,5.4,5.3,10.4,4.4,10.8,50.3,15.2,4.2,0.8,11.5,48,10.3,4.4,6,10,11,139.7,32.2
,18.2,7.9,5.5,1.5,1.9), 
VOL=c(0,0,0,20,55.9,0,0,27.2,24,0,0,0,0,0,0,0,0,11.8,0,25.5,0,0,27.5,47.3,58,0,25.6,14.1,
34.1,22.8,18.3,22.5,0,0,17.7,20,0,0,18.7,26.4,20.8,0,0,0,32,15.2,59.8,16.3,17.1,14.5,3.7,
38.6,39.9,0,13,18.3,5.9,0,16.5,29.9,96,31,14.4,0,0,0,0,0,6.8,32,0,17.5,0,23.3,0,0,17.1,0,0
,39.1,0,0,0,35,15.4,0,47,24,35,10.3,39,0,0,29,44.2,18.7,0,0,0,28.1,0,34,44,87.6,0,37,0,0,
23.6,0,0,0,4.6,65.6,0,0,0,22.6,44.8,20.2,0,54.5,21.7,0,21.7,16,20.3,0,0,29.4,0,29.9,0,26.3
,43.5,17.8,0,0,0,0,0,0,52,0,34.6,33.1,0,38,29.2,0,0,16.1,12.8,21.2,0,87.3,26.8,0,0,23,21.3
,0,0,0,0,22.2,35.5,40,0,0,0,0,0,0,19,15.4,18,37.3,35.1,0,0,20.1,35,23.4,33.4,30.3,10,23.2,
31.2,11.4,0,21.2,38.3,15.09,0,30.1,0,21,0,21.6,0,0,0,0,0,28.5,54,27,15,0,33.4,0,0,8.7,20.
7,29.6,0,27.3,20.8,21.6,0,32.8,38.4,0,0,0,15.7,13.8,0,29,24.5,36.8,20,20.3,16.9,38.2,21.9 
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,36.6,15.2,17.9,16.7,20.4,0,0,0,25.6,0,73.4,0,0,0,21,0,32.5,60,0,14.9,16.1,0,32,31.2,0,0,1
7.2,13.7,17.5,14.3,42.4,19.3,21,27.5,29.6,0,0,24,33.8,0,21.8,0,24.8,0,0,0,0,0,55,0,0,28.9,
26.3,19.1,24.6,26.6,0,0,17.5,0,0,0,14.2,73.8,20,0,0,0,10.9,0,8.8,67.1,0,29.1,16.3,0,0,41.8
,0,38.9,14,0,0,17.2,0,18.6,0,73.7,15.8,26.3,11.5,0,48.7,0,1.92,18,0,30.8,0,0,0,24.2,43,0,1
6,34,26.2,0,37,0,41.2,0,0,0,13.3,25,0,97.6,0,0,21.3,0,0,13.9,0,29.8,32,0,21,0,47,16.4,23.
7,0,27.4,31,29.9,26.6,28.6,14.6,53.9,8.6,20.7), 
GLEASON=c(6,7,6,7,6,8,7,7,7,6,7,7,9,7,5,5,5,5,6,7,7,7,7,7,7,5,7,5,5,6,6,7,8,7,6,7,6,8,7,7,
7,6,6,7,9,8,6,8,5,6,6,8,6,7,7,7,7,7,6,6,5,6,7,7,7,7,6,7,5,6,6,5,7,5,7,7,6,6,5,9,6,7,7,7,7,6,9,
8,9,7,6,5,7,9,7,7,7,6,6,7,6,7,6,5,7,6,7,7,6,7,7,6,7,8,8,9,6,6,6,8,7,5,7,9,7,6,6,5,6,6,5,8,5,7,
7,6,6,8,7,7,6,8,7,8,6,6,8,6,6,7,5,6,6,7,6,5,7,7,6,7,7,6,7,6,5,7,6,6,6,8,6,6,7,7,6,6,7,6,7,8,7,
8,7,7,7,8,7,6,6,6,6,6,5,6,6,8,5,5,6,7,6,8,6,6,6,7,6,5,7,5,5,8,8,5,7,6,6,9,6,6,6,7,5,7,7,7,6,6,
7,6,7,6,7,8,7,6,6,6,6,6,6,6,8,6,7,7,5,7,5,7,6,6,7,6,7,9,7,6,6,6,5,6,7,6,7,5,7,5,7,5,6,5,9,6,6,
6,6,5,5,6,7,0,5,5,7,6,8,7,7,5,5,5,6,7,6,8,8,5,5,5,5,6,7,7,6,6,5,7,4,8,5,5,6,5,7,7,7,7,7,6,7,6,
5,6,5,5,7,6,6,5,7,7,6,6,6,6,5,6,6,9,7,7,5,6,7,5,6,5,7,6,6,6,7,7,5,6,0,6,6,7,6,6,7,7,5,6,6,7,5,
6,5,6,6,9,5,7,5,8,5,6), 
DPROS1=c(0,0,1,0,1,0,0,0,1,1,0,0,0,0,1,0,1,0,1,0,0,0,0,1,1,1,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0
,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,1,1,0,0,0,1,0,1,0,0,1,0,0,0,
0,0,1,1,0,0,1,1,0,1,1,0,0,0,1,0,0,0,1,0,0,0,1,0,0,0,0,1,0,0,0,0,1,1,0,0,0,0,0,0,0,1,1,0,0,0,1,
0,0,0,0,1,1,0,0,0,1,1,0,0,0,0,0,1,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,0,1,
1,0,0,0,1,0,0,0,0,0,1,1,0,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,1,0,1,0,1,0,1,
0,0,0,0,0,0,0,0,0,0,1,1,0,0,1,1,0,1,1,1,0,0,0,0,0,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0,1,1,0,1,1,0,
0,0,0,0,0,1,0,1,0,0,0,0,1,1,0,1,0,0,0,0,0,1,0,1,0,0,0,0,0,1,0,0,1,0,1,0,0,1,0,0,0,1,0,0,0,0,0,
0,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,1,1,1,0,0,0,0,0,0,1,1,1,1,1,1,0,0,0,1,0,0,1,1,
0,0,0,0,1,0,1,0,0,0), 
DPROS2=c(1,0,0,1,0,0,0,0,0,0,0,1,0,0,0,1,0,1,0,0,1,0,0,0,0,0,1,0,0,0,0,1,0,0,1,1,1,0,1,0,0
,0,1,1,0,0,1,1,1,1,0,0,0,0,0,0,1,0,0,0,1,1,1,0,0,1,1,0,1,0,1,0,0,0,0,0,0,1,,1,0,0,0,1,1,0,0,0,1
,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,1,0,0,0,1,1,1,0,0,0,1,0,1,1,1,1,0,0,1,1,0,0,
1,1,0,0,0,0,1,1,0,0,0,0,0,0,1,1,0,0,1,1,1,1,1,0,1,1,0,1,0,0,1,1,0,0,1,0,0,0,1,1,0,0,0,,0,1,0,0,
0,1,0,0,0,1,0,0,0,0,0,0,1,0,0,0,1,0,0,0,1,1,1,0,0,1,1,0,1,1,0,0,1,0,0,0,0,1,1,0,0,0,0,1,0,0,0,
0,0,0,0,0,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,0,0,1,0,1,1,1,1,0,0,0,1,0,0,0,0,1,0,0,1,
1,1,0,1,0,0,1,0,1,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,1,0,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,0,0,
0,0,0,0,1,1,1,1,0,1,0,0,0,0,1,1,1,1,0,0,0,1,1,0,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,1,0,1,0,1,1,0,0,
0,0,1,0,0,0,0,1,1,1), 
DPROS3=c(0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,1,0,0,0,0,1,1,0,1,0,0,1,0,0,0,0,0,1,1
,0,0,0,1,1,0,0,0,0,0,0,1,1,1,1,0,1,1,1,0,0,0,1,0,0,0,0,0,1,0,1,1,1,0,0,1,0,0,0,1,0,0,0,0,1,0,0,
0,1,0,0,1,1,0,0,1,0,0,1,0,1,0,1,0,1,0,1,1,1,0,1,1,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,1,1,0,0,0,0,0,1,1,0,0,0,1,0,0,0,0,1,0,
0,0,1,1,0,0,1,0,1,0,0,0,0,1,0,1,0,1,0,1,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,1,0,0,1,0,1,0,0,0,0,0,
1,1,1,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,1,0,1,0,0,0,0,0,0,0,
0,0,1,0,1,0,0,0,0,1,0,1,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,1,1,0,1,0,0,1,0,1,0,1,0,0,0,1,0,1,
0,0,0,0,0,0,0,0,1,0,1,1,0,1,0,0,0,0,1,0,1,0,0,0,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
1,0,0,0,0,1,0,0,0,0)) 
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Apendex 2: The graph of square jumping distance and dynamec trace 
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