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Abstract

In this paper we use Wynn’s ε-algorithm to accelerate certain numer-
ical sequences, in order to study empirically their rate of convergence,
for the sequence of successive approximations associated with some test
functions and ordinary differential equations. For the great majority of
the test sequences, the ε-algorithm does not improve the convergence
rate.
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1 Introduction

In nonlinear analysis, the most important methods for solving functional equa-
tions are the iterative methods. Amongst these methods, the fixed point iter-
ative methods play an important role.
For a recent survey on fixed point iterative methods we refer to [2]. The prob-
lem with the fixed point iterative methods, that is, the Picard, Krasnoselskij,
Mann and Ishikawa iterations, is that, generally they converge slowly. In order
to accelerate them we try to transform the slowly converging sequence into a



1182 O. Bumbariu and V. Berinde

new one that converge to the exact limit as the first one, but faster.
Two of the most well known sequence transformations are Aitken’s Δ2 process
and Richardson’s extrapolation algorithm. The first acceleration method was
obtained by A. C. Aitken in 1926 [1], who used it to accelerate the convergence
of Bernoulli’s method for computing the dominant zero of a polynomial, the
method being given by

Tn =
SnSn+2 − S2

n+1

Sn+2 − 2Sn+1 + Sn

= Sn − (Sn+1 − Sn)2

Sn+2 − 2Sn+1 + Sn

, n = 0, 1, . . . , (1)

where {Sn} is the sequence to be accelerated.

In 1927, L. F. Richardson [14] proposed a technique for solving a 6th order
differential eigenvalue problem, this extrapolation method being given by

T
(n)
k+1 =

xn+k+1T
(n)
k − xnT

(n+1)
k

xn+k+1 − xn
, κ, n = 0, 1, . . . (2)

with T
(0)
0 = S(xn) for n = 0, 1, . . . . Extensions and applications of the Richard-

son extrapolation process can be found in [8], [9], [21].
Later, in 1955, D. Shanks [16] and W. Romberg [15] considered two transfor-
mations, the first was latter called Shanks transformation and is given by

Tn = ek(Sn) =

∣∣∣∣∣∣∣∣∣

Sn Sn+1 . . . Sn+k

Sn+1 Sn+2 . . . Sn+k+1
...

...
...

Sn+k Sn+k+1 . . . Sn+2k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Δ2Sn . . . Δ2Sn+k−1

...
...

Δ2Sn+k−1 . . . Δ2Sn+2k−2

∣∣∣∣∣∣∣

. (3)

When k = 1, Shanks transformation reduces to Aitken’s Δ2 process. Romberg
transformation is given by

T
(n)
k+1 =

4k+1T
(n+1)
k − T

(n)
k

4k+1 − 1
,

where T
(n)
0 is obtained by trapezoidal rule with the stepzise h0/2n. It was

proved by P.J. Laurent, in 1963 [11] that the Romberg process is the same as
the Richardson extrapolation process when taking xn = h2

n and hn = h0/2n.
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Then, in 1956 [23] Wynn introduced an important sequence transformation
called the ε-algorithm and used it to computing the ek(Sn)’s without computing
the determinants involved in their definition. We will expose this algorithm
in the next section and in the last section of the paper we shall give some
numerical examples. In 1971 Brezinski [5] proved some limitations of Wynn’s
ε-algorithm and improved it with the so called θ-algorithm, which is given by

θ
(n)
2k+1 = θ

(n+1)
2k−1 +

1

Δθ
(n)
2k

, θ
(n)
2k+2 = θ

(n+1)
2k +

Δθ
(n+1)
2k Δθ

(n+1)
2k+1

Δ2θ
(n)
2k+1

, (4)

where θ
(n)
−1 = 0, θ

(n)
0 = Sn, Δθ

(n)
k = θ

(n+1)
k − θ

(n)
k , Δ2θ

(n)
k = Δθ

(n+1)
k −Δθ

(n)
k and

k, n ∈ N. For this algorithm particular rules were also obtained by R. Zaglia
[25].
In 1973 D. Levin [12] introduced a new algorithm and then he extended it in
collaboration with A. Sidi [17], [18], [19]. This algorithm is given by

l(n, k) =

k∑
i=0

(−1)i

(
k
i

)
(n + i)k−2(Δn+i+1)(ΔSn+i)

−1

k∑
i=0

(−1)i

(
k
i

)
(n + i)k−2(ΔSn+i)−1

, (5)

where Sn =
n∑

i=0

ci and n, k ∈ N.

For a general historical development of sequence transformation see [6], [7].
On the other hand, in a recent paper [3], we used a Padé type acceleration
technique for studying the possibility to accelerate the Picard iteration. The
aim of this paper is to describe the Wynn’s ε-algorithm for scalar sequences
and to perform with this algorithm a similar empirical study, by considering
the sequences arising in solving nonlinear equations and ordinary differential
equations for some test functions that can be found in [3], [4], [20], [13].

2 Wynn’s ε-algorithm

Peter Wynn’s ε-algorithm is based on a recursive computation of a triangular
array, called the epsilon array, in which each term of the sequence is determined
by the three previous terms by a simple arithmetic. For any scalar sequence
(m = 1), the e-transform gives the exact limit, s, of the sequence (Sn) that
must be accelerated, and it is defined by
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ek(Sn) =

∣∣∣∣∣∣∣∣∣

Sn Sn+1 . . . Sn+k

ΔSn ΔSn+1 . . . ΔSn+k
...

...
...

ΔSn+k−1 ΔSn+k . . . ΔSn+2k−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1
ΔSn ΔSn+1 . . . ΔSn+k

...
...

ΔSn+k−1 ΔSn+k . . . ΔSn+2k−1

∣∣∣∣∣∣∣∣∣

(6)

where the errors satisfy the relation

Sn − s =

k∑
i=1

αiλ
n
i , (7)

and αi, λi are fixed. The same results occur for the vector sequence (m > 1),
where αi’s become fixed vectors.
It is generally difficult to apply the e-transform to direct applications of (6),
due to computations in determinants. Wynn discovered an algorithm without
requiring the computation of determinants, called the ε-algorithm. It begins
with

ε
(n)
−1 = 0, ε

(n)
0 = Sn

and then compute

ε
(n)
k+1 = ε

(n+1)
k−1 +

1

ε
(n+1)
k − ε

(n)
k

. (8)

The ε-algorithm is related with Shanks transformation by

ε
(n)
2k = ek(Sn) ε

(n)
2k+1 = 1/ek(ΔSn).

When k = 1 it reduces to Aitken’s Δ2 process. Wynn ’s algorithm is one of
the most important nonlinear acceleration procedure, Wynn wrote many pa-
pers about the properties and the applications of this algorithm, even a vector
generalization in [22].
The ε’s with an odd lower index are auxiliary quantities, so they can be elim-
inated from the algorithm. When applying the ε-algorithm division by zero
can occur, if this divisions by zero are for some adjacent values we can ignore
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them and continue the algorithm, otherwise the algorithm must be stopped.
When computations are done divisions by a number close to zero can occur
and the algorithm becomes numerically unstable because of the cancellation
errors. In 1963 Wynn [24] proposed some particular rules for the ε-algorithm
who are more precise.
Our aim in this paper is to test the ε-algorithm capabilities of accelerating
some numerical sequences arising in solving nonlinear equations and ordinary
differential equations by fixed point methods and by iterative methods, respec-
tively.

3 Numerical examples

In this section we apply the ε-algorithm to some nonlinear equations mentioned
in [3], [4] and for some ordinary differential equations that can be found in [20],
[13]. To see the efficiency of the aforementioned algorithm we shall compare the
sequence of ε’s with the sequence of successive approximations, in each case.
We recall that when applying the ε-algorithm the ε’s with an odd lower index
are only auxiliary quantities so they can be eliminated from the algorithm. All
the numerical computations listed in the tables were done with Maple 13.

Example 3.1 [3], [4] Test function: f(x) = x3 + 4x2 − 10, which has a
unique root x∗ = 1.3652300135 . . . . This equation can be rewritten into a fixed
point problem by g(x) = 1

2

√
10 − x3. To apply the ε-algorithm we shall take

the initial guess x0 ∈ {1.3, 1.4, 1.5, 1.6, 1.7}. The results for Example 3.1 with
the initial value x0 = 1.5 are listed in Table 1. When taking the other initial
values x0 ∈ {1.3, 1.4, 1.6, 1.7} we obtained the same results as for x0 = 1.5.

Table 1

Example 3.1 shows that ε-algorithm accelerates the sequence of successive
approximations.

Example 3.2 [3], [4] Test function f(x) = x − tan x = 0, which has a
unique root x∗ = 4.493410 . . . . This equation can be rewritten as a fixed point
problem by g(x) = tan x. To apply the ε-algorithm we shall take the initial
guess x0 ∈ {4.3, 4.4, 4.5, 4.6, 4.7}. The results for Example 3.2 with the initial
value x0 = 4.5 are listed in Table 2. When taking the other initial values
x0 ∈ {4.3, 4.4, 4.6, 4.7} we obtained the same results as for x0 = 4.5.
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ε
(k)
0 , k = 0, 9 xn+1 = g(xn) x∗ − ε

(k)
0 , k = 0, 9 x∗ − xi, i = 0, 9

0 1.5 1.5
1 ε

(0)
1 =-4.6938168713 1.2869537676 6.0590468848 0.0782762459

2 ε
(0)
2 =1.3618864810 1.4025408036 0.0033435325 -0.0373107901

3 ε
(0)
3 =418.04269424 1.3454583740 -416.67746423 0.0197716395

4 ε
(0)
4 =1.3652752188 1.3751702528 -0.0000452053 -0.0099402393

5 ε
(0)
5 =-18040.784097 1.3600941928 18042.149327 0.0051358207

6 ε
(0)
6 =1.3652298573 1.3678469676 1.562 ∗ 10−7 −0.0026169541

7 ε
(0)
7 =7.0343696250 ∗ 106 1.3638870039 −7.0343682598 ∗ 106 0.0013430096

8 ε
(0)
8 =1.3652300135 1.3659167334 0 -0.0006867199

9 ε
(0)
9 =1.0098930618 ∗ 1010 1.3648782172 −1.0098930617 ∗ 1010 0.0003517963

Table 2

ε
(k)
0 , k = 0, 9 xn+1 = g(xn) x∗ − ε

(k)
0 , k = 0, 9 x∗ − xi, i = 0, 9

0 4.5 4.5
1 ε

(0)
1 =7.2816211984 4.6373320546 -2.7882111984 -0.1439220546

2 ε
(0)
2 =4.4977872904 13.298192493 -0.0043772904 -8.804782493

3 ε
(0)
3 =0.38564800862 0.89820387108 4.1077619914 3.5952061289

4 ε
(0)
4 =0.38564800862 1.2555203306 -2.0664745301 3.2378896694

5 ε
(0)
5 =-0.47856890351 3.0660290311 4.9719789035 1.4273809689

6 ε
(0)
6 =-0.4573035622 -0.075707770987 4.9507135622 4.5691177710

7 ε
(0)
7 =−3.7044172403 -0.075852747279 8.1978272403 4.5692627473

8 ε
(0)
8 =-0.21927926104 -0.075998559317 4.7126892610 4.5694085593

9 ε
(0)
9 =−3.1621097969 -0.076145215159 7.6555197969 4.5695552152

Example 3.2 shows that neither ε-algorithm nor the sequence of successive
approximations does converge to the unique root of the proposed equation.

Example 3.3 [3], [4] Test function f(x) = x−3−x = 0, which has a unique
root x∗ = 0.54780862125 . . . . This equation can be rewritten into a fixed point
problem by g(x) = 3−x. To apply the ε-algorithm we shall take the initial
guess x0 ∈ {0.3, 0.3333333333, 0.4, 0.5, 0.6}. The results for Example 3.3 with
the initial value x0 = 0.3333333333 are listed in Table 3. When taking the
other initial values x0 ∈ {0.3, 0.4, 0.5, 0.6} we obtained the same results as for
x0 = 0.3333333333.

Table 3
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ε
(k)
0 , k = 0, 9 xn+1 = g(xn) x∗ − ε

(k)
0 , k = 0, 9 x∗ − xi, i = 0, 9

0 0.3333333333 0.3333333333
1 ε

(0)
1 =2.7775621998 0.69336127438 -2.2297535786 -0.1455526532

2 ε
(0)
2 =0.55432684700 0.46685562816 -0.00651822575 0.0809529930

3 ε
(0)
3 =-247.671590202 0.59876065792 248.21939882 -0.0509520367

4 ε
(0)
4 =0.54764601830 0.51798664611 0.00016260295 0.0298219751

5 ε
(0)
5 =4445.6521292 0.56605360613 -4445.1043206 -0.0182449849

6 ε
(0)
6 =0.54780972336 0.53693757026 −0.00000110211 0.0108710509

7 ε
(0)
7 =−1073084.621 0.55439036360 23138936.825146809 -0.065817424

8 ε
(0)
8 =0.54780861807 0.54386182303 3.18 ∗ 10−9 0.0039467982

9 ε
(0)
9 =251346683.3 0.55018907774 −251346682.75 -0.0023804565

Example 3.3 shows that ε-algorithm accelerates the sequence of successive
approximations.
In what follows we apply the ε-algorithm to some Cauchy problems. To ap-
ply this method, the Cauchy problem should be rewritten as a corresponding
Volterra integral equation.

Example 3.4 [20] Let be the Cauchy problem for the Riccati equation

y′ =
y2 + y − 1

x + 1
, y(0) = 0.5. (9)

When taking the initial guess x0 = 0.05 the solution of the differential equation
is x∗ = 0.4871901653 . . . . The results of numerical tests for Example 3.4 are
listed in Table 4.
Table 4

ε
(k)
0 , k = 0, 4 yi(0.05), i = 0, 4 y − ε

(k)
0 , k = 0, 4 y − yi, i = 0, 4

0 0.05 0.05
1 ε

(0)
1 =2.284135183 0.4878024590 -1.796945018 -0.0006122937

2 ε
(0)
2 =0.4872105600 0.4872097587 -0.0000203947 -0.0000195934

3 ε
(0)
3 =-52305.63227 0.4872097587 50333.14750 −4.750 ∗ 10−7

4 ε
(0)
4 =0.4871901661 0.4871901775 −8. ∗ 10−10 −1.22 ∗ 10−8

Example 3.4 shows that ε-algorithm is not better than the sequence of
successive approximations. Taking some other initial values x0 = 0.06 and
x0 = 0.07 we obtained the same results as for x0 = 0.05.

Example 3.5 [13] Let be the Cauchy problem for the Riccati equation

y′ = ycosx, y(0) = 1. (10)
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When taking the initial guess x0 = 0.05 the solution of the differential
equation is x∗ = 1.0512491980 . . . . The results of numerical tests for Example
3.5 are listed in Table 5.
Table 5

ε
(k)
0 , k = 0, 4 yi(0.05), i = 0, 4 y − ε

(k)
0 , k = 0, 4 y − yi, i = 0, 4

0 0.05 0.05
1 ε

(0)
1 =1.0000208311 1.0499791692 0.0512283668 0.0012700287

2 ε
(0)
2 =1.0512296898 1.0512281279 0.0000195081 0.0000210700

3 ε
(0)
3 =51826.4341525851 1.0512489352 -51825.3829033870 2.6275921740 ∗ 10−7

4 ε
(0)
4 =1.0512491985 1.0512491952 −5.4326957 ∗ 10−10 2.77625314 ∗ 10−9

Example 3.5 shows that ε-algorithm is not better than the sequence of
successive approximations. Taking some other initial values x0 = 0.06, x0 =
0.1, x0 = 0.2, x0 = 0.3, x0 = 0.4 and x0 = 0.5 we obtained the same results as
for x0 = 0.05.

4 Conclusions

In this work we presented a short survey of the development of convergence
acceleration methods for scalar sequences. For an extensive bibliography see
the papers of Brezinski [6], [7] and Joyce [9] in the reference list.
One of the well known and important sequence acceleration method is Wynn’s
ε-algorithm. In this work we performed an empirical study between the se-
quence of ε’s and the sequence of successive approximations in order to see
which one has the best convergence speed. From the results presented in the
last section we can say that Wynn’s ε-algorithm does not improve significantly
the convergence speed of a scalar sequence and when it does the convergence
speed is improved only with a few decimals.
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