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Abstract

This paper derives new results for the identification of dominant and
non-dominant states of large scale discrete-time linear systems. Using
this algorithm, reduced order linear models have been derived for large
scale discrete-time linear control systems.
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1 Introduction

In the recent decades, there has been significant attention paid in the control
systems literature on the large scale linear systems. There is also a great
demand in the industry to build low order linear models for large scale linear
control systems as the low order models yield low computational cost and also
provide a better understanding of the given linear system.

In [1], Hutton and Friedland (1975) used Routh-Hurwitz criterion for reduc-
ing the order of linear time variant systems. In [2], Wu (1981) used Mihailov
criterion for the linear model reduction. In [3], Lucas (1983) used factor di-
vision for the model reduction. In [4], Mukherjee and Mishra (1987) used
error minimization technique for the order reduction of linear systems. In [5],
Lamba, Gorez and Bandyopadhyay (1988) derived a reduction technique by
step error minimization technique. In [6], Howitt and Luus (1990) obtained
model reduction by minimization of integral square error performance indices.
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In [7], Aldeen (1991) used interaction modelling approach to distributed
control with application to interconnected dynamical systems. In [8], Salim-
bahrami and Lohmann (2006) obtained order reduction of large scale second-
order systems using Krylov subspace methods.

In this paper, we develop an algorithm for the identification of dominant
(slow) states and non-dominant (fast) states for large scale linear discrete-
time systems. As an application of this algorithm, we derive a procedure for
obtaining reduced-order models of discrete-time linear control systems.

2 Identification of Dominant and Non-Dominant

States

Consider a large-scale linear discrete-time system defined by

x(k + 1) = Ax(k) +Bu(k) (1)

where x ∈ IRn is the state and u ∈ IRm is the control. Also, A ∈ IRn×n and
B ∈ IRn×m are constant matrices.

Suppose that the matrix A is diagonalizable. Then there exists a modal
matrix M consisting of n linearly independent eigenvectors of A such that

Λ = M−1AM = diag(λ1, λ2, . . . , λn) (2)

We define a matrix Γ by
Γ = M−1B (3)

Next, we make a change of coordinates in the state-space given by

x = Mz (4)

In the new coordinates defined by (4), the linear system (1) becomes

z(k + 1) = Λz(k) + Γu(k) (5)

where Λ and Γ are defined by the equations (2) and (3) respectively.
In component form, the system (5) can be expressed as

zi(k + 1) = λizi(k) +
m∑

j=1

γijuj(k), (i = 1, 2, . . . , n) (6)

From Eq. (6), it follows that the step steady-state response of the ith
mode, zi, is given by

zi =
1

1 − λi

m∑
j=1

γij, (i = 1, 2, . . . , n) (7)
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To find the step steady-state response of the original linear system (1), we
substitute (7) into the transformation equation (4), which yields

xi =
n∑

j=1

Mijzj =
n∑

j=1

Mij

1 − λj

m∑
k=1

γjk, (i = 1, 2, . . . , n) (8)

We note that the right-hand side of Eq. (8) provides the state controllability
measure of the ith state variable, which is a function of all the eigenvalues of
the linear control system (1).

To find the dominance of the kth eigenvalue in the ith state xi, we use the
measure

Ωik =
Mik

1 − λk

m∑
j=1

γkj (9)

To find the dominance of the kth eigenvalue in all the n states, we use the
measure

Θk =
n∑

i=1

Ωik (10)

To find the relative dominance of the kth eigenvalue in the ith state xi, we
use the measure

ϕik =
⏐⏐⏐⏐Ωik

Θk

⏐⏐⏐⏐ × 100 (11)

Finally, to find the relative contribution of the first l, (l = 1, 2, . . . , n)
eigenvalues in the ith state xi, we use the measure

ψil =
l∑

k=1

ϕik (12)

Based on the above definitions, we state an useful algorithm for identifying
the most dominant states of the original linear system (1).

Step 1. Using (9), calculate Ωik for i, k = 1, 2, . . . , n. This yields an n × n
matrix Ω, whose (i, k)th entry describes the participation measure of
the kth eigenvalue λk in the ith state xi.

Step 2. Using (10), calculate Θk for k = 1, 2, . . . , n, where Θk represents the
dominance of the kth eigenvalue λk in all the n states.

Step 3. Sort the values of Θk in the order of dominance, starting from the
most dominant to the least dominant. Accordingly, sort the associated
eigenvalues of A in the order of dominance. Denote these eigenvalues
as λ1, λ2, . . . , λn in order of dominance so that λ1 is the most dominant
and λn is the least dominant. Also, reorder the columns of the modal
matrix M so that z1, z2, . . . , zn correspond to the renamed eigenvalues
λ1, λ2, . . . , λn in the order of dominance.
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Step 4. Using (11), calculate ϕik for all values of i and k, where ϕik gives the
relative dominance of the kth eigenvalue λk in the ith state xi.

Step 5. Using (12), calculate ψil for all values of i and l.

Step 6. Finally, test the condition

ψil =
l∑

k=1

ϕik ≥ εi for i = 1, 2, . . . , n (13)

for values of l starting from l = 1 to l = n and where εi is chosen
arbitrarily between 80% and 100% according to the degree of approx-
imation required. When condition (13) holds, the first l eigenvalues
are the dominant ones and the rest are non-dominant eigenvalues.
Correspondingly, the first l states in the original coordinates, viz.
x1, x2, . . . , xl are the dominant states, while the rest are non-dominant
states. �

3 Reduced Order Models of Large Scale Lin-

ear Control Systems

As an application of the procedure given in Section 2 for the identification of
dominant and non-dominant states of large scale linear systems, we derive a
reduced order model of a large scale discrete-time control system given by

x(k + 1) = Ax(k) +Bu(k)
y(k) = Cx(k)

(14)

where x ∈ IRn is the state, u ∈ IRm is the control or input and y ∈ IRp is the
output. We assume that A ∈ IRn×n, B ∈ Rn×m and C ∈ IRp×n are constant
matrices.

First, we suppose that we have made an identification of the dominant
(slow) and non-dominant (fast) states of the original linear system (14) using
the procedure described in Section 2.

Without loss of generality, we may assume that

x =

[
xs

xf

]
(15)

where xs ∈ IRs represents the dominant state and xf ∈ IRn−r represents the
non-dominant state of the system (14). The state xs corresponds to the slow
modes of the system, while the state xf corresponds to the fast modes of the
system.
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Then the linear system (14) becomes

[
xs(k + 1)
xf(k + 1)

]
=

[
Ass Asf

Afs Aff

] [
xs(k)
xf (k)

]
+

[
Bs

Bf

]
u(k)

y(k) = [Cs Cf ]
[
xs(k)
xf (k)

] (16)

From (16), we can write the plant equations as

xs(k + 1) = Assxs(k) + Asfxf (k) +Bsu(k)

xf (k + 1) = Afsxs(k) + Affxf (k) +Bfu(k)

y(k) = Csxs(k) + Cfxf (k)
(17)

Next, we make the following assumption, which is usually satisfied in most
of the control applications.

(H0) The system matrix A is diagonalizable.

By the assumption (H0), there exists a modal matrix M consisting of n
linearly independent eigenvectors of A such that

M−1AM = Λ, (18)

where Λ is a diagonal matrix consisting of the n eigenvalues of A. [As in
Section 2, the eigenvalues corresponding to the slow state xs are dominant
(slow) eigenvalues and the eigenvalues corresponding to the fast state xf are
non-dominant (fast) eigenvalues.]

Now, we introduce a change of coordinates in the state space defined by

ξ = Nx, where N = M−1 (19)

In the new coordinates (19), the linear system (17) becomes

ξ(k + 1) = Λ ξ(k) +NBu(k)

y(k) = CMξ(k)
(20)

i.e. [
ξs(k + 1)
ξf(k + 1)

]
=

[
Λs 0
0 Λf

] [
ξs(k)
ξf(k)

]
+NBu(k)

y(k) = CM
[
ξs(k)
ξf(k)

] (21)

where Λs and Λf are r× r and (n− r)× (n− r) diagonal matrices respectively.
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Define matrices Γs,Γf ,Ψs and Ψf by

NB =
[

Γs

Γf

]
and CM = [Ψs Ψf ] (22)

where Γs,Γf ,Ψs and Ψf are r×m, (n− r)×m, p× r and p× (n− r) matrices
respectively.

From (21) and (22), we see that the plant (17) has the following simple
form in the new coordinates (19).

ξs(k + 1) = Λs ξs(k) + Γs u(k)

ξf(k + 1) = Λf ξf(k) + Γf u(k)

y(k) = Ψsξs(k) + Ψfξf(k)

(23)

Next, we make the following assumptions:

(H1) As k → ∞, ξf(k + 1) ≈ ξf(k), i.e. ξf takes a constant value in the
steady-state.

(H2) The matrix I − Λf is invertible.

Using (H1) and the second equation of Eq. (23), we see that for large values
of k,

ξf(k) ≈ Λf ξf(k) + Γf u(k) (24)

Using (H2) and Eq. (24), we have

ξf(k) ≈ (I − Λf)
−1 Γf u(k) (25)

Substituting (25) into (23), we obtain the reduced-order model of the given
linear plant (14) in the ξ coordinates as

ξs(k + 1) = Λs ξs(k) + Γs u(k)

y(k) = Ψs ξs(k) + Ψf (I − Λf)
−1 Γf u(k)

(26)

To obtain the reduced-order model of the given linear plant (14) in the x
coordinates, we proceed as follows.

Set

N = M−1 =
[
Nss Nsf

Nfs Nff

]
, (27)

where Nss, Nsf , Nfs and Nff are r×r, r×(n−r), (n−r)×r and (n−r)×(n−r)
matrices respectively.

By the linear change of coordinates (19), it follows that

ξ = M−1x = Nx. (28)
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Thus, we have

⎡
⎣ ξs(k)

ξf(k)

⎤
⎦ = N

⎡
⎣ xs(k)

xf(k)

⎤
⎦ =

⎡
⎣ Nss Nsf

Nfs Nff

⎤
⎦

⎡
⎣ ξs(k)

ξf(k)

⎤
⎦ (29)

Using (26) and (29), it follows that

ξf(k) = Nfsxs(k) +Nffxf (k) = (I − Λf)
−1Γfu(k) (30)

or
Nffxf (k) = −Nfs xs(k) + (I − Λf )

−1 Γf u(k) (31)

Next, we make the following assumption.

(H3) The matrix Nff is invertible.

Using (H3), the equation (31) becomes

xf (k) = −N−1
ff Nfs xs(k) +N−1

ff (I − Λf)
−1 Γf u(k) (32)

To simplify the notation, we define the matrices

R = −N−1
ff Nfs

S = N−1
ff (I − Λf)

−1 Γf
(33)

Using (33), the equation (32) can be simplified as

xf (k) = Rxs(k) + Su(k) (34)

Substituting (34) into (17), we obtain the reduced-order system model of
the given linear system (14) as

xs(k + 1) = A�
s xs(k) +B�

s u(k)

y(k) = C�
s xs(k) +D�

s u(k)
(35)

where the matrices A�
s, B

�
s , C

�
s and D�

s are defined by

A�
s = Ass + Asf R

B�
s = Bs + Asf S

C�
s = Cs + CfR

D�
s = CfS

(36)
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4 Conclusions

In this paper, using a modal approach, we derived new results for the identifi-
cation of dominant and non-dominant states of large scale discrete-time linear
systems. As an application of this procedure, we derived reduced order system
models for large scale discrete-time linear control systems.
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