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Abstract

In this study, based on generalized order statistics the Bayesian and
the classical estimations of the parameters, the reliability and the haz-
ard functions of Lomax distribution are investigated. The Bayesian
estimators are obtained through conjugate prior for the shape and the
scale parameters of this distribution. This is done theoretically under
the symmetric loss function and the asymmetric loss function. Finally,
simulation study is carried out to compare different Bayesian estimators
based on different loss functions with the classical estimators.
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1 Introduction

Generalized order statistics (gos) was introduced by Kamps (1995) as an uni-
fied distribution theoretical set-up which contains a variety of approaches of
ordered random variables with different interpretations. Moreover, many other
models of ordered random variables, e.g., ordinary order statistics, order statis-
tics with nonintegral sample size, sequential order statistics, k-record values,
and progressively type II censoring are particular cases of gos.
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Random variables X(r, n, m̆, k), 1 ≤ r ≤ n, are said to be gos if their joint
density function is of the form

f(x1, · · · , xn) = k
n−1∏
j=1

γj

[
n−1∏
i=1

F
mi(xi)f(xi)

]
F

k−1
(xn)f(xn) (1)

on the cone F−1(0) < x1 < · · · < xn < F−1(1) and F (x) = 1 − F (x), where
F is an absolutely continuous distribution function with density function f ,
and n ∈ N , k ≥ 1, m̆ = (m1, · · · , mn−1) ∈ Rn−1 are the parameters such that
γr = k + n− r +

∑n−1
j=r mj ≥ 1 for all r ∈ {1, · · · , n− 1}, (for more details, see

Kamps (1995)).
As discussed in Kamps (1995), for suitable choices of the parameters gos reduce
to the well known ordered random variables, e.g., record values, progressively
type II censoring and so on. If m1 = · · · = mn−1 = −1 and k = 1, then
X(r, n, m̆, k) reduces to the record values and (1) gives the joint pdf of the
nth upper record values. If mi = Ri for i = 1, · · · , m − 1, mi = 0, for
i = m, · · · , n− 1 and k = Rm + 1, then (1) gives the joint pdf of the progres-
sively type II censoring samples from a sequence of independent identically
distributed random variables. Some distributional properties of gos studied
and minimum variance linear unbiased estimates of the parameters of expo-
nential distribution obtained based on gos (See, Ahsanullah, 2000; Malinowska
et al., 2006). Also, based on gos from Weibull distribution the approaches of
Bayesian and non-Bayesian estimation are discussed by Aboeleneen (2010).
The Lomax distribution has an important position in the field of lifetime test-
ing. This distribution is useful for modeling and analyzing the lifetime data
in medical and biological sciences, engineering (Lomax, 1954; Habibullah and
Ahsanullah, 2000). Abd Ellah (2006) compared the approaches of Bayesian
and non-Bayesian estimation from Lomax distribution using record values (see
alsom Howlader and Hossain, 2002). The distribution function of Lomax dis-
tribution is given by

F (x;α, β) = 1 − (1 +
x

β
)−α, x > 0, α, β > 0, (2)

where α and β are the shape and the scale parameters, respectively. The
reliability function R(t), and the hazard function H(t) at time t for the Lomax
distribution are respectively, given by

R(t) = (1 +
t

β
)−α, t > 0, H(t) =

α

β
(1 +

t

β
)−1, t > 0. (3)

In life testing and reliability problems, the nature of losses are not always
symmetric and hence the use of SELF is forbidden and unacceptable in many
situations. Inappropriateness of SELF has also been pointed out by different
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authors (Ferguson, 1967; Varian, 1975). This leads to the idea that an asym-
metrical loss function may be more appropriate. One of the most popular of
them, is LINEX loss function which was introduced by Varian (1975). Under
the assumption that the minimal loss occurs at φ̂ = (α̂, β̂), the LINEX loss
function for φ = (α, β) can be expressed as

L(Δ) ∝ ecΔ − cΔ − 1; c �= 0, (4)

where Δ = (φ̂ − φ) and φ̂ is an estimate of φ. The Bayesian estimator of φ,
denoted by φ̂BL under the LINEX loss function is given by

φ̂BL = −1

c
ln[Eφe

−cφ]. (5)

2 Bayesian estimators

Suppose that X(1, n, m̆, k), X(2, n, m̆, k), · · · , X(n, n, m̆, k), k ≥ 1, are n gos
based on the density function from the Lomax distribution. According to (1)
and (2), the likelihood function is

L(α, β;x) = k(
α

β
)n

⎡
⎣n−1∏

j=1

γj

⎤
⎦ e−αu−v, (6)

where

u =
n−1∑
i=1

ln(1 +
xi

β
)mi+1 + k ln(1 +

xn

β
), v =

n∑
i=1

ln(1 +
xi

β
). (7)

2.1 Known scale parameter

In case where β is known, we assume a gamma (a, b) conjugate prior for α as

π(α|a, b) =
ba

Γ(a)
αa−1e−bα (8)

where the hyperparameters a>0 and b>0 are given. Combining the likelihood
function (6) and the latter prior distribution, we obtain the posterior density
of α given the data as follows

π(α|x, β) =
(b+ u)n+a

Γ(n+ a)
αn+a−1e−α(b+u), (9)

where u is defined in (7). The Bayesian estimators for α under the SELF can
then be obtained as

α̂BS = E(α|X) =
n+ a

b+ u
. (10)
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Similarly, the Bayesian estimator for the reliability function R(t) with fixed
t > 0 can be obtained as

R̂BS(t) =

⎧⎨
⎩1 +

ln(1 + t
β
)

b+ u

⎫⎬
⎭

−(n+a)

, (11)

and for the hazard function H(t) as

ĤBS(t) =
n+ a

(b+ u)(t+ β)
. (12)

Alternatively, under the LINEX loss function the Bayesian estimator of α, is
given by

α̂BL = −1

c
ln
[∫ ∞

0
e−cαπ(α|x, β)dα

]
. (13)

Then, it follows from (9) that

α̂BL =
n+ a

c
ln
[
1 +

c

b+ u

]
. (14)

Moreover, the Bayesian estimators for R(t) and H(t) under the LINEX loss
function can be obtained as

R̂BL(t) = −1

c
ln

⎡
⎢⎣ ∞∑

i=0

(−c)i

i!

⎧⎨
⎩1 +

i ln(1 + t
β
)

b+ u

⎫⎬
⎭

−(n+a)
⎤
⎥⎦ (15)

and

ĤBL(t) =
n+ a

c
ln

{
1 +

c

(b+ u)(t+ β)

}
. (16)

2.2 Unknown scale and shape parameters β and α

In case where both the scale and the shape parameters β and α are unknown,
determining a general joint prior for α and β lead to computational complex-
ities. We use Soland’s method (1969) in order to solve this problem in which
he considered a family of joint prior pdfs that places a continuous pdf on α
and a discrete distribution on β.
We assume that the scale parameter β is restricted to a finite number of val-
ues β1, β2, · · · , βk with respective prior probabilities ψ1, ψ2, · · · , ψk such that
0 ≤ ψj ≤ 1, and

∑k
j=1 ψj = 1. [i.e. Pr(β = βj) = ψj ]. Further, suppose that

conditional upon β = βj , α has a natural conjugate prior with distribution
gamma(aj , bj) with density

π(α|β = βj) =
b
aj

j

Γ(aj)
αaj−1e−bjα, aj , bj > 0. (17)
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Then given the set of n gos values x, the conditional posterior pdf of α is

π(α|β = βj ,x) =
(bj + uj)

n+aj

Γ(n + aj)
αn+aj−1e−α(bj+uj), α, aj, bj > 0, (18)

with uj =
∑n−1

i=1 ln(1 + xi

βj
)mi+1 + k ln(1 + xn

βj
).

The marginal posterior mass function of βj can then be obtained as

Pj = Pr(β = βj |x) = A
∫ ∞

0
ψj

b
aj

j

Γ(aj)β
n
j

αn+aj−1e−α(bj+uj)e−vjdα

= A
ψje

−vjb
aj

j Γ(n + aj)

βn
j (bj + uj)n+ajΓ(aj)

, (19)

where vj =
∑n

i=1 ln(1 + xi

βj
) and A is the normalized constant given by

A−1 =
k∑

j=1

ψje
−vjb

aj

j Γ(n+ aj)

βn
j (bj + uj)n+ajΓ(aj)

. (20)

Therefore, we can derive the Bayesian estimators of α and β under the SELF
using the posterior pdfs (18) and (19) as the following

α̂BS =
∫ ∞

0

k∑
j=1

Pj α π(α|β = βj,x)dα =
k∑

j=1

Pj(n+ aj)

(bj + uj)
, (21)

and

β̂BS =
k∑

j=1

Pjβj . (22)

Similarly, the Bayesian estimators of R(t) and H(t) with fixed t > 0 are given
respectively by

R̂BS(t) =
k∑

j=1

Pj

⎛
⎝1 +

ln(1 + t
βj

)

bj + uj

⎞
⎠

−(n+aj)

, (23)

ĤBS(t) =
k∑

j=1

Pj
(n+ aj)

(bj + uj)(t + βj)
. (24)

Alternatively, under the LINEX loss function, the Bayesian estimator for α
and β can be derived as

α̂BL = −1

c
ln

⎡
⎣∫ ∞

0

k∑
j=1

Pje
−αcπ(α|β = βj,x)dα

⎤
⎦

= −1

c
ln

⎡
⎣ k∑

j=1

Pj

(
1 +

c

bj + uj

)−(n+aj)
⎤
⎦ , (25)
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and

β̂BL = −1

c
ln

⎡
⎣ k∑

j=1

Pje
−cβj

⎤
⎦ . (26)

respectively. Similarly, the Bayesian estimator for the reliability function R(t)
and H(t) with fixed t > 0 can be respectively obtained as follows

R̂BL(t) = −1

c
ln

⎡
⎢⎣ k∑

j=1

∞∑
i=0

Pj
(−c)i

i!

⎧⎨
⎩1 +

i ln(1 + t
βj

)

bj + uj

⎫⎬
⎭

−(n+aj)
⎤
⎥⎦ , (27)

ĤBL(t) = −1

c
ln

⎡
⎣ k∑

j=1

Pj

{
1 +

c

(bj + uj)(t+ βj)

}−(n+aj)
⎤
⎦ . (28)

Before the calculations, we should know the values of (βj, ψj) and the hyper-
parameters (aj , bj) in the conjugate prior (17). It is not always possible to
know the values of the hyperparameters (aj , bj). So, for obtaining the values
(aj , bj), we use the expected value of the reliability function R(t) conditional
on β = βj, which is given using (17) by

Eα|βj
[R(t)|β = βj ] =

∫ ∞

0
exp

{
−α ln

(
1 +

t

βj

)}
b
aj

j α
aj−1

Γ(aj)
e−αbjdα

=

⎧⎨
⎩1 +

ln
(
1 + t

βj

)
bj

⎫⎬
⎭

−aj

. (29)

Thus, for these two prior values R(t1) and R(t2), the values of (aj, bj) can
be obtained numerically from (29) for each value βj . If there are no prior
beliefs, a nonparametric procedure can be used to estimate the corresponding
two different values of R(t) (for more details, see Martz and Waller (1982), p.
105).

3 Maximum likelihood estimation

The likelihood function based on the first n gos for the Lomax distribution is
given in (6). Hence the log likelihood function is as the following form,

lnL(α, β;x) = ln k +
n−1∑
j=1

γj + n lnα− n ln β − αu− v. (30)

where u and v are defined in (7).
When β is known, we obtain the MLE of α as

α̂ML =
n

n−1∑
i=1

ln(1 + xi

β
)mi+1 + k ln(1 + xn

β
)
. (31)
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The case where α and β are both unknown, α̂ML and β̂ML, can be obtained by
solving the likelihood equations. β̂ML can then be obtained numerically from
the equation

n
[
n−1∑
i=1

(mi+1)xi

(xi+β̂ML)
+ kxn

(xn+β̂ML)

]

β̂ML

[
n−1∑
i=1

ln(1 + xi

β
)mi+1 + k ln(1 + xn

β
)
] − n∑

i=1

1

(xi + β̂ML)
= 0. (32)

The corresponding MLEs R̂ML(t) and ĤML(t) of reliability function R(t) and
hazard function H(t) are given respectively by replacing α and β by α̂ML

and β̂ML in equation (3). Note that by choosing mi = −1, i = 1, · · · , n − 1
and k = 1, we obtain Bayesian and ML estimators corresponds to the nth
upper record from Lomax distribution which coincides with that obtained by
Abd Ellah (2006). Also, by considering special cases of progressively type II
censored sample, we can obtained the estimators under type II censored sample
and complete sample.

4 Simulation

To investigate the performance of the Bayesian and non-Bayesian estimators,
we conducted a simulation experiment in the following subsections.

4.1 The case of known β

In this case, random samples of progressively type II censored and upper record
are generated based on the algorithm presented in Aboeleneen (2010) as the
following steps,

1. For given values (a=3, b=2), we generate α = 2.32 from the prior pdf
(9).

2. Using the value α = 2.32 from step 1, with known β = 2 and by choosing
the parameters mi = Ri for i = 1, · · · , m−1, mi = 0, for i = m, · · · , n−1
and k = Rm+1 in the mentioned algorithm, for different choices of sample
sizes and censoring schemes, we generate progressively Type II censored
samples from the Lomax distribution.

3. Using the value α = 2.32 from step 1, with known β = 2 and by choosing
the parameters m1 = · · · = mn−1 = −1 and k = 1 in the mentioned
algorithm, we generate n, (n=3,5,7) upper record value from the Lomax
pdf in (2).
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4. The MLEs and the Bayesian estimators of α, R(t) and H(t) (for t = 2)
under SELF and LINEX loss function are computed by using the results
in sections 2 and 3.

5. Step 1-4 are repeated 5000 times, and the mean squared error (MSE) for
each method was calculated. The results are display in Tables 1 and 2
for different choices of the shape parameter of the LINEX loss function.

4.2 The case of unknown α and β

In the case where both parameters are unknown, specifying a general joint
prior for α and β leads to computational complexities, as it mentioned before.
According to the mentioned algorithm and in line with Soland’s method a
simulation study is done to compute the Bayesian and ML estimators under
SELF and LINEX loss function, in the following steps,

1. We generate samples of upper record values with size n, (n=3,5,7) from
the Lomax distribution (α = 3, β = 3) with parameters m1 = · · · =
mn−1 = −1 and k = 1. We approximate the prior for β over the interval
(2.5,3.4) by the discrete prior with β taking the 10 values 2.5(0.1)3.4,
each with probability 0.1.

2. We generate different progressively type II censored sample for different
sample sizes from the Lomax pdf (α = 3, β = 3), with parameters mi =
Ri for i = 1, · · · , m− 1, mi = 0, for i = m, · · · , n− 1 and k = Rm + 1.

3. According to the samples in step 1 and 2, we estimate two values of the
reliability function using a nonparametric procedure which propose by
Martz and Waller (1982).

4. Substituting the two prior values obtained in step 3 into (29), the hyper-
parameters (aj , bj) are obtained numerically for given βj, j = 1, · · · , 10
using Newton-Raphson method.

5. The MLEs and Bayesian estimators of α, β, R(t) and H(t) under SELF
and LINEX loss function are computed using results in sections (2.2)
and 3.

6. We repeated the above steps for 5000 times in order to evaluate the MSEs
of each method. The results are shown in Tables 3, 4 and 5.

5 Discussion

In this paper, based on gos we consider the classical and Bayesian inference
procedures to estimate the two unknown parameters as well as the reliability



Inference for Lomax distribution under generalized order statistics 5249

Table 1: MSEs of the estimators of α, R(t) and H(t) for record values when t=2
Parameters n (.)ML (.)BS (.)BL

c=-2 c=-0.5 c=2
α 3 1.03135 0.86812 0.37851 0.29065 0.39557

5 0.82567 0.71547 0.196276 0.32577 0.37670
7 0.60484 0.57540 0.26643 0.26976 0.21960

R(t) 3 0.00043 0.00028 0.00038 0.00028 0.00030
5 0.00032 0.00021 0.00022 0.00011 0.00019
7 0.00012 0.00010 0.00019 0.00012 0.00013

H(t) 3 0.06451 0.00432 0.00546 0.00166 0.00404
5 0.03603 0.00853 0.00645 0.00595 0.00635
7 0.01594 0.00793 0.00419 0.00475 0.00326

Table 2: MSEs of the estimators of α, R(t) and H(t) for progressively type II censored
samples when t=2 and c=-0.5

α R(t) H(t)
(n,m) (R1, · · · , Rm) (.)ML (.)BS (.)BL (.)ML (.)BS (.)BL (.)ML (.)BS (.)BL

(10,5) (0,...,0,5) 0.02869 0.02078 0.02140 0.00194 0.00172 0.00162 0.00287 0.00257 0.00264
(10,5) (5,0,...,0) 0.02197 0.01955 0.01869 0.00163 0.00151 0.00162 0.00237 0.00228 0.00251
(10,5) (1,...,1) 0.02527 0.02013 0.01908 0.00173 0.00166 0.00170 0.00249 0.00231 0.00257
(10,8) (0,...,0,2) 0.01953 0.01865 0.01774 0.00159 0.00145 0.00154 0.00205 0.00194 0.00200
(10,8) (2,0,...,0) 0.02057 0.01977 0.01824 0.00160 0.00149 0.00157 0.00215 0.00210 0.00201
(20,10) (0,...0,10) 0.02009 0.01879 0.01709 0.00152 0.00134 0.00155 0.00214 0.00212 0.00152
(20,10) (10,0,...,0) 0.01976 0.01750 0.01709 0.00143 0.00126 0.00145 0.00205 0.00187 0.00168
(20,10) (1,...,1) 0.01995 0.01689 0.01654 0.00145 0.00130 0.00143 0.00205 0.00198 0.00154
(20,15) (0,...,0,5) 0.01727 0.01439 0.01597 0.00132 0.00121 0.00126 0.00167 0.00154 0.00158
(20,15) (5,0,...,0) 0.01804 0.01485 0.01609 0.00137 0.00122 0.00129 0.00170 0.00164 0.00153

and hazard functions for Lomax distribution. Here, the maximum likelihood
estimators of the unknown parameters α and β have been obtained. Also,
Bayesian estimators are obtained using both symmetric (squared error) and
asymmetric (LINEX) loss functions. A comparison is made between the con-
sidered estimators through a simulation study. The estimators are obtained
separately for record values and progressively type II censoring that establish
some well known results. Table 1 to 5 show that the Bayesian estimators based
on progressively type II censoring and record values are superior to the MLEs.
It is also clear that for both censoring samples and record values, the MSEs
decrease as sample size increases for two cases of known scale parameter and
unknown scale and shape parameters. Also, simulation results for the progres-
sively type II censoring samples in Tables 2, 4 and 5 show that for a fixed
sample size, as more units are censored the MSEs increase as expected.
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Table 3: MSEs of the estimators of α, β, R(t) and H(t) for record values when t=2
Parameters n (.)ML (.)BS (.)BL

c=-2 c=-0.5 c=2
α 3 1.67856 0.76505 0.84325 0.82483 1.32943

5 0.74302 0.55043 0.89654 0.73300 0.94387
7 0.52243 0.33201 0.68543 0.45645 0.65654

β 3 0.04543 0.03421 0.04435 0.34387 0.04437
5 0.03433 0.02243 0.03965 0.02765 0.02432
7 0.01838 0.01543 0.01432 0.01497 0.01654

R(t) 3 2.43266 1.52405 0.96953 0.85655 1.03365
5 1.86504 1.16548 0.75465 0.77445 0.84460
7 0.88763 0.78650 0.76055 0.65021 0.69544

H(t) 3 0.00445 0.00185 0.00113 0.00104 0.00127
5 0.00314 0.00204 0.00214 0.00183 0.00228
7 0.00086 0.00054 0.00104 0.00081 0.00065

Table 4: MSEs of the estimators of α and β for progressively type II censored samples
when t=2 and c=-0.5

α β
(n,m) (R1, · · · , Rm) (.)ML (.)BS (.)BL (.)ML (.)BS (.)BL

(10,5) (0,...,0,5) 0.08554 0.03445 0.05596 0.02043 0.01443 0.01765
(10,5) (5,0,...,0) 0.05456 0.03245 0.04032 0.01765 0.01345 0.01366
(10,5) (1,...,1) 0.05965 0.03354 0.04145 0.01865 0.01385 0.01455
(10,8) (0,...,0,2) 0.04565 0.03104 0.03567 0.01758 0.01254 0.01359
(10,8) (2,0,...,0) 0.04954 0.03114 0.03596 0.01778 0.01287 0.01399
(20,10) (0,...0,10) 0.02468 0.02043 0.02367 0.01247 0.01165 0.01147
(20,10) (10,0,...,0) 0.02254 0.02011 0.02225 0.01096 0.01054 0.01078
(20,10) (1,...,1) 0.02365 0.02109 0.02245 0.01145 0.01076 0.01106
(20,15) (0,...,0,5) 0.01547 0.01469 0.01445 0.00957 0.00845 0.00915
(20,15) (5,0,...,0) 0.01654 0.01597 0.01607 0.00897 0.00765 0.00814
(50,12) (0,...,0,38) 0.00856 0.00454 0.00563 0.00453 0.00354 0.00436
(50,12) (38,0,...,0) 0.00765 0.00367 0.00436 0.00346 0.00286 0.00318
(50,25) (25,0,...,0) 0.00587 0.00254 0.00365 0.00194 0.00156 0.00165
(50,25) (1,...,1) 0.00486 0.00194 0.00243 0.00076 0.00056 0.00065

Table 5: MSEs of the estimators of R(t) and H(t) for progressively type II censored samples
when t=2 and c=-0.5

R(t) H(t)
(n,m) (R1, · · · , Rm) (.)ML (.)BS (.)BL (.)ML (.)BS (.)BL

(10,5) (0,...,0,5) 0.00977 0.00786 0.00877 0.00544 0.00431 0.00356
(10,5) (5,0,...,0) 0.00868 0.00567 0.00676 0.00540 0.00406 0.00400
(10,5) (1,...,1) 0.00847 0.00598 0.00576 0.00478 0.00453 0.00325
(10,8) (0,...,0,2) 0.00645 0.00435 0.00535 0.00365 0.00287 0.00245
(10,8) (2,0,...,0) 0.00664 0.00435 0.00545 0.00336 0.00312 0.00222
(20,10) (0,...0,10) 0.00345 0.00295 0.00318 0.00176 0.00145 0.00167
(20,10) (10,0,...,0) 0.00324 0.00278 0.00293 0.00132 0.00112 0.00128
(20,10) (1,...,1) 0.00343 0.00289 0.00165 0.00156 0.00128 0.00143
(20,15) (0,...,0,5) 0.00245 0.00201 0.00221 0.00087 0.00112 0.00098
(20,15) (5,0,...,0) 0.00258 0.00225 0.00154 0.00073 0.00067 0.00085
(50,12) (0,...,0,38) 0.00143 0.00132 0.00105 0.00056 0.00043 0.00044
(50,12) (38,0,...,0) 0.00123 0.00120 0.00059 0.00051 0.00035 0.00033
(50,25) (25,0,...,0) 0.00087 0.00119 0.00078 0.00026 0.00039 0.00031
(50,25) (1,...,1) 0.00065 0.00054 0.00066 0.00020 0.00028 0.00025
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