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Abstract 
 
This article compares two techniques: Data Envelopment Analysis (DEA) and 
Factor Analysis (FA) to aggregate multiple inputs and outputs in the evaluation of 
decision making units (DMU). ِِData envelopment analysis (DEA), a popular linear 
programming technique, is useful to rate comparatively operational efficiency of 
DMUs based on their deterministic or stochastic input–output data. Factor analysis 
techniques, such as Principal Components Analysis, have been proposed as data 
reduction and classification technique, which can be applied to evaluate of decision 
making units (DMUs). FA, as a multivariate statistical method, combines new 
multiple measures defined by inputs/outputs. Nonparametric statistical tests are 
employed to validate the consistency between the ranking obtained from DEA and 
FA. Also, the results have been compared with PCA approach. SAFA Rolling & 
Pipe Mills Company’s data is used as a case study to consider the proposed 
approach in practical. Results of numerical reveal that new approach has a 
consistency in ranking with DEA. 
 
Keywords: Data Envelopment Analysis; Factor Analysis, Principal Component 
Analysis; Decision Making; Data Reduction 
 
 
1 Introduction 
  
  Data envelopment analysis (DEA) initially proposed by Charnes et al. [1] is  
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a non-parametric technique for measuring and evaluating the relative efficiencies of 
a set of entities, called decision-making units (DMUs), with the common inputs and 
outputs. DEA is a linear programming-based technique that converts multiple input 
and output measures into a single comprehensive measure of productivity 
efficiency. DEA provides a measure by which one firm or department can compare 
its performance, in relative terms, to other homogeneous firms or departments. 
DEA is mainly utilized under two different circumstances. First, it can be used 
when a department from one firm wants to compare its level of efficiency 
performance against that of a corresponding department in other firms. Second, 
DEA can be used in a longitudinal nature by comparing the efficiency of a 
department or firm over time [5]. There are other ranking methods in the DEA 
context. Joe Zhu [6] proposed a procedure for ranking of DMUs, based on the 
principal component analysis (PCA) and showed that the ranking is consistent with 
the DEA ranking for the data set considered in his article. Sinuany_Stern and 
Freidman [8] proposed a new method for ranking of DMUs which is a combination 
of DEA and discriminant analysis of ratios (DR/DEA approach). This article 
proposes a Factor Analysis approach to evaluate of decision making units (DMUs). 
In this method, data reduction is comparable to that achieve in PCA. Moreover, 
correlation between rankings obtained by FA and DEA techniques is much higher 
than what is gained from the PCA&DEA method, which is introduce by Zhu [6]. 
The rest of this article is organized as follows. In Section 2, a brief description of 
the DEA models used for ranking of DMUs is presented. Section 3 gives the 
fundamental of FA technique. The FA approach is developed in Section 4. 
Numerical comparison of the proposed FA method versus DEA and PCA 
procedures is presented in Section 5, using several benchmark data along with a 
case study of SAFA Rolling & Pipe Mills Company to evaluate consistency of each 
method. Finally, Section 6 concludes this research. 
 
 
2 Data Envelopment Analysis 
 
   Various models, used for ranking of DMUs, such as CCR [1], BCC [9] and 
ADD [15] are applied. The BCC model relaxes the constant returns to scale (CRS) 
assumption in the CCR model and the additive model ADD is an equivalent 
formulation of the CCR model. The original fractional CCR model proposed by 
Charnes et al. [1] evaluates  the relative efficiency of n DMUs (j=1,..,n), each with 
m input and s outputs denoted by x1j,x2j,…,xmj and y1j,y2j,…,ysj, respectively, 
maximizing the ratio of weighted sum of outputs to weighted sum of inputs, as 
given by (1). 
(CCR ratio model) 
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(1)  

In model (1), the efficiency of DMUj0 is determined by ej0 while αi and βi are the 
Factor weights. 
 
 

 3 Factor Analysis (FA) 
 
   Factor Analysis is a statistical method that is based on the correlation analysis 
of multi-variables. The main applications of factor analytic techniques are: (1) to 
reduce the number of variables and (2) to detect structure in the relationships 
between variables, in order to classify variables. Nadimi and Jolai [4] applied factor 
analysis method to data reduction in decision making units and then they illustrated 
their proposed method is a good consistency in ranking with DEA. Therefore, 
factor analysis can be used as a data reduction or structure detection method. There 
are two major types of FA: exploratory and confirmatory. Confirmatory FA is a 
much more sophisticated technique used in the advanced stages of the research 
process to test a theory about latent processes. Variables are carefully and 
specifically chosen to reveal underlying processes. To explain the method, a few 
terms are defined for more details about the following definition look at [3] or [4]. 
Let q(n×1) be a random vector with a mean of μ and a covariance matrix named 
Σ(p×p)., where qi specifies efficiency or an overall performance index of the ith DMU. 
Then a k-factor model holds for q, if it can be written in the following form: 
q = H f + u + μ (1) ,
where H(n×k) is a matrix of constants and f(k×1) and u(n×1) are random vectors. The 
elements of f are called common factors and the elements of u are specific or 
unique factors. In this study we shall suppose that:  
E( f ) = 0, Cov( f ) = I, E( u ) = 0, Cov(ui,uj) = 0; i≠j, Cov( f , u ) = 0 (2)  
Thus, if (1) holds, the covariance matrix of d can be split into two parts as: 
Σ = H H T + Φ (3) 
where H H T is called the communality and represents the variance of qi which is 
shared with the other variables via the common factors and Φ=Cov(u) is called the 
specific or unique variance and is due to the unique factors u. This matrix explains 
the variability in each qi that is not shared with the other variables. The main goal 
of FA is to apply f instead of q for assessing DMUs. To do this, mainly there are 
three main stages in a typical FA technique [2]: 
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1. Initial solution: Variables, as indexes of DMU performance measures, are 
selected and an inter-correlation matrix is generated. An inter-correlation matrix is 
a p×p array of the correlation coefficients of p variables with each other.  
2. Extracting the factors: An appropriate number of components (Factors) are 
extracted from the inter-correlation matrix based on the initial solution. Due to the 
standardization method, there should be a certain rule to extract the selected 
effective factors.  
3. Rotating the factors: Sometimes one or more variables may load about the same 
on more than one factor, making the interpretation of the factors ambiguous. Thus, 
factors are rotated in order to clarify the relationship between the variables and the 
factors.  
Let’s summarize and formulize the above steps as follows. In this study, we skip 
the rotation step. First, the correlation matrix, namely R, is computed on the basis 
of data due to the standardized variables, dij: 
R = Corr( D ) = DTD (4) 
where D is an n× p matrix of p variables for n DMU’s. This matrix can be 
decomposed to a product of three matrices:  
R = V L V T (5) 
where, V is the p×p matrix of eigenvectors and L = Diag([λ1, …, λp]) is a diagonal 
matrix of the eigenvalues, assorted descendingly. At the second step, different 
criteria may be applied to extract the most important factors. Since sum of the first r 
eigenvalues divided by the sum of all the eigenvalues, 
( λ1+λ2+…+ λr ) / ( λ1+λ2+…+λp ), represents the “proportion of total variation”  
explained by the first r factor components, we select r principal components as the 
factors, if  (λ1+λ2+…+ λr)/( λ1+λ2+…+λp) > 90%. Another criterion is to cut the 
matrix L from a point that the ratio of λi / λi+1 is maximized. However, r eigenvalues 
are defined as dominant eigenvalues. The dominant eigenvalues are saved and the 
other are skipped. To explain more, suppose L and V are decomposed as follows: 

⎥
⎦

⎤
⎢
⎣

⎡
=

2

1

0
0
L

L
L

    (6) 

where L1 (r×r) and L2 are diagonal matrixes. Consequently, the eigenvectors V will 
be separated into two parts too: 
V = [ V1 , V2 ]  (7) 
Similarly, V1 and V2 are p×r and p×(p-r) matrices, respectively. Suppose (5) is 
rewritten as follows:  

( )( )TVLLVR  =  (8) 

Then, replacing L with the form given by (6), the first part 11 LV  is called the 
Factor Loading matrix and denoted by A (p×r). Equation (8) is frequently called the 
fundamental equation for FA. It represents the assertion that the correlation matrix  
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is a product of the factor loading matrix, A, and its transpose [3]. It can be shown 
that an estimate of the unique or specific variance matrix, Φ, in (3) is: 
B = I – A AT (9) 
where I(p×p) is the identity matrix. So far our study of the factor model has been 
concerned with the way in which the observed variables are functions of the 
(unknown) factors, f. Instead, factor scores can be estimated by the following 
pseudo-inverse method:   
ST = (AT B-1 A )-1 AT B-1 
F = D S 

(10) 
(11) 

where F is a n×r matrix, each row of which corresponds to a DMU. The estimate in 
(11) is known as Bartlett’s factor score, and S is called the factor score coefficient 
matrix. In this paper, we use the FA technique to evaluate DMUs by reducing 
inputs and outputs whilst minimizing the loss of information. This will be 
introduced in the next section. 
 
 

4 New approach: FA method 
 
   It can be seen that DEA uses   00

*
jj emaxe = to evaluate and rank DMUs 

according to their performances. It is still possible to look at ratios of individual 
output to individual input: 

  ijrj
j

ir xyd = ; i =1, …, m; r =1, …, s;  j=1,…,n (12) 
for each DMUj. Unlike the ej0,  d j
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input. Obviously, the bigger the j
ird , the better the performance of DMUj in terms of 

the rth output and the ith input [11]. 
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The new added variable, is supposed to take into account the overall performance 
of each DMU with respect to all the variables j

ird . As a normalizing skill, each 
column is then divided by its least element, thus a new matrix, D p×n ; p=p'+1, is 
generated which will be processed from now on.    
In this paper, the factor analysis is employed to find out new independent measures 
which are respectively different linear combinations of d1, …, dp. In fact, we apply 
the estimation given by (11) to obtain factor scores, thus, the FA process of D is 
carried out as follows: 
Step 1: Calculate the sample correlation matrix, given by (4), to obtain eigenvalues 
and eigenvectors (solutions to |R – λ 1p | = 0 where 1p is a p×p identity matrix), as 
introduced in (5). 
Step 2: Considering λ1 ≥ λ2 ≥ … ≥ λp as the sorted eigenvalues, compute the 
following weightings, which determine share of each factor in the model: 

p,...,iw p

k
k

i
i 1  ; 

1

==

∑
=

λ

λ

(14)

Each weighting actually determines the share of each eigenvalue out of a whole. 
This approach uses the same method of Zhu [6] to obtain sign of the weightings wi, 
i.e. if sum of the corresponding eigenvector elements is positive, then wi is 
considered positive, otherwise it is negative. 
Step 3: Apply FA technique on D to obtain ST and then F, as defined by (10) and 
(14). 
Step 4: Select the factor components by determination of the dominant eigenvalues 
according to one of the criteria proposed in Section 3.  
Step 5: Compute: 

  
1
∑
=

=
r

i
iiw fz  (15)

 where fi is the ith column of the matrix F in (14) and r is the number of the 
dominant eigenvalues. The value of z gives a combined measure to evaluate and 
rank performance of DMUs. 
 
 

5 Numerical results 
 
   The proposed method is applied to several sets of sample data, the numerical 
results of which are illustrated and compared to other methods in this section. 
Example1: In order to compare new approach with both the Zhu method, denoted 
by PCA(Zhu), and the modified PCA method used by Permachandra [7], 
abbreviated by PCA(PM), we hereby apply data used by Zhu [6]. This data sets 
describe economic performance of 18 china cites. (x1: Investment in fixed assets by  
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state owned enterprises, x2: Foreign funds actually used, y1: Total industrial output, 
y2: Total value of retail sales, y3: Handling capacity of coastal ports) 
 

Table 1: The data set used by Zhu Error! Reference source not found. 
DMU x1 x2 y1 y2 y3 DMU x1 x2 y1 y2 y3 
dmu1 2874.8 16738 160.89 80800 5092 dmu10 428.4 574 53.69 47504 430 
dmu2 946.3 691 21.14 18172 6563 dmu11 6228.1 29842 258.09 151356 4649 
dmu3 6854 43024 375.25 144530 2437 dmu12 697.7 3394 38.02 45336 1555 
dmu4 2305.1 10815 176.68 70318 3145 dmu13 106.4 367 7.07 8236 121 
dmu5 1010.3 2099 102.12 55419 1225 dmu14 5439.3 45809 116.46 56135 956 
dmu6 282.3 757 59.17 27422 246 dmu15 957.8 16947 29.2 17554 231 
dmu7 17478.6 116900 1029.09 351390 14604 dmu16 1209.2 15741 65.36 62341 618 
dmu8 661.8 2024 30.07 23550 1126 dmu17 972.4 23822 54.52 25203 513 
dmu9 1544.2 3218 160.58 59406 2230 dmu18 2192 10943 25.24 40267 895 

Obviously, x1 and x2 can be assumed as two inputs and y1, y2, and y3 as three outputs, 
data of which are presented in Table 1. First, variables are generated by (1) based 
on data set given in Table 1, and an additional variable is calculated by (2) to form 
matrix D7×7.  
 

Table 2: FA&PCA result with PM and 
FA approaches 

 Table 3: Component score coefficients 

Dominant Eigenvalues 4.31 2.06   Components 

Shares of Eigenvalues (wi) 0.62 0.29 
1 2 

Dominant Eigenvectors v1 v2 
vi1 0.40 -0.20 Output1 0.19 -0.14 
vi2 0.46 0.04  Output2 0.22 0.03 
vi3 0.45 -0.13 Output3 0.21 -0.09 
vi4 0.45 0.10 Output4 0.22 0.07 
vi5 0.05 0.68 Output5 0.03 0.47 
vi6 0.04 0.69 Output6 0.02 0.48 
vi7 0.47 0.01  Output7 0.23 0.01 

 
 
Then we used MATLAB 7, to test the proposed approach fulfilling the steps 
introduced in Section 4. Table 2 and Table 3 represent the Eigen-analysis of the 
correlation matrix calculated by (4). Here, we have two components which account 
for 90.502% of the total sample variance; i.e. V1 in (7) contains two vectors, 
columns of which are named vi . Note that the sum of all eigenvalues is 7, equal to 
the number of total variables. Since there are two dominant eigenvalues, regarding 
Table 2 and Table 3, data can be summarized to two factors. Therefore, F and z can 
be obtained with the following specifications, while the results due to each DMU 
are given in Table 4:  
z = 0.616*f1 +0.293*f2 

The CCR model in (1) is applied to measure efficiencies. Besides that ranking and 
efficiency resulted of the new approach is compared to that of the original DEA and 
PCA in Table 5.  



3924                                  R. Nadimi and Hamed Shakouri G. 
 

Table 4: Elements of matrix F and vector z 

DMU f1 f2 z DMU f1 f2 z 

dmu1 5.152027 15.05106 7.598766 dmu10 38.77745 34.08271 33.91536 
dmu2 26.30816 354.0689 120.2769 dmu11 4.296202 7.290633 4.790482 
dmu3 3.795629 2.50461 3.075336 dmu12 9.06524 22.04124 12.06491 
dmu4 6.753832 13.45095 8.115659 dmu13 12.50429 15.1375 12.15531 
dmu5 17.25288 24.79452 17.92009 dmu14 1.439878 0.995586 1.179994 
dmu6 26.36602 14.3498 20.46666 dmu15 1.76438 0.716694 1.298013 
dmu7 3.936839 6.127137 4.22705 dmu16 4.555125 2.040313 3.406946 
dmu8 7.868007 24.35411 12.00684 dmu17 2.634921 1.407985 2.037696 
dmu9 15.18935 28.80653 17.82752 dmu18 2.25695 3.98423 2.561933 

 
To compare significance of the methods, correlation between rankings obtained for 
each method, i.e. PCA (Zhu), PCA (PM) and FA (New Method), with the rankings 
of the DEA method is computed. It is easy to find that correlations between ranking 
of DEA&PCA (Zhu), DEA&PCA (P.M.) and DEA&FA are 0.83, 0.80 and 0.80 
respectively. Obviously, all of the methods result in significant correlations (at level 
1%), and approximately are equal.  
 

Table 5: Efficiency and ranking with three methods 

DMU 

DEA PCA(Zhu) PCA(PM) FA(New Method) 

DMU 

DEA PCA(Zhu) PCA(PM) FA(New Method) 

Efficien
cy 

R
ank 

Score 

R
ank 

Score 

R
ank 

Score 
(z) 

R
ank 

Efficien
cy 

R
ank 

Score 

R
ank 

Score 

R
ank 

Score 
(z) 

R
ank 

dmu1 0.469 13 -0.448 10 12.939 10 7.599 10 dmu18 1.000 14 -1.083 16 4.569 15 2.562 15 
dmu10 1.000 3 2.669 1 64.005 2 33.915 2 dmu2 0.300 1 1.905 3 182.939 1 120.277 1 
dmu11 0.277 15 -0.743 13 8.573 11 4.790 11 dmu3 0.787 17 -0.818 14 5.914 14 3.075 14 
dmu12 0.502 5 0.099 7 20.896 7 12.064 7 dmu4 0.751 12 -0.307 9 14.316 9 8.116 9 
dmu13 0.631 4 0.287 6 22.388 6 12.155 6 dmu5 0.115 6 0.699 4 32.537 4 17.920 4 
dmu14 1.000 16 -1.190 18 2.263 18 1.179 18 dmu6 0.187 2 1.917 2 39.799 3 20.467 3 
dmu15 0.358 11 -1.088 17 2.561 17 1.298 17 dmu7 0.470 18 -0.722 12 7.622 12 4.227 12 
dmu16 0.495 9 -0.592 11 6.691 13 3.407 13 dmu8 0.306 8 -0.244 8 20.338 8 12.007 8 
dmu17 0.657 10 -0.859 15 3.966 16 2.038 16 dmu9 0.195 7 0.517 5 31.587 5 17.827 5 

 
Example 2: In this example, we apply data set used by Wong et al. [13], to compare 
efficiencies of seven university departments. Three inputs and three outputs are 
defined as follows, data of which is listed in Table 6. 

    
Table 6: Data set used by Wong et al.Error! 

Reference source not found. 

x1: Number of academic staff  DMU x1 x2 x3 y1 y2 y3 

x2: Academic staff salaries  dmu1 12 400 20 60 35 17 

x3: Support of undergraduate students  dmu2 19 750 70 139 41 40 

y1:  Number of undergraduate students  dmu3 42 1500 70 225 68 75 

y2:  Number of postgraduate students  dmu4 15 600 100 90 12 17 

y3:  Number of research papers published  dmu5 45 2000 250 253 145 130 
  dmu6 19 730 50 132 45 45 
  dmu7 41 2350 600 305 159 97 

 
The same procedure of section 4 is followed. The matrix D is generated by 10 
variables extracted out of data in Table 6, and four dominant eigenvectors are  
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selected and Table 7 includes the results of ranking. 

Table 7: Efficiencies and rankings obtained by the three methods 

DMU 
DEA PCA(Zhu) PCA(PM) FA(New method) 

Efficiency Rank Score Rank Score Rank Score 
Ran

k 
dmu1 1.829615 1 0.51261 2 4.13838 1 2.011187 1 
dmu2 1.048895 6 0.288772 4 3.315666 5 1.712316 5 
dmu3 1.198308 4 0.011661 5 3.25405 6 1.559566 6 
dmu4 0.819737 7 -1.9633 7 1.616393 7 0.895427 7 
dmu5 1.219992 3 0.456634 3 3.801057 3 1.943119 2 
dmu6 1.190642 5 0.918423 1 3.846452 2 1.917534 3 
dmu7 1.266094 2 -0.2248 6 3.47953 4 1.883721 4 

 
In this example the correlation between results obtained by PCA(Zhu) and DEA is 
0.321, while correlation between DEA&PCA(PM) is 0.678. However, the new 
approach of FA has a higher correlation with the DEA, that is, 0.75, due to the 
scores given to the dmu5 and dmu6. This example shows that the FA approach can 
lead to better results, in the sense of DEA ranking, compared to the both PCA 
approaches proposed by Zhu and Premachandra. 
 
Case Study: SAFA Rolling & Pipe Milling Company, Saveh, Iran. 
SAFA Rolling & Pipe Mills Company [14] is one the biggest company in 
producing of oil, gas and water pipe in Middle East. Electrical Resistance Welding 
(ERW) and Submerged-Arc Welding (SAW) are two welding processes in this 
company. In fact, this company is divided into four factories which are called 
"SPIRAL", "ROLL BENDING (RB)", "ERW" and "COATING" factories. The 
latter has been established to cover up the required pipe with the Epoxy, 
Polyethylene and Paste. However, manufacturing efficiency determines how well a 
factory operates in production. To avoid wasting money, all processes in 
manufacturing must be as efficient as possible. Calculating a numerical value to the 
efficiency helps to identify if improvements to the production process need to be 
made. In follow, we will illustrate how the proposed approach can be used to 
measure the efficiency of RB factory given the existence of multiple inputs and 
outputs. 

Table 8: SAFA Company data 

 
Y
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Season 

D
M

U
 

Electricity  
Cons. 

(KW)_X1 

Man- 
hours 
 _X2 

Total 
produced 

 pipe 
weight 

(Ton) )_y1 

Total 
produced 

 pipe 
length 

(KM) _y2 
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Season 
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Electricity  
Cons. 

(KW)_X1 

Man- 
hours 
 _X2 

Total 
produced 

 pipe 
weight 

(Ton) )_y1 

Total 
produced 

 pipe length 
(KM) _y2 

2010 3 d1 1642087.1 117768 18904.47 60880 2009 2 d6 582130 73057 7092.62 8766.8 
2010 2 d2 1571303.8 133829 12940.54 51981 2009 1 d7 1577788 121611 25510.27 35524.17 
2010 1 d3 1840209.6 142704 23191.82 54248.99 2008 4 d8 1748892 132331 9444.83 55652.56 
2009 4 d4 1701038 145971 16724.54 20815.6 2008 3 d9 1681965 117292 11593.18 71118.11 
2009 3 d5 1113093 119571 18504.58 24750.13 2008 2 d10 919053 83136 6493.39 42605.97 
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The proposed approach is applied on mentioned data and its results are compared to 
show the capability of the proposed approach with other methods. In Table 9 
bellow, the scores and ranking of DMUs by four methods are given to evaluate the 
efficiency of different methods.  

Table 9: Efficiencies and rankings obtained by the three methods 

DMU 
DEA PCA(Zhu) PCA(PM) FA(New method) 

Efficiency Rank Score Rank Score Rank Score Rank 

dmu1 1.0000 3 0.6774 4 4.2177 3 2.8049 3 
dmu2 0.8227 7 0.4689 5 3.2996 5 2.1772 6 
dmu3 0.9409 6 -0.1295 6 3.2252 6 2.2209 4 
dmu4 0.5857 10 -1.2947 9 1.3048 9 0.992 9 
dmu5 1.0000 4 -1.2036 8 1.9863 8 1.5357 8 
dmu6 0.7154 9 -1.3613 10 1.2067 10 0.9702 10 
dmu7 1.0000 5 -1.0185 7 2.5829 7 1.902 7 
dmu8 0.7398 8 0.7474 3 3.4045 4 2.1842 5 
dmu9 1.0000 1 1.5931 1 4.7861 1 3.056 1 

dmu10 1.0000 2 1.5206 2 4.3851 2 2.8165 2 

Correlation between results obtained by PCA (Zhu) and DEA, DEA&PCA(PM)  
and DEA&FA (New method) here, are respectively 0.685, 0.745 and 0.782. It 
illustrates that the proposed approach is in high consistency with DEA methods. 
 

6 Conclusion  
   The current article presents alternative approach to evaluate and rank DMUs 
which have multiple outputs and multiple inputs. The DEA –non-statistical 
method– uses linear programming technique to obtain a ratio between weighted 
outputs and weighted inputs. The new approach proposed in this paper is the Factor 
Analysis to evaluate efficiencies and rank DMUs. Results obtained by numerical 
experiments employed as well as the case study in manufacturing area, show that 
there is a high correlation between DEA and FA methods, even higher than what 
obtained by the PCA methods. Thus, we can use FA to evaluate efficiency and 
ranking DMUs instead of DEA with enough significance and minimum lose of 
information. 
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