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Abstract

In this work, we consider variational iteration method [1-3] to inves-
tigate systems of Volterra integral equations of the first kind. In this
method, general Lagrange multipliers are introduced to construct cor-
rection functional for the problems. The multipliers in the functional
can be identified optimally via variational theory. Comparison with ex-
act solution shows that the method is very effective and convenient for
solving this kind of equations.
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1 Introduction

Finding the analytical solution of differential equations has been devoted a lot
of attention of mathematicians’s interest in recent years. Several methods are
proposed to achieve this goal [4-6]. We apply variational iteration method to
solve system of Volterra integral equations of the first kind.
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A system of integral equations of the first kind can be presented as the follow-
ing:

∫ x

0
ki (x, t) gi (u1 (t) , u2 (t) , ..., un (t)) dt = fi (x) , i = 1, 2, ..., n. (1)

If gi (u1, u2, ..., un) are linear, the system(1) can be represented as the following:∫ x

0

n∑
j=1

kij (x, t)uj (t) dt = fi (x) , i = 1, 2, ..., n .

To illustrate the basic idea of the method, we consider following general non-
linear system:

Lu (t) +Nu (t) = g (t) , (2)

Where L is a linear operator, N is a nonlinear operator and g (t) is a known
analytical function. According to the variational iteration method, we can
construct the following correction functional:

un+1 (t) = un (t) +
∫ t

0
λ (ξ) {Lun (ξ) +Nũn (ξ)− g (ξ)} dξ, (3)

Where λ is a general Lagrange multiplier which can be identified optimally via
variational theory, u0 is an initial approximation with possible unknowns, and
ũnis considered as restricted variation, i.e., δũn = 0 [7].

2 Numerical results

In this section, two examples are provided. These examples are considered to
illustrate ability and reliability of the method.

Example 1. Consider the following nonlinear system of Volterra integral
equations of the first kind{ ∫ x

0 (u (t) + (x− t)u (t) v (t)) dt = −3
4

+ 1
2
x+ 1

2
x2 + 1

12
x4 + ex − 1

4
e2x,∫ x

0 (v (t) + (x− t)u (t) v (t)) dt = 5
4

+ 1
2
x+ 1

2
x2 + 1

12
x4 − ex − 1

4
e2x.

(4)

With the exact solutions u (x) = x+ ex , v (x) = x− ex.
We change the system of integral equations as the following by twice differen-
tiation. {

u′ (x) + u (x) v (x) = 1 + x2 + ex − e2x,
v′ (x) + u (x) v (x) = 1 + x2 − ex − e2x.

Using variational iteration method, the correction functional can be written in
the form:{

un+1 (x) = un (x) +
∫ x
0 λ1 (ξ) {u′n (ξ) + F1 [un (ξ) , vn (ξ)]} dξ,

vn+1 (x) = vn (x) +
∫ x
0 λ2 (ξ) {v′n (ξ) + F2 [un (ξ) , vn (ξ)]} dξ.
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Figure 1: The plots of approximate solution, exact solution and absolute error for Example
1.

Where
F1 [u, v] = uv − 1− x2 − ex + e2x and F2 [u, v] = uv − 1− x2 + ex + e2x.
Imposing the stationary condition on the correction functional, the Lagrange
multiplier can be readily identified in the following form:

λ1 (ξ) = −1 , λ2 (ξ) = −1.

As a result, we obtain the following iteration formula:{
un+1 (x) = un (x)−

∫ x
0 {u′n (ξ) + F1 [un (ξ) , vn (ξ)]} dξ,

vn+1 (x) = vn (x)−
∫ x
0 {v′n (ξ) + F2 [un (ξ) , vn (ξ)]} dξ. (5)

Using the initial approximation u0 (x) = 1 and v0 (x) = −1 in Eq.(5), approx-
imations ui (x)’s and vi (x)’s will be calculated, successively. The plot of exact
solution Eq.(4), the 4th order of approximate solution obtained using the VIM
and absolute error between the exact and numerical solutions of this example
are shown in Figure 1.

Example 2. Consider the following nonlinear system of Volterra integral
equation of the first kind, where the u (x) = x2 and v (x) = x.{ ∫ x

0 (1− x2 + t2) (u (t) + v3 (t)) dt = − 1
12
x6 − 2

15
x5 + 1

4
x4 + 1

3
x3,∫ x

0 (5 + x− t) (u3 (t)− v (t)) dt = −5
2
x2 − 1

6
x3 + 5

7
x7 + 1

56
x8.

(6)

We change the system of integral equations as the following by twice differen-
tiation

u′ (x) = −3v2 (x) v′ (x) + 2
∫ x
0 (u (t) + v3 (t)) dt+ 2x (u (x) + v3 (x))

−5
2
x4 − 8

3
x3 + 3x2 + 2x,

v′ (x) = 3u2 (x)u′ (x) + 1
5

(u3 (x)− v (x))− 1
5
x6 − 6x5 + 1

5
x+ 1.
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Figure 2: The plots of approximate solution, exact solution and absolute error for Example
2.

Using variational iteration method, the correction functional can be written in
the form: {

un+1 (x) = un (x)−
∫ x
0 {u′n (ξ) + F1 [un (ξ) , vn (ξ)]} dξ,

vn+1 (x) = vn (x)−
∫ x
0 {v′n (ξ) + F2 [un (ξ) , vn (ξ)]} dξ. (7)

Where

F1 [u, v] = 3v2v′−2
∫ x

0

(
u (t) + v3 (t)

)
dt−2x

(
u+ v3

)
+

5

2
x4 +

8

3
x3−3x2−2x,

and

F2 [u, v] = −3u2u′ − 1

5

(
u3 − v

)
+

1

5
x6 + 6x5 − 1

5
x− 1.

Using the initial approximation u0 (x) = 0 and v0 (x) = 0 in Eq.(7), approxi-
mations ui (x)’s and vi (x)’s will be calculated, successively. The plot of exact
solution Eq.(6), the 4th order of approximate solution obtained using the VIM
and absolute error between the exact and numerical solutions of this example
are shown in Figure 2.

3 Conclusion

In this paper, the variational iteration method was employed to solve system
of Volterra integral equations of the first kind. The method needs much less
computational work compared with traditional methods. It is shown that
the variational iteration method is a powerful mathematical tool for solving
integral equations in the bounded domains.
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