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Abstract

The generalized Broer-Kaup-Kupershmidt (generalized BKK) isospec-
tral problem, including the z-derivative of potential, is considered based
on Lie algebra A;. The variational trace identity is extended to con-
struct Hamiltonian structure of generalized BKK system. The Lie alge-
bra A; is extended to the non-semi-simple Lie algebra of 4 x 4 matrix
form, from which a hierarchy of soliton equations related to general-
ized BKK system are given. The Hamiltonian structure of the resulting
system is established, by the generalized trace identity.
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1 Introduction

The theory of integrable Hamiltonian systems of infinite dimensions has un-
dergone a rapid development since the late 1960’s. The representation of a
nonlinear system as the compatibility condition of linear equations, i.e., the
zero-curvature representation, is central to our understanding of the word ”in-
tegrability”. Meanwhile, the role of Lie algebra has attracted much attention
[1-3], among of which the Lie algebra A; has served as the ground in which
the principal elements of Lax and zero-curvature equations grow.

Let G be a finite dimensional Lie algebra over C, and G be the correspond-
ing loop algebra G=G® c[A, A71]. We assume that a pair of matrix spectral
problems

. =Up=U(u, \)p,
{ o =Up =Ulu, \)p oy an

Pt = VSO = V(uaumuaﬁwa T Wv )‘)(107
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where U,V € é’,u = (uy,u9, -+, u)T are potential functions, A is a spectral
parameter with A\, = 0, mg is a natural number indicating the differential
order, determines a Lax integrable equation [4-7]

u = K(u), (1.2)
through the zero-curvature equation
U -V, +[UV]=0. (1.3)
The system (1.2) may be casted in the Hamiltonian form
S,
ou’

where J is a symplectic operator and {ﬁn} are a sequence of scalar functions,
and % stands for the variational derivatives [3] defined by

— = Z 6 (n (8 = %,u(”) = 6"u> . (1.5)
u

n>0

The variational trace identity,

5 U 9 N\, au
2w - (A aﬂ)Wa% (1.6)

that produces Hamiltonian structures of infinite dimensional integrable sys-
tems, has been established by Tu [3]. To some extent, the establishment of
trace identity has shed light on certain exchangeability of operations between
d/du and 9/0X [3,8,9], i.e.,

S o= 2w 2,
U U
where 7 is a constant such that V = AV is again a solution of V, = [U, V].
By using of trace identity, quite a number of infinite-dimensional Liouville
integrable Hamiltonian systems are discussed. [4-7] Recently, a good deal
of original work on developing trace identities have been given to construct
Hamiltonian structures of integrable multi-component systems and integrable
couplings in cases of semi-simple and non-semi-simple Lie algebras, as well as
super integrable systems [10-14].

Generally, to the best of our knowledge, very few of the matrix eigenvalue
problems are involved with the z-derivatives of potentials, e.g.,

{ Py = U(P = U(”; Ugy Uggy * * §;;rlana )\

(1.7)
= V(p = V(u> Ugy Uggy "+ oxr™2 > )80
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my, mo are natural numbers indicating the differential order. In such a case,
the variational trace identity (1.6) should be changed to [8,9]

G .0 . U

S0 g0 = () 5. (18)
For example, let U = U(u, uz, A),V = V(u, Uy, Ugy, - - -, %; A)in (1.7), then,
from (1.5), the variational trace identity is casted into

L5 = () (50 - ). a9

This paper, based on the Lie algebra A;, is devoted to revisiting the gen-
eralized Broer-Kaup-Kupershmidt matrix eigenvalue problem [15]

At u v+ auy
%:U@:( . _A_u)cp,cp:(z;), (1.10)

where the spectral matrix U depends not only on potentials u, v but also on the
x-derivative of potential u, v is a arbitrary constant. By constructing a proper
time evolution equation, a hierarchy of soliton equations are furnished. One
representative hierarchy of the resulting Lax integrable equations is presented
and shown to possess Hamiltonian structure based on the variational trace
identity (1.9). By using of semidirect sum of Lie algebras, a 4 X 4 matrix Lie
algebra is constructed, based on which a hierarchy of Lax integrable equations
are derived by zero-curvature representation. The Hamiltonian structure of the
enlarged system is constructed by using of generalized variational trace iden-
tity through a non-degenerate symmetric bilinear form. Then, we construct
infinitely many common commuting conserved functionals for the resulting
hierarchy.

2 The generalized BKK hierarchy and its Hamiltonian structure
The Lie algebra A; is presented as [1-6]

Ay = span{w, W, w3, }, (2.1)

(1 0\ . (0o 1\ . (00
w1_0_17w2_007w3_107

equipped with the commutative relations

with

[@1,@2] - 211—}27 [wla w3] = _211_}37 [w%w:’)] = wy. (22>
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Then, the associated loop Lie algebra may be defined by
A ={PIPe R\ ® A},

where R[\] ® A; means span{\"Q|n € Z,Q € A,}.
Based on loop Lie algebra A;, the generalized Broer-Kaup-Kupershmidt
spectral problem (1.10) is given by

o = Up,U = o1 (1) +u (0) + (v + auy )wa(0) + @3(0), 0 = (p1,02)", (2:3)

where U = U(u,v,uz; \), U = (u,v)T is potential function, X\ is a spectral
parameter with \; = 0, and « is an arbitrary constant.
Consider the auxiliary spectral problem associated with (2.3)

Pty = V@, M Z 07 (24)

_ - a; bj m—j —Cm+1 0
Vm_z(%‘ _aj))\ +( 0 Cmsr /)

j=0

with

Then the Eqgs. (2.4) yield
Vine = [U, Vi) = —Cip1, 01(0) + 2[bps1 — (v 4 attz) g ] 2(0),
which is consistent with Uy, . Then, the zero-curvature equations
Uy

m

give rise to the following hierarchy of soliton equations

U, = Kp(U) = ( b )tm = ( T OmL ) ,m>0. (2.5

—20m41, + ACp1,,

When m = 2, the soliton hierarchy (2.5) is reduced to the generalized BKK
equation

_ 11—« 1
Up = — 5 Ugy + SV — 2Uly,
_ a(2—a) 1—a
t — 2 Ugzg + Tvxm - Q(UU)xy (26)
4 _ d
dt dt2 :

In what follows, the trace identity (1.8), i.e., (1.9), [8,9] is used to construct
the Hamiltonian structure for the system (2.5). It is easy to see that

ou oU ou

<ij> :2(1:<V,%> :(V,%> =c,
oU oU 0 oU
<V, E) = <V, %> - %U/, (9—ux> = 2a — QacCy.
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Substituting above expressions with

a—Zam)\ m b—Zb AT C—Zcm/\_ma

m=0

into trace identity (1.8), and equating the coefficients of A™"~! on both sides
of (1.8) yield

2a,, — acp,
50 [ (Gamsi)de = (y —m)
Cm
To fix the constant v, we simply set m = 0, then, we have v = 0. Therefor,
we obtain

i 21 e =20, + acy,
ou m B

_Cm

It is easy to verify that the system (2.5) is Liouville integrable and possess the
bi-Hamiltonian structure

u SH,y, SH,p s
Ui, = =J—=M > 1. 2.7
b (“>tm 53U 5u M= 27)
The Hamiltonian operators J, M and the Hamiltonian functionals H m are given
by
1 a—1a2
6 0°—0
J:(O a),]\/[ X 2 1, @9
(9 0 — @82 a MQQ
with
o2
My = (o — ?)83 + a(0%u — ud?) — (v + auy)d — (v + auy,),
and
/H dz = am“d m > 1, (2.9)
where [3,8,9]
5 5 6 s \" 6H, 5H,,
= (i) o 5oy,
oU 5U1 5U2 (SUI 5Uz o (SU:”

o= L um _omu, =121
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If we denote

0Hy, _ o 0

ouU ou 7
then, asking for the help of the recursion relation (2.7), we get the recursion
operator

o <%a — 00— 300 a(l-§ — 0 WD + adu— 0 (v + auy)d — (v + auy)

Remark 1. As a = 0, the spectral problem (2.3) reduces to the Broer-Kaup-
Kupershmidt spectral problem [17]

P = UBKK(U7 )‘)907

UBKK(Ua )\) = wl(l) + UU_Jl(O) + U’(I]Q(O) + 11_}3(()),

and the soliton hierarchy (2.5) gives the well-known Broer-Kaup-Kupershmidt
soliton hierarchy

u (Sﬁm 5?[7,1,1
Up = = Ik — = Mpgg—t,m > 1,
t ( v )tm BKK sU BKK 50U m

in which

1 152
0 0 50 —50° — Ou
JBKK:(a 0)7MBKK: 1 22 2 ;
50° —ud  —vd — v
and H,,,m > 1 satisfy (2.9) as a = 0.
Remark 2. When a = 1 the spectral problem (2.3) reduces to the Boussinesg-

Burgers spectral problem. [15] The first nonlinear system of Boussinesq-
Burgers hierarchy is as follows

Up = %vx — 2uy,
_ i
U = Euxzm - Q(UU)M

whose multi-soliton solutions are discussed by Darboux transformation. [16]

3  Hamiltonian extension of the generalized BKK soliton hierar-
chy (2.9)

With the development of the soliton theory, integrable coupling [18] has become
a new and important topic in the study of integrable systems. The concept of
integrable couplings and related theories were brought forward in recent years
(see e.g., Refs. [10,11,19-27] and references therein). The corresponding results

) |



Generalized Broer-Kaup-Kupershmidt system 3773

show various mathematical structures that integrable equations possess, such
as Lax representations, infinitely many symmetries, conserved quantities and
bi-Hamiltonian structures, etc.

In Refs. [10,11,22,23], by considering semi-direct sum of Lie algebras, a
technologically-practicable approach to derive integrable and nonlinear inte-
grable couplings is proposed. In order to construct the Hamiltonian structures
of the corresponding integrable coupling systems, in the case of non-semi-
simple Lie algebras, a generalized trace identity is established [10,11,22,23],
which undoes the constraint on the standard trace identity [3,8,9].

Let us first consider the extension of the Lie algebra A; into Lie algebra of
4 x 4 matrix by semidirect sum of Lie algebras. Note

F = span{wy, we, w3, wy, ws, we}, Fo = span{wy, wy, w3}, F, = span{wy, ws, ws},

with
1 0 0 0 01 0 0 00 0 0
" 0 -10 0| 0000]| 1 000
1o o 1 o |’ looo 1”2 oo o0 0]
0 0 0 -1 00 0 0 00 1 0
001 0 00 0 1 00 0 0
o |00 0 =1 0000 00 1 0
Y 1o o0 0o [ oo ool 1o o000
00 0 0 00 0 0 00 0 0

It is easy to verify that I, Fyy, F,. construct three Lie algebras with the commu-
nication operation

[U}i, ’LUj] = W;W; — w;wy, (2,] = 1, 2, ey 6),
and
F=FWF,|F,F]={AB— BA|/Ac F,Be F.} CF..
Note

F={AlJAe RN ®F},Fy={A|A € R\ ® Fy}, F, = {A|A € R]\| ® F.},

where R[\| ® F' means the loop algebra defined by span{A\"Aln > 0, A € F'}.
Obviously, F. is an Abelian ideal of the loop Lie algebra F', and Fy and F is
closed under the multiplication of matrix. Thus, F' forms a semi-direct sum of
ﬁo and ﬁc. N

In terms of F', the spectral matrix W is of the form

(W W, ~
W—(O WO)EF,
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where Wy, W, are 2 x 2 matrices, 0 stands for a 2 x 2 zero matrix. For
generalized BKK hierarchy (2.5), we consider an isospectral problem

P1
— TT(TT - U Uc - = (;52
%—UWAM—(O U)%w— 5 | (3.1)
P4

where U is defied by (2.3) and U, = (6 s —l—_?Oij)’ ie.,

U(U,\) = wy (1) +uwi(0) + (v 4 aug )ws (0) +ws(0) +1ws(0) + (s + ary)ws(0).

The stationary zero-curvature equation

V. —[U,V] =0, (3.2)

with

<

VoV
(b v)
= aw; (0) 4 bwy(0) + cws(0) + ewy(0) + fws(0) + gws(0) € F,

leads to

a;, = (v+ aug)e — b, by, = 2(A + u)b — 2(v + auy)a,
e = 2N+ u)c+2a,e, = (v+aug)g+ (s+ arg)c— f,
fe=20A+u)f —2(v+ aug)e+ 2rb — 2(s + ary)a, g, = —2(A+ u)g + 2e — 2re.
(3.3)
Upon setting

_ _ Vi V.. »
Vo= Z‘/})‘]:Z(Oj V,]))‘]
5>0 7>0 J

= Z(ajwl(j) + bjwa(7) + cjws(f) + ejwal(y) + fjws(5) + gywe(j)) € F,

and choosing the initial data

ap =e9=1,bp =co = fo =90 =0,
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then, Eqgs (3.3) give rise to the following recursion relations
ajp =0 [—5(v+aug)ej, — 3bj, —uay,],j >0,
bj+1 = %b]a: — Ubj + (U + aum)&jaj >0,
Cjr1 = —3¢j, —uc; +aj,j >0,
ejr1 =07 [—5(v+aus)g;, — 5(s + ars)ej, — 5fi, —raj, — ue;,],j >0,
fj+1 = %fjar — Ufj + (U + ozux)ej — ’I“bj + (S + ozrx)aj,j Z O,
9j+1 = —395, — ug; + ¢ —rc;, j = 0.
(3.4)
Assume that the constants of integration are selected to be zero. Then the

recursion relations (3.4) uniquely determine a series of sets of differential poly-
nomial functions in U with respect to x. The first few are listed as follows

a=e=1bh=v+au,,c;=1,fi=v+au, +s+ar,, g =1,

(v+ aug)y — u(v + auy),

[N

1

ag = —5(v + auy), by =
1

Co = —U,ep = —5(V+ Quy + 5+ ary),ge = —u—r,

f2:%(U—FC(UI—FS—FC(TI)I_u<v+04ux+5+047nx)_T(U—i_&ud’.“

Let the time evolution of the eigenfunction of the spectral problem (3.1) obey
the differential equations

Pt = Vin@,m > 0, (3.5)
where
N (Y Ve ) (B A,
Y = Z(o V;-)A *( 0 A
=
= Z[ajwl(m — J) + bjwa(m — j) + cyws(m — j) + ejwa(m — j) + fjws(m — 7)
=0

+gjwe(m — j)] = cmnp1w1(0) — gm1w4(0).
A direct computation gives

Ve — U, V] = —Cmg1, W1 (0) 4 2[bpy1 — (v + tig) i1 )w2(0)

—Gm+1,Wa(0) + 2[frn1 — (v + QUy)Gmy1 — (S + ary)cmi1]ws(0),
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which is consistent with U;,,. Then the compatibility condition of (3.1) and
(3.5), i.e., the enlarged zero-curvature equations [3,10,11,21]

Ut = (Vm)x - [ﬁu Vm]u m Z O)

m

give rise to the following equations

_Cm+lz

U, = K,(0) = I o(Cme1)ae ,m>0. (3.6)

—GIm+1,
_26m+1m + a(gm+1)x$

»w 3

tm

The first nontrivial equation, when m = 2, gives

QT’lum + %vx — 2Uly
o2 —a) Uggy T 17Ta’U:m: - 2(uv)x
QT’l(u + 1) + %(v +8)p — 2uuy, — 2(ur),

90 (4 1)y + 52 (0 4 8)gp — 2(uv + us + v,

Utz = KQ(U) -

The first two members in above system are same as those in (2.6), hence, it is a
kind of integrable coupling system of equation (2.6), and, the system (3.6) is the
integrable coupling system of generalized Broer-Kaup-Kupershmidts hierarchy
(2.5). Further, the integrable couplings of Broer-Kaup-Kupershmidts [27] and
Boussinesq-Burgers equations are given by

Uy = _%uac;v + %U:v - QUUJH
vy = %vm —2(uv)y,
re=—2(U+T)ew + (v 4 8)s — 2uu, — 2(ur),,

St = 3(0+ 8)az — 2(wv + us + vr),,

when o« = 0 and

Uy = %vx — 2Uly,

UV = %umym - 2(“”)17

=5+ 8)p — 2uuy — 2(ur),,

S = %(u + 7)aze — 2(uv 4+ us 4+ or),,

when a = 1, respectively.

In what follows, we are going to construct the Hamiltonian structure of
the system (3.6). In order to do so, we should introduce a non-degenerate
symmetric bilinear form. Let us consider the following map [10,11,21,27]

aq a9 ay as

~ as —a; ag —a ~
Q:F — RS A a=(ay,ay,as,a4,a5,a6) , A= | > Looe 4

) 1, W2, U3, g, U5, U6 )
0 0 ap as

0 0 a3 —aq
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which induces a Lie algebraic structure on RS, and, is isomorphic to the matrix
loop algebra F. The commutator [.,.]zgs on R is derived by the commutator
[., ] 7 on F s

[aa b]£6 = Q([A7 B]?) = &TR(b),

where a,b € RS, A, B € F, R(b) is a square matrix

0 2by —2b5 0  2b5 —2b
b3 — 2b1 0 b6 —2b4 0
—bg 0 2b1 —b5 0 2()4
0 0 0 0 2by  —2bs3 |’
0 0 0 bs  —2b; 0
0 0 0 —by 0 2h,

R(b) =

which is in fact defined by communication operation in F' [10,11]. According
to [10,11], we introduce the matrix

20 0 2 00
0 01 001
01 0010
H_QOOOOO
0 01 000
01 00 0 O

It is easy to verified that
HT = H h(R(b))" = —R(b)H, b€ R°.
Therefor, we can define a non-degenerate symmetric bilinear form on R®
{a,b) = a” Hb. (3.8)
Then, from (3.7) and (3.8), a non-degenerate bilinear form on F is given by

<A’ B)ﬁ - <Q(A)7Q(B)>R6 = (a’17a27a37a47a57a6)H(b17b27b37b47b57b6)T

= 2G1b1 -+ 2@1[94 + &ng -+ a2b6 -+ a3b2 -+ agb5 + 2a4b1 -+ a5b3 -+ a6bg,

which is symmetric and invariant associated with the Lie product, i.e., >
(A,B)z = (B, A)5, (A, [B,C))z = (A, B],C)5, A, B,C € F.
Through a direct computation, by utilizing (3.9) and (1.5), we have
(v, %)ﬁ = 2a+ 2¢,(V, %Zﬁ =(V, %)ﬁ =c+tyg,
V. 5r = V.50 — V. gdr = et ) —aletahe
(v, 555 = (v, %) - LV, 9 s = 20— ac, '
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The substitution of (3.10) with

a = ia]’)\j,b = ibj)\j,c - icj)\ja
j=0 j=0 j=0

e:Zej)\_j,f—ij ,g—Zg]/\J
j=0 J=0

into the generalized trace identity [8,9,10,11]

5 - oU 9 U
9 gz = (AL 9y 11
50 | Vo et = ( B3\ )<V’ 5T (3.11)

and equating the coefficients of A™™~1 on both sides of (3.11) yield

2(am + em) — alcm + Gm)a
5 Cm + 9m
ﬁ 2(am+1 + €m+1)d$ = (7 - m) 20y, — acy,

Cm

To fix the constant v, we simply set m = 0, then, we have v = 0. Hence, we
could construct the Hamiltonian structure of the system (3.6) by

Utm - Km(U) -

=J—=m2>1 3.12
U ? ( )

nw X <
|

tm

in which the Hamiltonian operators J and the Hamiltonian functionals H,,
are given by

00 0 0
F 00 9 0 :(0 J)
00 0 =0 J —J)’
9 0 -0 0
H, = / 2am1 + 6erl)alac,m >0,
m+1

and, J is defined by (2.12). Now, if we set

OHpir éaﬁm

6U 6U

by utilizing the recursion relations (3.4), we get

N
(%)




Generalized Broer-Kaup-Kupershmidt system 3779

where ® is defined by Eq. (2.14), 0 stands for 2 x 2 zero matrix, and

5 — (—817’8 adr —ad 'rd* — 07 (s + ar,)d — (s + ary) )
c 0 —_r .

It is easy to verify that

o 0 M
M_J@_(M Mc)’

is a skew-symmetric operator, in which M is given by (2.12), and

Mll M12
MC = (MC21 MCQQ) )

with
1

11— -1
M = 20, M = —0r + =20 4 0u, MP = —r0+ =07 + w0,

2
M2 = a(@r—13) = [(s + 1)+ (s +1.)] + (5 — )0 + a(ud® - 0%u)

+(v + uy)0 + (v + uy).
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