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Abstract
This paper studies how to determine priority of decision-making

units (DMUs) in interval environments using analytical hierarchy pro-
cess(AHP). This work is based on the assumption that input and output
data are imprecise due to decimal truncation or rough estimation by
the decision maker. Therefore we use interval data to show this vague-
ness.Also the common set of weights analysis (CWA) that it is a method
in data envelopment analysis (DEA),has been used to derive the local
weights of criteria in one level of introduced hierarchical structure.Then
the obtained local priorities are aggregated with the simple additive
weighting (SAW) method.The Hurwicz criterion approach (HCA) is uti-
lized to rank the interval priorities of DMUs. The proposed approach
is applied to priority determination of 14 commercial bank branches in
Iran.
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1 Introduction

Data envelopment analysis (DEA) is a methodology based on linear pro-
gramming (LP) model for evaluating relative efficiencies of decision making
units (DMUs) with common inputs and outputs. It is used for ranking and
analysing DMUs, such as industries, universities, hospitals, cities, facilities,
layouts,etc.However, decision makers always face the problem of how to carry
out a further comparison among efficient DMUs. This problem, discriminating
amongst the efficient DMUs, is called ranking of units in the DEA literature.

Thomas saaty’s analytic hierarchy process (AHP) provides a powerful tool
that can be used to make decisions in situations involving multiple objec-
tives[6,7]. This paper discusses the possibility of using an AHP model for
priority determination of DMUs with interval data.

The motivation of this study is investigation of ranking problem (priority
determination of DMUs) in DEA with interval data [2,3,4],from the viewpoint
of AHP[5,8]. In fact,we want to use the advantages of each method (AHP
or DEA) in relation to the other one. Accordingly we organize the ranking
problem as a hierarchical structure containing three levels.No need to compar-
ison matrices for computing the local priorities is an other advantage of the
proposed method.

In the current paper,we first use the common set of weights analysis (CWA)
methodology [1] under interval data to determine the weights of decision crite-
ria (inputs and outputs)in the middle level. Second,we determine the interval
local scores(priorities) of decision alternatives (DMUs)in the last level with
respect to each element in the level above (inputs and outputs) based on com-
paring the value of inputs and outputs. Third, the simple additive weighting
(SAW) method provides the interval overall scores (global priorities) for any
DMUs. Finally, a Hurwicz criterion approach (HCA) is utilized to rank the
interval overall scores of DMUs.

The rest of the paper is organized as follows: A brief description of basic
CWA model and its generalization which is applicable for interval data,will be
reviewed in section 2. The main results , i.e the AHP model for computing the
interval overall scores of the decision making units and the Hurwics criterion
approach (HCA) for comparing and ranking the interval overall scores of DMUs
are explained in section 3.section 4 contains a case study.
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2 A review on the CWA model with interval

data

DEA was initially developed as a methodology for assessing the comparative
efficiencies of organizational units. The initial problem is usually expressed as:
n DMUs to be assessed with m inputs and s outputs indices. For each DMU,
say DMUj , the given values of indices are denoted as (x1j , x2j , . . . , xmj) and
(y1j , y2j, . . . , ysj), respectively.Assume that the levels of inputs and outputs
are known to be laid within bounded intervals, i.e. xij ∈ [xL

ij , x
U
ij ] and yrj ∈

[yL
rj, y

U
rj], with the upper and lower bounds of intervals are given constant and

strictly positive.Also the level of inputs xij and outputs yrj are various whose
exact values are to be estimated. In such case,the following transformations
are applied to the variables xij and yrj :

xij = xL
ij + sij(x

U
ij − xL

ij), i = 1, . . . , m, j = 1, . . . , n, 0 ≤ sij ≤ 1,

yrj = yL
rj + trj(y

U
rj − yL

rj), r = 1, . . . , s, j = 1, . . . , n, 0 ≤ trj ≤ 1.

Now, by introducing new variables, The CWA-LP model[1] with interval
data that generates a common set of weights is as follows:

Δ∗ = min

n∑
j=1

Δj (1)

s.t.
s∑

r=1

[ury
L
rj + prj(y

U
rj − yL

rj)]

−
m∑

i=1

[vix
L
ij + qij(x

U
ij − xL

ij)] + Δj = 0 j = 1, ..., n

prj ≤ ur, r = 1, ..., s, j = 1, ..., n,

qij ≤ vi, i = 1, ..., m, j = 1, ..., n,

prj ≥ 0, qij ≥ 0, r = 1, ..., s, i = 1, ..., m, j = 1, ..., n,

ur ≥ ε, vi ≥ ε, Δj ≥ 0, r = 1, ..., s, i = 1, ..., m, j = 1, ..., n.

The CWA-LP model with exact input-output data derives as a special case of
model (1). Indeed, if the lower and upper bounds conicide for all inputs and
outputs, the bounded intervals are all of zero length. Therefore, the second
terms in the summations vanish together with the variables prj and qij , the
constraints of the form prj ≤ ur and qij ≤ vi are eliminated.
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3 Main Results

The Analytical Hierarchy Process (AHP) is a powerful tool for the analysis
of complex decision problems. The AHP organizes the decision problem as a
hierarchical structure containing several levels. The first (topmost) level de-
fines the main goal of the decision problem and the last (lowest) level usually
describes the decision alternatives or scenarios. The levels in between contain
secondary goals, criteria and subcriteria of the decision problem. The number
of the levels is not limited, but it does not exceed four or five in the typical
case.The decision maker (DM) expresses his preferences by comparing the im-
portance of the elements on the given level with respect to an element of the
preceding level. The local priorities of criteria and alternatives are synthesized
into the overall priorities.

In a standard AHP model for obtaining the local priorities, the decision
maker’s judgments on elements in a given level with respect to an element in
the level above are organized into pairwise comparison matrices but in this
paper,we use the DEA concepts for obtaining them.

Let us consider a simple three-level hierarchy that represents a standard
decision problem for determining the preference of DMUs.This AHP model
has a finite set of alternatives (n DMUs) which are evaluated by m+ s criteria
(inputs and outputs). The vi, i = 1, . . . , m, are the weights of single inputs and
the ur, r = 1, . . . , s, are the weights of single outputs. In our analysis, these
weights (vi, i = 1, . . . , m and ur, r = 1, . . . , s) are derived from model (1) that
was discussed in section(2).Preference indices wIij , i = 1, . . . , n, j = 1, . . . , m
and wOij,i = 1, . . . , n, j = 1, . . . , s, express the preference of the i-th DMU
with respect to the j-th input and the j-th output,respectively.

Now, we determine how well each DMU “satisfies”or “scores”on each crite-
rion (input/output).In the standard deterministic AHP approach, the decision
maker always specifies point estimates that express his preference relations be-
tween two elements in the given hierarchical levels with respect to the parent
element in the level above. It can often be very difficult for decision makers to
do this. They may feel much better and closer to reality to have the possibility
of expressing their preferences as interval estimates.

Suppose j ∈ {1, ..., m},therefore wI ij shows the local priority of DMUi to
other DMUs with respect to the j-th input.From the point of view of DEA,the
most superiority occurs when DMUi consumes xL

ji units of the j-th input
and other DMUs (DMUk; k ∈ {1, ..., n}, k �= i) consume xU

jk units of the j-

th input,therefore
Max{xU

jk|k=1,...,n,k �=i}
xL

ji
shows the most superiority (the upper

bound of this interval local priority). The least superiority is obtained when
DMUi consumes xU

ji units of the j-th input and other DMUs (DMUk; k ∈
{1, ..., n}, k �= i) consume xL

jk units of it,in this case
Min{xL

jk|k=1,...,n,k �=i}
xU

ji
shows



Using AHP for priority determination in IDEA 3005

the least superiority of DMUi to other DMUs (the lower bound of this interval
local priority).Thus for each i and j which i ∈ {1, ..., n} and j ∈ {1, ..., m} ,
we have:

wI ij =

[
Min{xL

jk|k = 1, ..., n, k �= i}
xU

ji

,
Max{xU

jk|k = 1, ..., n, k �= i}
xL

ji

]
.

The same analysis hold about the local priority of DMUs with respect to the
outputs.Suppose j ∈ {1, ..., s},from the view point of the output criterion,the
most superiority occurs when DMUi produces yU

ji units of the j-th output
and other DMUs (DMUk; k ∈ {1, ..., n}, k �= i) produce yL

jk units of the j-th

output.In this situation,
yU

ji

Min{yL
jk|k=1,...,n,k �=i} represents the upper bound of this

interval local priority.On the other hand,the least superiority of DMUi to other
DMUs is derived when they produce yL

ji and yU
jk(k ∈ {1, ..., n}, k �= i) units of

the j-th output,respectively.Under these conditions
yL

ji

Max{yU
jk|k=1,...,n,k �=i} shows

the lower bound of this interval local priority.Thus for each i and j which
i ∈ {1, ..., n} and j ∈ {1, ..., s} , we have:

wOij =

[
yL

ji

Max{yU
jk|k = 1, ..., n, k �= i} ,

yU
ji

Min{yL
jk|k = 1, ..., n, k �= i}

]
.

Finally,these interval local priorities should be normalized according to the
definition 1.

Definition 1. Consider the vector V whose all entries are as an interval, i.e.

V = ([vL
1 , vU

1 ], [vL
2 , vU

2 ], . . . , [vL
n , vU

n ]).

Let vmax = max{vU
1 , . . . , vU

n }. Divide each entry in V by the vmax. This yields
a new vector (call it Vnorm, to make it normalized) in which the upper and the
lower bound in every interval component is less than or equal to 1.

Suppose that the local priorities for both criteria and alternatives have
all been derived for the discussed hierarchical structure.The global priority of
each decision alternative can be computed using the simple additive weighting
(SAW) method in MCDM regarding the definition 2. For example DMUi

(i = 1, . . . , n) has the (OP )i =
∑m

j=1 vjwIij+
∑s

j=1 ujwOij as an interval overall
priority.

Definition 2. Let [a, b] and [c, d] be two arbitrary intervals which the upper
and lower bounds of them are positive. The sum of these two intervals is as
follows[9]:

[a, b] + [c, d] = [a + c, b + d].
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Now, Hurwicz criterion approach (HCA) [10] is chosen as the approach to
compare and to rank interval overall priorities for each DMU . Let

Ai = [aL
i , aR

i ] =< m(Ai), w(Ai) >

(i = 1, . . . , n) be the interval final weights of n DMUs, where m(Ai) = 1
2
(aR

i +
aL

i ) and w(Ai) = 1
2
(aR

i − aL
i ) are their midpoints (centers) and widths.

Let α be DM or assessor’s level of optimism (0 ≤ α ≤ 1), then Hurwicz
decision criterion selects the interval overall priority with the hightest weighted
average value as the most preferred one, namely:

max
i

{α max(Ai) + (1 − α) min(Ai)} = max
i

{αaR
i + (1 − α)aL

i }.

Where α = 1, 0 or 0.5, the above Hurwicz decision criterion becomes the
maximax, maximin and equally likely criteria, respectively, which are widely
used in decision making under uncertainty. Based on the above analysis, the
following definition is given for comparing and ranking interval local priorities.

Definition 3. Let Ai = [aL
i , aR

i ] =< m(Ai), w(Ai) > be interval local priority
and α be DM or assessor’s level of optimism (0 ≤ α ≤ 1). Then, Hurwicz index
value of Ai is defined as:

H(Ai) = α max(Ai) + (1 − α) min(Ai) = αaR
i + (1 − α)aL

i

= m(Ai) + (2α − 1)w(Ai).

The parameter α may be understood as DM or assessor’s attitude towards
risk. For α > 0.5, the DM or assessor is said to be optimistic and risk-seeking.
Those with α = 0.5 are referred to be risk-neutral. If α < 0.5, the DM or
assessor is pessimistic and risk-averse.

It is evident that the bigger the Hurwicz index value, the better the interval
overall priority. If H(A) > H(B), then A is said to be superior to B. The
interval overall priority with the biggest Hurwicz index value is the most pre-
ferred one and should be ranked at the first place. With the help of Hurwicz
index values, a complete ranking order for all the interval overall priorities
can be made. Such a ranking approach is called Hurwicz criterion approach
(HCA).

4 Case Study

Now, this approach is applied to some commercial bank branches in Iran.
There are 14 branches in this district. Each branches uses 3 inputs to produce
5 outputs. Table 1 shows the kinds of these inputs and outputs. The interval
inputs and the interval outputs for these DMUs which have been gathered
during one year, are given in Tables 2 and 3.
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Table 1. Inputs and outputs
Inputs Outputs
Payable interest The sum of four main deposits
Personnel Other deposits
Non-Performing loans Loans granted

Interest received
Fee

Table 2. Input-data for the 14 bank branches
DMUj xL

1j xU
1j xL

2j xU
2j xL

3j xU
3j

1 587.69 1205.47 27.29 27.48 27827 29005
2 4646.39 9559.61 24.52 25.07 9070 9983
3 1554.29 3427.89 20.47 21.59 412036 413902
4 17528.31 36297.54 14.84 15.05 8638 10229
5 2444.34 4955.78 20.42 20.54 500 937
6 7303.27 14178.11 22.87 23.19 16148 21353
7 9852.15 19742.89 18.47 21.83 17163 17290
8 4540.75 9312.24 22.83 23.96 17918 17964
9 3039.58 6304.01 39.32 39.86 51582 55136
10 6585.81 13453.58 25.57 26.52 20975 23992
11 4209.18 8603.79 27.59 27.95 41960 43103
12 1015.52 2037.82 13.63 13.93 18641 19354
13 5800.38 11875.39 27.12 27.26 19500 19569
14 1445.68 2922.15 28.96 28.96 31700 32061

Table 3. output-data for the 14 bank branches
DMUj yL

1j yU
1j yL

2j yU
2j yL

3j yU
3j yL

4j yU
4j yL

5j yU
5j

1 144906 165818 180530 180617 288513 323721 40507.97 45847.48 176.58 370.81
2 408163 416416 405396 486431 1044221 1071812 56260.09 73948.09 4654.71 5882.53
3 335070 410427 337971 449336 1584722 1802942 176436.81 189006.12 560.26 2506.67
4 700842 768593 14378 15192 2290745 2573512 662725.21 791463.08 58.89 86.86
5 641680 696338 114183 241081 1579961 2285079 17527.58 20773.91 1070.81 2283.08
6 453170 481943 27196 29553 245726 275717 35757.83 42790.14 375.07 559.85
7 553167 574989 21298 23043 425886 431815 45652.24 50255.75 438.43 836.82
8 309670 342598 20168 26172 124188 126930 8143.79 11948.04 936.62 1468.45
9 286149 317186 149183 270708 787959 810088 106798.63 111962.3 1203.79 4335.24
10 321435 347848 66169 80453 360880 379488 89971.47 165524.22 200.36 399.8
11 618105 835839 244250 404579 9136507 9136507 33036.79 41826.51 2781.24 4555.42
12 248125 320974 3063 6330 26687 29173 9525.6 10877.78 240.04 274.7
13 640890 679916 490508 684372 2946797 3985900 66097.16 95329.87 961.56 1914.25
14 119948 120208 14943 17495 297674 308012 21991.53 27934.19 282.73 471.22

Let ε = 0.0001, the vi, i = 1, 2, 3 (the normal weights of single inputs) and
the ur, r = 1, . . . , 5 (the normal weights of single outputs) are as follows:{

v1 = 0.0263, v2 = 0.9730, v3 = 0.0006{
u1 = 0.0803, u2 = 0.0122, u3 = 0.0122, u4 = 0.8831, u5 = 0.0122

Now we compute wIij, i = 1, . . . , 14, j = 1, 2, 3,and wOij, i = 1, . . . , 14,j =
1, . . . , 5 (the preference of the i-th DMU with respect to the j-th input and



3008 G. R. Jahanshahloo et al

j-th output,respectively)according to section 3,the obtained results before nor-
malizing,have given in Tables 4 and 5. Finally, the Hurwicz criterion approach
is applied when α = 0.2, α = 0.5 and α = 0.8, for comparing and ranking the
interval overall priorities which have been presented in Table 6.Also the results
of applying HCA and the ranking of fourteen DMUs have been presented in
Table 6.

Table 4. The interval local priorities of DMUs with respect to inputs
DMUi wIL

i1 wIU
i1 wIL

i2 wIU
i2 wIL

i3 wIU
i3

1 0.84 61.76 0.49 1.46 0.02 14.87
2 0.06 7.81 0.54 1.62 0.05 45.63
3 0.17 23.35 0.63 1.95 0.001 0.13
4 0.02 1.13 0.90 2.68 0.05 47.92
5 0.12 14.85 0.66 1.95 9.22 827.80
6 0.04 4.97 0.59 1.74 0.02 25.63
7 0.03 3.68 0.62 2.16 0.03 24.11
8 0.06 7.99 0.57 1.74 0.03 23.10
9 0.09 11.94 0.34 0.74 0.009 8.02
10 0.04 5.51 0.51 1.56 0.02 19.73
11 0.07 8.62 0.45 1.44 0.01 9.86
12 0.29 35.74 1.06 2.92 0.02 22.20
13 0.05 6.26 0.50 1.47 0.02 21.22
14 0.20 25.11 0.47 1.38 0.01 13.06
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Table 5.The interval local priorities of DMUs with respect to outputs
DMUi wOL

i1 wOU
i1 wOL

i2 wOU
i2 wOL

i3 wOU
i3 wOL

i4 wOU
i4 wOL

i5 wOU
i5

1 0.17 1.38 0.26 58.97 0.03 12.13 0.05 5.63 0.03 6.30
2 0.49 3.47 0.59 158.81 0.11 40.16 0.07 9.08 1.02 99.89
3 0.40 3.42 0.49 146.70 0.17 67.56 0.22 23.21 0.09 42.56
4 0.84 6.41 0.02 4.96 0.25 96.43 3.51 97.17 0.01 0.43
5 0.77 5.80 0.17 78.71 0.17 85.62 0.02 2.55 0.18 38.77
6 0.54 4.02 0.04 9.65 0.03 10.33 0.04 5.25 0.06 9.51
7 0.66 4.79 0.03 7.52 0.05 16.18 0.06 6.17 0.07 14.21
8 0.37 2.86 0.03 8.54 0.01 4.76 0.01 1.25 0.16 24.93
9 0.34 2.64 0.22 88.38 0.09 30.35 0.13 13.75 0.20 73.61
10 0.38 2.90 0.10 26.27 0.04 14.22 0.11 20.32 0.03 6.79
11 0.80 6.97 0.36 132.08 2.29 342.36 0.04 5.14 0.47 77.35
12 0.30 2.67 0.004 0.44 0.003 0.23 0.01 1.33 0.04 4.66
13 0.77 5.67 1.01 223.43 0.32 149.36 0.08 11.70 0.16 32.50
14 0.14 0.83 0.02 5.71 0.03 11.54 0.03 3.43 0.05 8.00

Table 6. The overall priorities for DMUs and their ranking with HCA
DMUj (OP )Li (OP )Ui α = 0.2 Ranking α = 0.5 Ranking α = 0.8 Ranking

1 0.16 0.58 0.244 4 0.370 4 0.496 4
2 0.19 0.68 0.288 12 0.435 12 0.582 12
3 0.22 0.92 0.360 3 0.570 3 0.780 3
4 0.34 1.85 0.642 7 1.095 7 1.548 7
5 0.23 0.75 0.334 5 0.490 5 0.646 5
6 0.21 0.68 0.304 6 0.445 10 0.586 10
7 0.22 0.83 0.342 2 0.525 6 0.708 6
8 0.19 0.63 0.278 10 0.410 2 0.542 2
9 0.11 0.42 0.172 13 0.265 13 0.358 13
10 0.17 0.74 0.284 8 0.455 8 0.626 8
11 0.16 0.63 0.254 11 0.395 11 0.536 11
12 0.35 1.07 0.494 1 0.710 1 0.926 1
13 0.18 0.68 0.280 14 0.430 14 0.580 14
14 0.16 0.51 0.230 9 0.335 9 0.440 9
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