Applied Mathematical Sciences, Vol. 5, 2011, no. 60, 2989 - 3000

Uniﬁed Fractional Reaction-Diﬀusion Equations
with Solutions
V. B. L. Chaurasia
Department of Mathematics
University of Rajasthan
Jaipur-302055, Rajasthan, India
Jagdev Singh
Department of Mathematics
Jagan Nath University, Village-Rampura, Tehsil-Chaksu
Jaipur-303901, Rajasthan, India
jagdevsinghrathore@gmail.com
Abstract
In the present paper we obtain the solution of a uniﬁed fractional
reaction-diﬀusion equation associated with the Caputo fractional derivative as the time derivative and Riesz-Feller fractional derivative as the
space-derivative. The results are derived by the applications of the
Laplace and Fourier transforms in compact and elegant form in terms
of Mittag-Leﬄer and H-functions, which are suitable for numerical computation. The results obtained here are of general nature and include
the results investigated earlier by many authors. The main result is
given in the form of a theorem. A number of interesting special cases
of the theorem are also given as corollaries.
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Introduction

In recent years, it has turned out that many phenomena in engineering, physics,
chemistry and other sciences can be described very successfully by models using
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mathematical tools from fractional calculus. For example, the nonlinear oscillation of earthquake can be modeled with fractional derivatives and the ﬂuiddynamic traﬃc model with fractional derivatives can eliminate the deﬁciency
arising from the assumption of continuum traﬃc ﬂow. Fractional derivatives
are also used in modeling of many chemical processes, mathematical biology
and many other problems in physics and engineering. These ﬁndings invoked
the growing interest of studies of the fractional calculus in various ﬁelds such
as physics, chemistry and engineering. Fractional diﬀerential equations have
gained importance and popularity during the past three decades or so, mainly
due to exact description of nonlinear phenomena, especially in ﬂuid mechanics, e.g. nano-hydrodynamics, where continuum assumption does not well,
and fractional model can be considered to be a best candidate. Hence, great
attention has been given to ﬁnding solutions of fractional diﬀerential equations.
In recent years, fractional reaction-diﬀusion models are studied due to their
usefulness and importance in many areas of science and engineering. The
reaction-diﬀusion equations arise naturally as description models of many evolution problems in the real world, as in chemistry [38, 39], biology [29], etc. As
is well known, complex behavior is peculiarity of systems modeled by reactiondiﬀusion equations and the Belousov-Zhabotinskii reaction [28, 40] provides a
classic example.
The reaction-diﬀusion equations describes a population of diploid individuals (i.e., the ones that carry two genes) distributed in a two-dimensional
habitat. Assuming that a gene occurs in two forms a and A, called alleles, one
can divide the population into three genotypes aa, aA and AA. The reactiondiﬀusion equations are employed to describe the co-oxidation on Pt (110) [1],
the study of temporal and spatial patterns of cytoplasmic Ca+2 dynamics under the eﬀects of Ca+2 -release activated Ca+2 (CRAC) channels in T cells [6],
problems in ﬁnance [14, 25, 32] and hydrology [2]. Burke et al. [4] obtained
solutions for an enzyme-suicide substrate reaction with an instantaneous point
source of substrate. In 1993, Grimson and Barker [17] introduced a continuum
model for the spatio-temporal growth of bacterial colonies on the surface of a
solid substrate which utilizes a reaction-diﬀusion equation for growth. Many
cellular and sub-cellular biological processes [10] can be described in terms of
diﬀusing and chemically reacting species (e.g. enzymes). A traditional approach to the mathematical modeling of such reaction-diﬀusion processes is to
describe each biochemical species by its (spatially dependent) concentration.
In recent time, interest in fractional reaction-diﬀusion equations [15, 16,
18, 35, 36, 37] has increased because the equation exhibits self-organization
phenomena and introduces a new parameter, the fractional index, into the
equation. Additionally, the analysis of fractional reaction-diﬀusion equations
is of great importance from the analytical and numerical point of view. In
the present article, we investigate the solution of a uniﬁed fractional reaction-
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diﬀusion equation associated with the Caputo derivative and the Riesz-Feller
derivative.
The Riemann-Liouville fractional integral of order ν is deﬁned by ([27, p.45]
and [22]).
1 t
(t − u)ν−1 N(x, u) du,
0 Dt N (x, t) =
Γ(ν) 0
−ν

(1)

where Re(ν) > 0.
The fractional derivative of order α > 0 is introduced by Caputo [7], see also
Kilbas et al.[22] in the following form
1
0 Dt f(x, t) =
Γ(m − α)
α


0

t

f m (x,τ ) dτ
,
(t − τ )α+1−m

m − 1 < α ≤ m, Re (α) > 0, m ∈ N
=

∂ m f(x, t)
, if α = m,
∂ tm

(2)

m

where ∂ ∂ f(x,t)
is the m-th order partial derivative of f(x,t) with respect to t.
tm
The Laplace transform of the Caputo derivative is given by Caputo [7], see
also Kilbas et al. [22] in the form
α

L {0 Dt f(x, t) ; s} = sα F(x, s) −

m−1


sα−r−1 f (r) (x, 0+) , (m − 1 < α ≤ m).

r=0

(3)
Following Feller [11-12], it is conventional to deﬁne the Riesz-Feller spacefractional derivative of order α and skewness θ in terms of its Fourier transform
as
α
F {x Dθ f(x) ; k} = − ψαθ (k) f ∗ (k) ,
(4)
where


ψαθ (k)

2



θπ
= | k | exp i (signk)
, 0 < α ≤ 2, | θ | ≤ min {α, 2 − α}.
2
α

Uniﬁed fractional reaction-diﬀusion equation

In this section, we will investigate the solution of the reaction-diﬀusion equation (5). The result is given in the form of the following Theorem.
Theorem 1. Consider the uniﬁed fractional reaction-diﬀusion equation associated with the Caputo derivative and Riesz-Feller fractional derivative in the
form
α
0 Dt N(x, t)

+ a 0 Dβt N(x, t) = η x Dγθ N(x, t) + ξ x Dλσ N(x, t) + φ(x, t), (5)
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where a,η, ξ, t > 0, x ∈ R; γ, λ, θ, σ, α, βare real parameters with the conditions 0 < γ ≤ 2, 0 < λ ≤ 2, | θ | ≤ min (γ, 2 − γ), | σ | ≤ min (λ, 2 − λ),0 <
α ≤ 2, 0 < β ≤ 2 and the initial conditions
N (x, 0) = f(x) , Nt (x, 0) = g(x) ; for x ∈ R,

lim

| x | → ±∞

N (x, t) = 0, t > 0.

(6)
Here Nt (x, 0)means the ﬁrst partial derivative of N(x,t) with respect to t evaluated at t = 0, η and ξ are diﬀusion constants and φ(x,t) is a nonlinear function
belonging to the area of reaction-diﬀusion. Then for the solution of (5), subject
to the above constraints, there holds the formula
1
N (x, t) =
2π



∞

∞


f ∗ (k)

−∞

r=0

(−a)r t(α−β)r Er+1
α,(α−β)r+1

[−{η ψγθ (k) + ξ ψλσ (k)}tα ]exp( − ikx)dk
1
+
2π



∞

∗

g (k) t
−∞

r=0

[−{η ψγθ (k)

+

1
+
2π

+

1
2π

∞


(−a)r t(α−β)r Er+1
α,(α−β)r+2

+ ξ ψλσ (k)}tα ]exp( − ikx)dk

∞

1 ∞ ∗
a f (k) tα−β (−a)r t(α−β)r Er+1
α,(α−β)r−β+1
2π −∞
r=0



[−{η ψγθ (k) + ξ ψλσ (k)}tα ]exp( − ikx)dk
∞

ag∗ (k) tα−β+1

−∞

r=0

[−{η ψγθ (k)



t

0

uα−1

∞


∞


(−a)r t(α−β+1)r Er+1
α,(α−β+1)r−β+2

+ ξ ψλσ (k)}tα ]exp( − ikx)dk

(−a)r u(α−β)r du



r=0

∞

−∞

φ∗ (k, t − u) Er+1
α,(α−β)r

α

[−{η ψγθ (k) + ξ ψλσ (k)}u ]exp( − ikx)dk.

(7)

Eγα,β (z)denotes

the generalized Mittag-Leﬄer
In equation (7) and the following,
function ([2], [8] and [33]).
Proof. Applying the Laplace transform with respect to the time variable t
and using the initial conditions (6), we ﬁnd that
sα N̄ (x, s) − sα−1 f(x) − sα−2 g(x) + a sβ N̄(x, s) − a sβ−1 f(x) − a sβ−2 g(x)
= η x Dγθ N̄(x, s) + ξ x Dλσ N̄(x, s) + φ̄(x, s).

(8)

If we apply the Fourier transform with respect to space variable x and use the
formula (4), it yields
sα N̄∗ (k, s) − sα−1 f ∗ (k) − sα−2 g∗ (k) + a sβ N̄∗ (k, s) − asβ−1 f ∗ (k) − a sβ−2 g∗ (k)
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= η ψγθ (k) N̄∗ (k, s) + ξ ψλσ (k) N̄∗ (k, s) + φ̄∗ (k, s).

(9)

Solving for N̄∗ (k, s),it gives
g∗ (k) sα−2
f ∗ (k) sα−1
N̄ (k, s) = α
+ α
s + a sβ + η ψγθ (k) + ξ ψλσ (k)
s + a sβ + η ψγθ (k) + ξ ψλσ (k)
∗

+

a g∗ (k) sβ−2
a f ∗ (k) sβ−1
+
sα + a sβ + η ψγθ (k) + ξ ψλσ (k)
sα + asβ + η ψγθ (k) + ξ ψλσ (k)
+

φ̄∗ (k, s)
.
sα + a sβ + η ψγθ (k) + ξ ψλσ (k)

(10)

If we take the inverse Laplace transform of (10) and apply the formula [37], it
is seen that
N∗ (k, t) = f ∗ (k)

∞

r=0

+ g∗ (k) t

∞


α
θ
σ
(−a)r t(α−β)r Er+1
α,α+(α−β)r−α+2 [−{η ψγ (k) + ξ ψλ (k)}t ]

r=0
∞

α−β

+ a f ∗ (k) t

+ a g∗ (k) tα−β+1


+
0

r=0
∞

r=0

t

α
θ
σ
(−a)r t(α−β)r Er+1
α,(α−β)r+1 [−{η ψγ (k) + ξ ψλ (k)} t ]

α
θ
σ
(−a)r t(α−β)r Er+1
α,α+(α−β)r−β+1 [−{η ψγ (k) + ξ ψλ (k)} t ]

α
θ
σ
(−a)r t(α−β+1)r Er+1
α,α+(α−β+1)r−β+2 [−{η ψγ (k) + ξ ψλ (k)}t ]

φ∗ (k, t − u) uα−1

∞

r=0

α
θ
σ
(−a)r u(α−β)r Er+1
α,α+(α−β)r [−{η ψγ (k) + ξ ψλ (k)}u ]du.

(11)
Finally, the required solution (7) is obtained by taking inverse Fourier transform of (11).

3

Special Cases

If we set ξ = 0 in Theorem 1, then our result reduces in the following interesting
result given in the form of corollary.
Corollary 1. Consider the fractional reaction-diﬀusion equation
α
0 Dt N(x, t)

+ a 0 Dβt N(x, t) = η x Dγθ N(x, t) + φ(x, t),

(12)

where a,η, t > 0, x ∈ R; γ, θ, α, βare real parameters with the conditions
0 < γ ≤ 2, | θ | ≤ min (γ, 2 − γ), 0 < α ≤ 2, 0 < β ≤ 2 and the initial
conditions
N (x, 0) = f(x) , Nt (x, 0) = g(x) ; for x ∈ R,

lim

| x | → ±∞

N (x, t) = 0, t > 0,
(13)

2994

V. B. L. Chaurasia and J. Singh

η is a diﬀusion constant and φ(x,t) is a non linear function belonging to the
area of reaction-diﬀusion. Then for the solution of (12) subject to the above
initial conditions, there holds the formula
∞

1 ∞ ∗
α
θ
N (x, t) =
f (k)
(−a)r t(α−β)r Er+1
α,(α−β)r+1 [−η ψγ (k)t ]exp( − ikx)dk
2π −∞
r=0

+
+
+

1
2π
1
2π

1
+
2π



1
2π


∞

∞


g∗ (k) t

−∞

∞

r=0

∞


a f ∗ (k) tα−β

−∞



∞

r=0

ag∗ (k) tα−β+1

−∞



t

α
θ
(−a)r t(α−β)r Er+1
α,(α−β)r+2 [−η ψγ (k)t ]exp( − ikx)dk
α
θ
(−a)r t(α−β)r Er+1
α,(α−β)r−β+1 [−η ψγ (k)t ]exp( − ikx)dk

∞

r=0

α−1

u
0

∞


r

(−a) u

α
θ
(−a)r t(α−β+1)r Er+1
α,(α−β+1)r−β+2 [−η ψγ (k)t ]exp(−ikx)dk

(α−β)r

r=0



du

∞

−∞

α
θ
φ∗ (k, t−u)Er+1
α,(α−β)r [−η ψγ (k)u ]exp(−ikx)dk.

(14)
If we take a = 0 = ξ, then we obtain the following result which is the same
result as given by Haubold et al. [21].
Corollary 2. Consider the fractional reaction-diﬀusion model
α
0 Dt N(x, t)

= η x Dγθ N(x, t) + φ(x, t),

(15)

where η, t > 0, x ∈ R; γ, θ, α,are real parameters with the constraints 0 <
γ ≤ 2, | θ | ≤ min (γ, 2 − γ), 0 < α ≤ 2, and the initial conditions
N (x, 0) = f(x) , Nt (x, 0) = g(x) ; for x ∈ R,

lim

| x | → ±∞

N (x, t) = 0, t > 0,

(16)
η is a diﬀusion constant and φ(x,t) is a non linear function belonging to the
area of reaction-diﬀusion. Then the solution of (15), subject to the above
initial conditions, is given by
1
N (x, t) =
2π
1
+
2π
1
+
2π



t

α−1

u
0




∞

−∞
∞

du
−∞



∞

−∞

f ∗ (k)Eα,1 [−η ψγθ (k)tα ] exp( − ikx)dk

t g∗ (k)Eα,2 [−η ψγθ (k)tα ] exp( − ikx)dk
φ∗ (k, t − u) Eα,α [−η ψγθ (k)uα ] exp ( − ikx) dk.

(17)

Further, if we set a = 0 = ξ with g(x) = 0, then by the application of the
convolution theorem of the Fourier transform to the solution (7) of the theorem,
it readily yields
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Corollary 3. Consider the fractional reaction-diﬀusion model
∂γ
∂α
N(x,
t)
−
η
N(x, t) = φ (x, t), x ∈ R, t > 0, η > 0,
∂ tα
∂ xγ

(18)

with initial conditions
N (x, 0) = f(x), Nt (x, 0) = 0 for x ∈ R , 1 < α ≤ 2, lim

x →±∞

N (x, t) = 0,

(19)
where η is a diﬀusion constant and φ(x,t) is a non linear function belonging
to the area of reaction-diﬀusion. Then for the solution of (18) with initial
conditions, there holds the formula




x

N(x, t) =
0

G1 (x−τ, t) f(τ )dτ +

t

(t−u)
0

where
ρ =
G1 (x, t) =

1
2π



∞

−∞



α−1



du

0

x

G2 (x−τ, t−u) φ(τ, u) dτ ,

γ−θ
,
2γ

exp ( − ikx) Eα,1 (−η tα ψγθ (k)) dk


| x | (1,1/γ), (α.α/γ), (1,ρ)
1
2,1
H
=
, (α > 0)

γ | x | 3,3 η 1/γ tα/γ (1,1/γ), (1,1), (1,ρ)

and

1
G2 (x, t) =
2π





∞

−∞

(20)

(21)

exp ( − ikx) Eα,α (−η tα ψγθ (k)) dk


| x | (1,1/γ), (α.α/γ), (1,ρ)
1
2,1

H
, (α > 0).
=
γ | x | 3,3 η 1/γ tα/γ (1,1/γ), (1,1), (1,ρ)

(22)

In deriving the above results, we have used the inverse Fourier transform formula
F

−1

[Eα,β (−η t

α

ψθγ (k))



| x | (1,1/γ), (β,α/γ), (1,ρ)
1
2,1
H
; x] =
, (23)

γ | x | 3,3 η 1/γ tα/γ (1,1/γ), (1,1), (1,ρ)

where Re(α) > 0, Re (β) > 0, which can be established by following a procedure
similar to that employed by Mainardi et al. [23]. Next, if we set f(x) = δ(x),
φ(x,t) = 0, g(x) = 0, a = 0, ξ = 0 where δ(x) is the Dirac delta-function, then
we arrive at the following interesting result obtained by Mainardi et al. [24].
Corollary 4. The solution of the fractional reaction-diﬀusion equation
∂ α N(x, t)
= η x Dγθ N(x, t), η > 0, x ∈ R, 0 < α ≤ 2,
∂ tα

(24)
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with the initial conditions
N (x, 0) = δ(x), Nt (x, 0) = 0,

lim

x →±∞

N (x, t) = 0,

(25)

where η is a diﬀusion constant and δ(x) is the Dirac delta function, is given by
1
2,1
H3,3
N (x, t) =
γ|x |




| x | (1,1/γ), (1,α/γ), (1,ρ)

,
(η tα )1/γ (1,1/γ), (1,1), (1,ρ)

(26)

.
where ρ = γ−θ
2γ
Some interesting special cases of (24) are given below
(i) We note that for γ = α, Mainardi et al. [24] have shown that the corresponding solution of (24), denoted by Nθγ , which we call as the neutral fractional
diﬀusion, can be expressed in terms of elementary function and can be deﬁned
for x > 0 as
Neutral fractional diﬀusion: 0 < γ = α < 2; θ ≤ min {γ, 2−γ},
Nθγ (x)

xγ−1 sin [(π/2)(γ − θ)]
1
=
.
π 1 + 2xγ cos [(π/2)(γ − θ)] + x2γ

(27)

Next, we obtain some stable densities in terms of the H-functions as special
cases of the solution of the equation (24).
(ii) When α = 1, 0 < γ < 2 ; θ ≤ min {γ, 2 − γ}, then equation (24)
reduces to space fractional diﬀusion equation, which we denote by Lθγ (x) is the
fundamental solution of the following space-time fractional diﬀusion equation
∂ N(x, t)
= η x Dγθ N(x, t), η > 0, x ∈ R,
∂t
with the initial conditions N (x, 0) = δ(x) ,

lim

x →±∞

(28)

N(x, t) = 0, where ηis a

diﬀusion constant and δ(x) is the Dirac-delta function. Then the solution of
equation (28) is given by
⎡

Lθγ (x) =

1

1,1

1/γ

γ(ηt)

H2,2 ⎣

1/γ

(ηt)
|x |

⎤
(1,1),(ρ,ρ)

(1/γ,1/γ), (ρ,ρ) ⎦

, 0 < γ < 1, | θ | < γ, (29)

.
where ρ = γ−θ
2γ
The density represented by the above expression is known as γ-stable Lévy
density.
Finally, if we take α = 1/2, a = 0, ξ = 0 in equation (5), then we get the
following result which is the same result as derived by Haubold et al. [21].
Corollary 5. Consider the following fractional reaction-diﬀusion model
1/2

Dt N(x, t) = η x Dγθ N(x, t) + φ (x, t),

(30)
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where η, t > 0,x ∈ R ; γ, θ are real parameters with the constraints 0 < γ ≤
2, |θ |≤ min (γ, 2−γ), and the initial conditions
N (x, 0) = f(x) , for x ∈ R ,

lim N(x, t) = 0.

x →±∞

(31)

Here η is diﬀusion constant and φ(x,t) is a non linear function belonging to the
area of reaction-diﬀusion. Then for the solution of (30), subject to the above
initial conditions, there holds the formula
1 ∞ ∗
N(x, t) =
f (k) E1/2,1 (−η tα ψγθ (k)) exp ( − ikx) dk
2π −∞
 ∞
1  t −1/2
u
du
φ∗ (k, t − u) E 1 , 1 (−η t1/2 ψγθ (k)) exp ( − ikx) dk. (32)
2 2
2η 0
−∞
If we take θ = 0 in (32), then it reduces to the result obtained by Saxena et
al. [35] for the fractional reaction-diﬀusion equation.

+

4

Conclusions and Discussions

Reaction-diﬀusion models have found numerous applications in pattern formation in biology, chemistry, and physics. These systems show that diﬀusion can
produce the spontaneous formation of spatio-temporal patterns. In this paper,
we have presented a solution of a uniﬁed fractional reaction-diﬀusion equation.
The solution has been developed in terms of the generalized Mittag-Leﬄer and
H-functions in a compact and elegant form with the help of Laplace and Fourier
transform and their inverses. Most of the results obtained are in a form suitable for numerical computation. The importance of the derived results lies
in the fact that numerous results on fractional reaction, fractional diﬀusion,
anomalous diﬀusion problems, and fractional telegraph equations scattered in
the literature can be derived, as special cases, of the results investigated in this
article. Finally, we remark that the results derived are of a more general nature
and than those investigated earlier by many authors, notably by Mainardi et
al. [23-24], Saxena et al. [35-37], and Haubold et al. [21].
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