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Abstract

In this note we will discuss the existence of fixedpoints and Ap-
proximate fixedpoints of maps such as continuous and compact maps,
condensing maps and 1-set contractive maps also we will discuss about
the existence of common fixed point of both single valued maps and
multivalued maps.
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1 Introduction

Here we deal extensively with the existence of fixed points of sum of two

maps,which satisfies Certain conditions.We are mostly concerned there with

the existence of approximate fixed points of continuous maps.We emphasis the

main role of interior condition,demicompactness and demiclosedness of maps in

fixed point theory.Finally we will discuss about the existence of Common fixed

point of both single valued maps and multi valued maps.Inorder to discuss the

above first we recall some definitions and results as follows.
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2 Preliminaries

Definition 2.1 [3] Let Q be a closed subset of a Banach space E. A mapping

F : Q → Eis said to be demiclosed if for any sequence xn in Q we have xn ⇀ x

and F (xn) → y =⇒ F (x) = y

Definition 2.2 [7] Let E be a Banach space. Q, bounded , open subset of E.

A mapping G : Q → E satisfies the interior condition ,if there exists δ > 0

such that G(x) �= x for x ∈ Q∗ λ > 1 and G(x) /∈ Q. Where Q∗ = {x ∈ Q :

dist(x, δ(Q)) < δ}

Result 2.3 [3] It is known that for every single valued nonexpansive mapping

F : Q −→ E,I − F is demiclosed if the underlying Banach space E is uniformly

convex.

Definition 2.4 [5] Let Q be a non empty subset of a Banach space E .G maps

Q into E,G is condensing if G is bounded and continuous and α(G(U)) < α(U)

for all bounded subsets of Q with α(U) > 0 where α is the measure of noncom-

pactness.

Definition 2.5 [8] Let E be a Banach space and ΩE be the bounded subsets

of E. The Kuratowskii measure of noncompactness is the map α : ΩE → [0, 1)

defined by α(Q)=inf {ε > 0 : Q ⊆ ⋃n
i=1(Qi) and diam Qi � ε for i=1,2,3. . .}

Let A, B ∈ ΩE

a) α(A) = 0 if and only if A is compact

b) α(λ(A)) = |λ|α(A)

c) α(A + B) � α(A) + α(B)

Definition 2.6 [8] Let Q be a non empty subset of a Banach space E and

G : Q → E. G is k-set contractive k � 0 if α(G(U)) � kα(U) for all bounded

subsets U of Q.

Theorem 2.7 [7] Every compact map is 0-set contractive, and every condens-

ing map is 1-set contractive.

Theorem 2.8 [8] Let E be a Banach space.Q closed, convex subset of E, U

an open subset of Q and p ∈ U . Suppose F : U → Q is a continuous , k-set

contractive map 0 � k < 1, with F (U) is bounded set in Q. Then either F has a

fixedpoint in U or there exits u ∈ δ(u) and λ ∈ (0, 1) with u = λF (U)+(1−λ)p.
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Theorem 2.9 [8] ( Schauder’s theorem) : Let Q be a closed, convex subset of

a normed linear space E.Then every compact continuous map F : Q → Q has

at least one fixed point.

Definition 2.10 [4] Let E be a normed linear space and let Q ⊆ E . A map

H : Q → E is said to be demicompact if for any bounded sequence (xn) in Q,

xn − Hxn → z as n tends to ∞. Then there exist a subsequence xni and a

point p ∈ Q such that xni → p as i → ∞ and (I − H)p = z.

3 Main Results

Theorem 3.1 Let E be a Uniformly convex Banach space and Q bounded,

open, convex subset of E with 0 ∈ Q. Let F : Q → E is strongly continuous

and G : Q → E is nonexpansive. If H = F + G : Q → Q Satisfies the interior

condition then H has a fixedpoint in Q.

Proof: Since F : Q → E is strongly continuous , it is continuous and compact,

and G : Q → E is nonexpansive. Clearly H = F+G is a 1-set contractive map

[1 corollary 1(b)] satisfies the interior condition. Then there exist a sequence

{xnj} in Q such that xnj − Hxnj → 0 [1corollary1(b)].Since Q is a bounded,

closed subset of a reflexive space E, every bounded sequence xnj has a weakly

convergent subsequence xnjp
and xnjp

⇀ x in Q. By strong continuity of F,

F (xnjp
) → F (x). xnjp

− H(xnjp
) is a subsequence of xnj − H(xnj) ,

hence we get xnjp
−H(xnjp

) → 0. Therefore xnjp
−H(xnjp

)+F (xnjp
) → F (x)

it follows that xnjp
− G(xnjp

) → F (x).But I-G is demiclosed [ 2.3] . Hence

(I − G)x = F (x) =⇒ H(x) = x.

Theorem 3.2 Let E be a reflexive Banach space, Q closed subset of E and U

an open subset of E with p ∈ U . Suppose F : U → Q is strongly continuous,

G : U → Q condensing,G(U) is bounded set in Q and I-G is demiclosed. Then

either F + G has a fixedpoint in U or There exists u ∈ δ(U) and λi ∈ (0, 1)

i = 1, 2 with u = λ1F (u) + λ2G(u) + [1 − (λ1 + λ2)]p.

Proof: Suppose u �= λ1F (u) + λ2G(u) + [1 − (λ1 + λ2)]p. For n = 2 ,define

F 1
n : U → Q as F 1

n=(1 − 1

n
)F , F 11

n =(1 − 1

n
)G Since F is continuous and

compact , F 1
n is continuous and compact and F 11

n is condensing.

Consider
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[α(F 1
n + F 11

n )(U)] = α[(1 − 1

n
)F (U) + (1 − 1

n
)G(U)]

= α[(1 − 1

n
)(F (U)) + G(U)]

= |(1 − 1

n
)| α{F (U) + G(U)}

≤ |(1 − 1

n
)|{α(F (U)) + α(G(U))}

= |(1 − 1

n
|α(G(U))

� (1 − 1

n
)α(U)

It follows that Fn
1+Fn

11 is a continuous k-set contractive map with k = 1− 1

n
Then by [2.7] there exists u ∈ U and λ ∈ (0, 1) with

u=λ{Fn
1+Fn

11}(u)+(1−λ)p A contradiction ,hence Fn
1+Fn

11 has a fixedpoint

in U say un. Clearly {un} is a bounded sequence in E then {un} has a weakly

convergent subsequence {unk} and unk ⇀ u. By strong continuity of F ,

F (unk) ⇀ F (u) Consider

‖(I − G(un) − F (u)‖ = ‖un − G(un) − F (u)‖
= ‖(Fn

1 + Fn
11)(un) − G(un) − F (u)‖

= ‖(1 − 1

n
){F + G}(un) − G(un) − F (u)‖

� ‖F (un) − F (u)‖ +
1

n
{‖F (un)‖ + ‖G(un)‖}

converges to 0 as n → ∞. Hence (I − G)(un) → F (u).But I-G is demiclosed

which implies F (u) + G(u) = u.

corollary 3.3 In the above theorem take G = 0 and by Remark of 2.6 we get

, Let E be a reflexive Banach space , Q closed, convex subset of E.U an open

subset of E with p ∈ U .Suppose F : U → Q is a continuous k-set contractive

map, k = o. Then either a) F has a fixedpoint in U or b) There exists u ∈
δ(U)and λ ∈ (0, 1) with u = λF (u) + (1 − λ)p.

Remark

By the above , Theorem (3.2) is a generalization of Theorem ( 2.7 ).

Definition 3.4 [9]Let K be a nonempty, compact, convex subset of Rn and A

denote the set of all continuous maps F : K → K.For F, G ∈ A

d(F, G) = Sup{‖F (x) − G(x)‖ : x ∈ K}.
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Theorem 3.5 Let K be a non empty, compact, convex subset of Rn and F ∈
A.If F has an ε - approximate fixed point x∗ in K then there exists a continuous

map G in the ε - neighbourhood of F such that it has an approximate fixed point

in some ε-neighbourhood of F (x∗).

Proof: Since F is continuous , given ε > 0 there exists δ > 0 such

that ‖F (z) − F (x∗‖ � ε

4
whenever ‖z − x∗‖ � δ (A)

By Urysohn’s theorem , there exists a continuous map λ : X → [0, 1]Such that

λ(z) = 1 for each z ∈ Rn satisfying ‖z − F (x∗) � δ‖ (B) And for

λ(z) = 0 for each z ∈ Rn satisfying ‖z − F (x∗)‖ � 2δ (C)

Define G(z) = λ(z)F (x∗) + (1 − λ(z))F (z) for all z ∈ K.

G is continuous and G(x∗) = F (x∗) (D)

For each z ∈ K satisfying ‖z − F (x∗)‖ � δ G(z) = F (x∗) [by B,D] For each

z ∈ K satisfying ‖z − F (x∗)‖ � 2δ we have G(z) = F (z) [by C,D] and

‖G(z)−z‖ = ‖G(z)−F (x∗)+F (x∗)−z‖ � ‖G(z)−F (x∗)‖+‖F (x∗)−z‖ � δ

Consider,‖G(z) − F (z)‖ = ‖λ(z)F (x∗) + (1 − λ(z))F (z) − F (z)‖
= ‖F (x∗)−F (z)‖ � ε whenever ‖z −F (x∗)‖ � δ. Hence we get, d(F, G) � ε.

Theorem 3.6 [10] Let K ⊆ Rn be a nonempty, bounded, convex subset of Rn

and let F : K → K be a continuous function. Then F has an approximate

fixedpoint property.

Theorem 3.7 Let F ∈ A , ε > 0 and x∗ ∈ K be an approximate fixed

point of F. where K is a nonempty, compact, convex subset of Rn and let

G ∈ A, δ > 0 as guaranteed by Theorem 3.6 .Then for each continuous

map H in the δ- neighbourhood of G has an approximate fixedpoint in the

neighbourhood of F (x∗).

Proof: By 3.6 d(F, G) � ε and G(z) = F (x∗), for each Z ∈ K satisfying

‖z − F (x∗‖ � δ. suppose d(H, G) � δ

Set Ω = {z ∈ K : ‖z − F (x∗)‖ � d(F, G)}
Clearly Ω is non empty, compact, convex subset of K. Consider

‖H(z)−F (x∗‖ = ‖H(z)−G(z)+G(z)−F (x∗‖ � ‖H(z)−G(z)‖+‖G(z)−F (x∗‖
� δ. Hence H(z) ∈ Ω for all z ∈ Ω

Therefore H(Ω) ⊆ Ω By Theorem 3.7 H has an approximate fixedpoint in

Ω let it be y.

That is ‖H(y)− y‖ � ε clearly ‖y − F (x∗‖ � d(F, G).
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Theorem 3.8 Let E be a Reflexive Banach space. Q non empty, bounded,

closed, convex subset of E.F : Q → Q strongly continuous and G : Q → E

is condensing satisfying the interior condition. Then F and G have common

fixedpoint in Q if G satisfies the following condition. a) For any sequence {xn},
xn − G(xn) → 0 as n → ∞ and (I-G) is demiclosed.

Proof: {xn} be any sequence in Q and by assumption xn − G(xn) → 0 as

n → ∞. since every condensing map is demicompact [2 ] {xn} has a convergent

subsequence {xnk} and xnk → x in Q. Define Fn
1
k : Q → Q as Fnk

1 = (1 −
1

n
)F clearly Fnk

1 is continuous and compact. By [2.8] Fnk
1 has a fixedpoint in Q

say xn . That is (Fnk
1)(xnk) = xnk. By strong continuity of F, F (xnk) → F (x).

Consider ‖xnk − F (x)‖ = ‖Fnk
1(xnk) − F (x)‖

=‖(1 − 1

n
F (xnk) − F (x)‖

= ‖F (xnk) − F (x) − 1

n
F (xnk)‖

� ‖F (xnk) − F (x)‖ +
1

n
‖F (xnk)‖

Converges to 0 as n → ∞.Hence we get F(x)=x, and I-G is demiclosed.

Therefore (I-G)(x)=0 which implies G( x ) = x.

Definition 3.9 [11] Let E be Banach space, Q bounded ,closed,convex subset

of E.C(Q) denote the collection of all non empty ,compact subsets of E.For

any A, B ∈ C(Q) the Hausdorff metric is defined as

H(A, B) = max{supd(x, B)x∈A, supd(A, y)y∈B}

Theorem 3.10 [11] Let E be a uniformlyconvex Banach space, Q be a bounded

, closed, convex subset of E and let F : Q → C(Q) nonexpansive relative to the

Hausdorff metric on C(Q).Then there exists a point x ∈ Q such that x ∈ T (x).

Theorem 3.11 Let E be a uniformlyconvex, compact Banach space, Q a closed,

bounded, convex subset of E.F : Q → C(Q) be a Continuous multimap and

G : Q → C(Q) nononexpansive multimap with (I-G) is demiclosed. Then F

and G have common fixed point in Q if F satisfies the following

* If for any sequence {xn} in Q d(xn, F (xn)) converges to 0 as n → ∞.

Proof: {xn} be any sequence in Q ⊆ E.Since E is compact {xn} has a con-

vergent subsequence {xnk} and xnk → x. Since F : Q → C(Q) is continuous

H(F (xnk), xnk → 0 [11 ]
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Consider d(x, F (x)) � d(x, xnk) + d(xnk, F (xn)k) + d(F (xnk), F (x)) → 0as

n → ∞.Which implies x ∈ F (x). Define G : Q → C(Q) by Gn = λnG where

λn ∈ (0, 1) and λn → 1. Clearly Gn is nonexpansive. By (3.10) Gn

has a fixedpoint in Q say xnk.

That is xnk ∈ λnGn. Let ynk ∈ G(xnk).Then xnk = λnynk.

Consider ‖xnk − ynk‖= ‖xnk −
1

λn
xnk‖

=(1 − 1

λn
)‖xnk‖ → 0. But (I − G) is demi closed which implies x ∈ G(x).
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