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Abstract 
 

Two trigonometric interpolating equations for the five-point rectangular 
design are illustrated. They are exact on surfaces representing simple exponential 
functions or the sine and the cosine. One of them is invariant under translation of 
the data.  
   
Mathematics Subject Classification: 65D07, 65D17 

 
Keywords: multi-dimensional interpolation, rectangular data array,  

       operational equations, shifting operator 
                     
                   
1. Introduction 
  
A method for analyzing two-parameter experiments involves positioning data at the 
four vertices, A, C, G, I, of a rectangle. See Fig. 1. The design is then interpolated 
by the bilinear equation or a four-point, operational equation. The five-point array 
is obtained by adding a center point datum. It is presently denoted E in Fig. 1. In  
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subsequent equations, the letters A, C, E, G, and I indicate the numerical data as 
well as their positions as in Fig. 1. The (x,y) coordinate system is –1 .. 1 so that A, 
E, and I have coordinates (–1,–1), (0,0), and (1,1), respectively.     
 
 
2. Five-point interpolating equation with translational invariance 
 
 A trigonometric interpolating equation for the five point design in Fig. 1 can 
take the form of Eq. (1). The letter R represents an interpolated number within the 
boundaries of the rectangular array. The letters P, Q, T, J, and K are determined 
from the five measurements as illustrated below.  
 
R = (P)cosh(Jx)cosh(Ky) + (Q)cosh(Jx)sinh(Ky) + (Q)sinh(Jx)cosh(Ky)  
       + (P)sinh(Jx)sinh(Ky) – T                                                                              (1)   
 
 Five equations are prepared from Eq. (1) by entering the (x,y) coordinates 
of a datum into the equation and subtracting the datum from substituted Eq. (1).  
Equations (2) and (3) are then added to the set of five equations. The latter two 
equations are identities.  
 
cosh(J)2 – sinh(J)2 – 1 = 0                                                                                     (2) 
cosh(K)2 – sinh(K)2 – 1 = 0                                                                                  (3) 
 
 The set of seven simultaneous equations can be simplified by substituting 
CJ for cosh(J) and SJ for sinh(J). The abbreviations CK and SK are similarly 
substituted for cosh(K) and sinh(K), respectively. The set of seven equations can be 
simultaneously solved for the numerical values of CJ, CK, SJ, SK, P, Q, and T. 
More than one set of possible solutions is typically generated by commercial 
software. Each set of the seven estimates is separately substituted into Eq. (4).   
 
R = (P)cosh(arccosh(CJ)x)cosh(arccosh(CK)y) +   
      (Q)cosh(arccosh(CJ)x)sinh(arcsinh(SK)y) +  
      (Q)sinh(arcsinh(SJ)x)cosh(arccosh(CK)y) +  
      (P)sinh(arcsinh(SJ)x)sinh(arcsinh(SK)y) – T                                              (4) 
 

The proper choice of the interpolating equation reproduces all of the 
original data. It is invariant under rotation and translation of the data and it renders 
only real numbers within Fig. 1. In many cases, the proper choice can easily be 
selected from the set of candidate interpolation equations. Particular problems can 
generate one acceptable interpolating equation, or two identical, acceptable  
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equations, but this depends on the programming details. The method does not apply 
to all configurations of five numbers in rectangular array as in Fig. 1.  
  

This method renders interpolating equations that are exact on simple 
exponential functions like 2M and 2M+10 where M is 1, 3, 5, 7, 9 at vertices A, C, 
E, G, I, respectively. It also renders equations that are exact on sinh(M/4), 
cosh(M/4),  and sinh(M/4)cosh(M/4) where M takes the same integer assignments. 
When the data are 1, 27, 125, 343, 729 at vertices A, C, E, G, I, respectively, the 
interpolating equation is Eq. (5). Its coefficients have been rounded.  
 
R = (245.3)cosh(0.3092x)cosh(0.9951y) + (213.3)cosh(0.3092x)sinh(0.9951y)  
       + (213.3)sinh(0.3092x)cosh(0.9951y) + (245.3)sinh(0.3092x)cosh(0.9951y) 
       – 120.3                                                                                                           (5) 
 
 
3. Operational interpolating equation for the five-point rectangle 
 
 The method illustrated in the preceding section does not depend on the 
shifting operator. This section illustrates the development of an operational 
equation for the five-point data array in Fig. 1. It begins by estimating the datum D 
lying on side ADG in Fig. 1. It uses Eqs. (6) and (7) for this purpose.  
 
D = ((2(1/2)/2)(A+G)((C2–G2)(I–A)+(A2–I2)(G–C)  
       + (4(A+C–I–G)2(G+A–I–C)2E2 + (G–C)2(A–I)2(A+C+G+I)2)(1/2))(1/2)) 
       / ((C+I–G–A)(A+C+G+I)(1/2))                                                                        (6) 
 
D = abs(D)                                                                                                             (7) 
 
  

Equation (7) means that the operational method depends on the absolute 
value of D. The operational method is restricted to positive numbers as data. Most 
laboratory data are positive numbers so the restriction is not severe. Expressions 
estimating data at vertices B, F, and H are obtained by rotating the rectangle in Fig. 
1 and reapplying Eqs. (6) and (7). The operational method renders interpolating 
equations that are invariant under rotation of the data but not under their 
translation. The method fails if it generates imaginary or complex numbers.  
 
 Define P1 as (D+F)/(2E). If P1 is greater than unity, set P = arccosh(P1). 
Also set CX = cosh(Px) and SX = sinh(Px). If P1 is less than unity, set P = 
arccos(P1). Also set CX = cos(Px) and SX = sin(Px). The method fails if P1 is unity.  
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Define Q1 as (H+B)/(2E). If Q1 is greater than unity, set Q = arccosh(Q1). 

Also set CY = cosh(Qy) and SY = sinh(Qy). If Q1 is less than unity, set Q = 
arccos(Q1). Also set CY = cos(Qy) and SY = sin(Qy). The method fails if Q1 is 
unity.  

 
Now set x = 1 and y = 1 in Eqs (8)-(11). The interpolating equation for the 

five-point rectangle is then Eq. (12). Do not confuse the present coefficients with 
those in Section 2 above. 
 
J = (A + C + G + I) / (4(CX)(CY))                                                                     (8) 
K = (I + G – A – C) / (4(CX)(SY))                                                                     (9) 
M = (I + C – A – G) / (4(SX)(CY))                                                                   (10) 
N = (A + I – C – G) / (4(SX)(SY))                                                                    (11) 
R = (J)(CX)(CY) + (K)(CX)(SY) + (M)(SX)(CY) + (N)(SX)(SY)                  (12) 
 
 For example, suppose the data are 1, 27, 125, 343, 729 at vertices A, C, E, 
G, I, respectively. The operational interpolating equation for the five-point 
rectangle is Eq. (13). Its coefficients have been rounded.  
 
R = (125.0)cosh(0.3601x)cosh(1.354y) + (135.6)cosh(0.3601x)sinh(1.354y) 
       + (135.6)sinh(0.3601x)cosh(1.354y) + (1.354)sinh(0.3601x)sinh(1.354y)   
                                                                                                                           (13) 
 
 The operational method is exact on functions like 2x but not on functions 
like 2x+10. It is also exact on functions like sinh(M/4), cosh(M/4), sin(Mo), 
cos(Mo), and sinh(M/4)cosh(M/4). Equations like Eqs. (5) and (13) typically 
interpolate differently so both types may interest the experimentalists. The equation 
of choice for representing Fig. 1 cannot always be foreseen with certainty. The 
preferred equation is the one rendering better predictions inside Fig. 1 [2]. That is, 
its predictions and laboratory results display better agreement.   
 
 
4. Discussion 
 
 If the software can handle complex numbers, it can use Eq. (4) to represent 
data in terms of the circular sine and cosine as well as the hyperbolic sine and 
cosine [1]. That is the simplest way to use Eq. (4) to represent sin(10(5+x+3y)o) 
over the five-point surface in Fig. 1. The equation interpolating sin(10(5+x+3y)o) 
applied to Fig. 1 is Eq. (14). Its coefficients have been rounded. Both of the 
methods described herein render Eq. (14) when applied to sin(10(5+x+3y)o).  
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R = (0.7660)cos(0.1745x)cos(0.5236y) + (0.6428)sin(0.5236y)cos(0.1745x)  
       + (0.6428)sin(0.1745x)cos(0.5236y) – (0.7660)sin(0.1745x)sin(0.5236y)  
                                                                                                                            (14) 
 

Table 1 compares sums of squares of deviations rendered by Eq. (4) and the 
operational equation applying Eq. (7). The trial surfaces are based on simple 
functions applied to (5+x+3y) as in Fig. 1. Sums of squares of deviations based on 
Eq. (4) do not depend on the magnitude of a constant added to all of the data. The 
similar sums that are based on Eq. (7) depend on the magnitude of the added 
constant. In the latter case, the constant represents an adjustable parameter that can 
be used to generating alternative trigonometric interpolating equations for 
experimental data. This approach to the generation of trigonometric interpolating 
equations has been illustrated in Ref. [3].   
 

The method in Section 2 commonly renders more accurate equations than 
the operational equation based on Eq. (7). This empirical observation is based on 
typical sums of squares of deviations as listed in Table 1. Sometimes the opinion is 
wrong as illustrated by the last entry in Table 1. Both methods are capable of 
representing Fig. 1 in terms of the circular or the hyperbolic sine and cosine. They 
fail if they do not reproduce the original data or if they interpolate with complex 
numbers. The author can supply a Maple® worksheet for the illustrated methods 
[1].  
  

The method described in Section 2 typically renders a choice of four 
interpolating equations. Suppose the information in Section 2 does not indicate the 
proper choice with sufficient clarity. Suppose laboratory correlations are likewise 
unclear. Form the difference between a candidate interpolating equation and the 
operational equation and square that difference. This operation is indicated by 
delta-squared (∆2) in Eq. (15). By a numerical method, integrate delta-squared 
between the limits x = –1 .. 1 and y = –1 .. 1. The least value of the integral 
suggests the proper choice of the interpolating equation. Laboratory correlations 
remain the definitive criterion, however.  
 
 ∆2 = ((equation from Section 2) – (operational equation))2                              (15) 
 

The five-point rectangular array can also be represented by polynomial and 
exponential functions. The references illustrate recent work on trigonometric 
equations for interpolating data in geometric arrays [4-7]. 
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              Fig. 1. The nine-point rectangle is a  
                                    five-point design when data appear  
                                    only at vertices A, C, E, G, I. 
 
 
 
 
   Table 1. Sums of squares of deviations for two interpolating equations 
                  applied to five data arranged at vertices A, C, E, G, I in Fig. 1. 
 
 

Function* Equation (4) Operational equation 
based on Eqs. (6), (7) 

M3 192 1351 
100/M 57.9 123 
sin(10Mo)cos(10Mo) 0 0 
sin(10Mo)cos(10Mo) + 1 0 0.000392 
2M + M 2.56 12.7 
Ln(M+1) 0.00271 0.0102 
        M3 – 6M2 + 100 670 142 

     *M = (5 + x + 3y) 
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