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Abstract

Stochastic linear quadratic portfolio selection problem for relative
return process is to maximize the expected linear quadratic function of
the relative return process. We introduce the benchmark process and
define the relative return process as quotient which is obtained when
the wealth process is divided by the benchmark process. We derive the
optimal portfolio in closed form via investigating the stochastic linear
quadratic control theory.
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1 Introduction

The mean-variance portfolio selection problem is proposed by Markowitz for a
single period, and is extended to the multi-period case, see Yin and Zhou[3],
Li and Ng[2]. However, a serious difficulty in the multi-period case is the
variance’s non-separability, see chen[1] for reference. Li and Ng introduces the
embedding technique to overcome this difficulty, and embeds mean-variance
portfolio selection problem into the stochastic linear quadratic problem. More
recently, Leippold et al.[6], Costa et al.[7-8] study the mean-variance portfolio
selection with liability in a discrete-time setting. While in the continuous-time
case, Chiu and Li[5] and Xie et al.[9-10] describe the risky assets’ prices and
liability as Brownian motions. Following the idea of Chiu and Li investigating a
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continuous-time asset-liability management problem, we assume that the risky
assets’ prices and the benchmark process follow geometric Brownian motions,
and define the relative return process as quotient which is obtained when a
wealth process is divided by the benchmark process.

In this paper, motivated by their works, we construct a continuous solution
to the HJB equation via Ricttati equations, and obtain the optimal dynamic
strategy in closed forms using the verification theorem.

2 Model

Consider a financial model with n+1 assets on a complete filtered probability
space (Ω,F ,Ft, P ). One asset is a risk-free asset whose price S0(t) satisfies{

dS0(t) = α0(t)S0(t)dt,
S0(0) = S0 > 0,

(1)

The remaining n assets are risky assets, and their prices satisfy⎧⎨
⎩ dSi(t) = Si(t){αi(t)dt +

n∑
j=1

σij(t)dW j(t)},
Si(0) = Si > 0, i = 1, 2, . . . , n.

(2)

Denote α(t) = (α1(t), α2(t), · · · , αn(t))′ and σ(t) = (σij(t)), and let the super-
script ”′” represents the transpose of a vector or a matrix. Throughout this
paper we assume that α0(t), α(t) and σ(t) are deterministic and bounded on
[0, T ], and there exists ε > 0 such that

σ(t)σ(t)′ ≥ εIn, ∀t ∈ [0, T ],

where In is the n × n identity matrix. W (t) = (W1(t), W2(t), · · · , Wn(t))′ is a
Rn-valued Brown motion.

Consider that an investor with initial wealth x0 invests in the financial
market. The investor is allowed to adjust portfolio at time t ∈ [0, T ]. Define
π(t) = (π1(t), π2(t), · · · , πn(t))′, and let πi(t), i = 1, 2, · · · , n be the proportion
of the ith risky asset in the portfolio at time t. For a self-financing admissible
control portfolio π(t) ∈ M(t), the wealth process x(t) is represented by

dx(t) = x(t)[(α0(t) + α̃(t)π(t))dt + π(t)′σ(t)dW (t)] (3)

where α̃(t) = (α1(t) − α0(t), α2(t) − α0(t), . . . , αn(t) − α0(t)).
The investor’s benchmark process with initial value x0 follows{

dl(t) = l(t)β(t)dt + σL(t)dW j(t),
l(0) = x0,

(4)
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where σL(t) = (d1(t), d2(t), . . . , dn(t)) satisfies the non-degeneracy condition.
The relative return process is defined as

y(t) =
x(t)

l(t)
. (5)

By Itô formula, the stochastic differential equation for the relative return pro-
cess can be derived as⎧⎨

⎩
dy(t) = y(t){[(α0(t) − β(t) + 2σL(t)σL(t)′) + (α̃(t)

−1
2
σL(t)σ(t)′)π(t)]dt + [π(t)′σ(t) − σL(t)]dW (t)},

y(0) = 1.
(6)

Hence, the stochastic linear quadratic portfolio selection problem for relative
return process can be expressed as

P (λ, ω) : min E{ωy(T )2 − λy(T )}
π(t) ∈ M(t) and (6),

where ω > 0, λ ∈ R.

3 Solution of P (λ, ω)

The problem P (λ, ω) is a stochastic optimal linear quadratic control problem.
Therefore, the conventional linear quadratic control approach will apply, and
the Riccati equation approach will be applicable in this case.

The optimal value function of the problem P (λ, ω) is defined as

V (t, y) = min
π(t)∈M(t)

E[ωy(T )2 − λy(T )|Ft]. (7)

The corresponding HJB equation is⎧⎪⎨
⎪⎩

∂V
∂t

(t, y) + inf
π(t)∈M(t)

{∂V
∂y

(t, y)y(t)[(α0(t) − β(t) + 2σL(t)σL(t)′) + (α̃(t)

−1
2
σL(t)σ(t)′)π(t)] + 1

2
∂2V
∂y2 (t, y)y(t)2[π(t)′σ(t) − σL(t)][π(t)′σ(t) − σL(t)]′} = 0,

V (T, y) = ωy2 − λy.
(8)

Theorem 3.1. Given parameters λ ∈ R, ω > 0, The optimal control strat-
egy of P (λ, ω) is given by we obtain

π(t)∗ = −[(1 − λ
2ω

exp{− ∫ T

t
A(s)ds} 1

y(t)
)α̃(t)(σ(t)σ(t)′)−1

+(3
2
− 1

2y(t)
λ
2ω

exp{− ∫ T

t
A(s)ds})(σ(t))−1σ(t)]′.

(9)

where A(s) = α0(s) − β(s) + 3
2
σL(s)σL(s)′ + 2α̃(s)(σ(s))−1σL(s)′.
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Proof We claim that (8) has the solution of the following

V (t, y(t)) = P (t)y(t)2 + Q(t)y(t) + R(t). (10)

Substituting (10) into (8), we obtain

1
2
Ṗ (t)y(t)2 + Q̇(t)y(t) + Ṙ(t) + inf

π(t)∈M(t)
{(P (t)y(t) + Q(t))y(t)

[(α0(t) − β(t) + 2σL(t)σL(t)′) + (α̃(t) − 1
2
σL(t)σ(t)′)π(t)]

+1
2
P (t)y(t)2[π(t)′σ(t) − σL(t)][π(t)′σ(t) − σL(t)]′} = 0.

(11)

For any t ∈ [0, T ], let

u(t) = (π(t)′σ(t) − σL(t))′. (12)

Then (11) can be rewritten as

1
2
y(t)2[Ṗ (t) + P (t)(2α0(t) − 2β(t) + 11

4
σL(t)σL(t)′ + 3α̃(t)(σ(t))−1σL(t)′

−α̃(t)(σ(t))−1(α̃(t)(σ(t))−1)′)]y(t)[Q̇(t) + Q(t)(α0(t) − β(t) + 5
4
σL(t)σL(t)′

+2α̃(t)(σ(t))−1σL(t)′ − α̃(t)(σ(t))−1(α̃(t)(σ(t))−1)′)] + [Ṙ(t) − Q(t)2

2P (t)

(α̃(t)(σ(t))−1(α̃(t)(σ(t))−1) − α̃(t)(σ(t))−1σL(t)′ + 1
4
σL(t)σL(t)′)]

+ inf
π(t)∈M(t)

{[u(t)′ + (1 + Q(t)
P (t)y(t)

)(α̃(t)(σ(t))−1 − 1
2
σL(t))]

[u(t)′ + (1 + Q(t)
P (t)y(t)

)(α̃(t)(σ(t))−1 − 1
2
σL(t))]′}1

2
P (t)y(t)2 = 0.

(13)
Let P (t), Q(t) and R(t), respectively, denote the solutions of the following

differential equations⎧⎨
⎩

Ṗ (t) = −[2α0(t) − 2β(t) + 11
4
σL(t)σL(t)′ + 3α̃(t)(σ(t))−1σL(t)′

−α̃(t)(σ(t))−1(α̃(t)(σ(t))−1)′)]P (t),
P (T ) = 2ω,

(14)

⎧⎨
⎩

Q̇(t) = −[α0(t) − β(t) + 5
4
σL(t)σL(t)′ + 2α̃(t)(σ(t))−1σL(t)′

−α̃(t)(σ(t))−1(α̃(t)(σ(t))−1)′]Q(t),
Q(T ) = −λ,

(15)

{
Ṙ(t) = Q(t)2

2P (t)
(α̃(t)(σ(t))−1(α̃(t)(σ(t))−1) − α̃(t)(σ(t))−1σL(t)′ + 1

4
,

R(T ) = 0.

(16)
then u(t) satisfies the following equation

u(t)∗ = −(1 +
Q(t)

P (t)y(t)
)(α̃(t)(σ(t))−1 − 1

2
σ(t))′. (17)

From (12) and the verification theorem, we obtain

π(t)∗ = −[(1 +
Q(t)

P (t)y(t)
)α̃(t)(σ(t)σ(t)′)−1 + (

3

2
+

1

2

Q(t)

P (t)y(t)
)(σ(t))−1σ(t)]′.

(18)

Noting that Q(t)
P (t)

= − λ
2ω

exp{− ∫ T

t
A(s)ds}, we get (9).
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