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Abstract. This paper investigates the exponential stability of uncertain switched 
linear system with time varying delay. Based on Lyapunov functional method, 
new sufficient exponential stability robustness criteria are presented. The 
conditions are delay dependent and can be easily checked. Numerical examples 
are provided to demonstrate efficiency and reduced conservatism of the results in 
this paper. 
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1. Introduction 
 
In the past decades, the researches focus on the stability of switched systems and 
designing stabilizing controllers in both continuous time domain and discrete-time 
domain [13, 20, 16-17]. In fact switching systems arise in many practical 
processes that cannot be described by exclusively continuous or exclusively 
discrete models in manufacturing, communication networks automotive engine 
control, chemical processes and so on see e.g. [12, 14]. 
The stability analysis of switched time delay systems has attracted a lot of 
attention [6, 9]. The main approach for stability analysis relies on the use of 
Lyapunov Krasovskii functionals and LMI approach for constructing common 
Lyapunov function and switching rules [1, 3, 19]. In [18], the asymptotic stability 
of switched linear time delay symmetric systems has been studied. Switching 
systems composed by a finite number of linear point time delay differential 
equations has been considered in [3], it has been shown that the asymptotic 
stability may be achieved by using a common Lyapunov function method 
switching rule. In [9], sufficient stability conditions have been obtained by using a 
generalisation of Halanay’s inequality. The exponential stability problem was 
considered in [21] for switching linear systems with impulsive effects by using the  
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matrix measure concept. The exponential stability of time delay systems has not 
received much attention [11, 1]. 
In this paper, we study the exponential stability of a class of switched linear 
systems with time varying delay. Our objective is to derive delay dependent 
conditions for the exponential asymptotic stability. The approach is based on 
Lyapunov Krasovskii functional. The results allow easily to design switching 
rules and to compute the exponential stability rate of the systems solution. Some 
numerical examples are given for illustration. 
 
 
2. Preliminaries 
 
Consider a class of switched uncertain linear systems with time varying delay of 
the form: 

[ ] [ ]
⎩
⎨
⎧

∈φ=

>−Δ++Δ+= σσσσ

,0]h[-     t(t),x(t)

0       t)),t(ht(xDD)t(xAA)t(x&
 (1) 

Where x∈Rn is the state, σ(x): Rn→I:={1,2,…,N} is the switching rule which is 
piece-wise constant function depending on the state in each time, φ∈C([-h,0],Rn) 
is the initial function, with norm )(sup

]0,h[
θφ=φ

−∈θ
, 

[ ]{ }N1,2,...,i ,D,AD,A ii =∈σσ , Ai and Di are given matrices. Moreover σ(x)=i 
implies that the ith subsystem is activated and we have the following subsystem, 

[ ] [ ] 0       t)),t(ht(xDD)t(xAA)t(x iiii >−Δ++Δ+=&  (2) 
h(t), is the unknown time varying delay term, but bounded by: 

µ(t)h     ,h)t(h0 ≤≤≤ &  (3) 
Where h  and µ are given non negative constants. The uncertainty matrices 

)t(AiΔ  and )t(DiΔ  satisfy the following conditions, 

i1i1i1ii0i0i0i H)t(FE)t(D   ;H)t(FE)t(A =Δ=Δ  (4) 
Where N1,2,...,i 0,1,k ,H ,E kiki ==  are given constant matrices with 
appropriate dimensions, )t(Fki  are unknown real matrices satisfying, 

N1,2,...,i  0,1,k   ,IFF ki
T
ki ==≤  (5) 

Definition 1. Given α>0, the system (1) is robustly α-exponentially stable if there 
exist a switching rule σ and a constant β≥1 such that every solution x(t,φ) of the 
system satisfies the following inequality: 

0   t,e),t(x t ≥φβ≤φ α−  

Lemma 1. For any vectors X,Y nR∈ , and any matrix M>0, one has 
MYYXMXYX2 T1TT +≤ −  
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Lemma 2. For any constant matrix nnT RMM ×∈= , M>0, scalar 0)t( >η≥γ , vector 

function [ ] nR,0: →γω  such that the integrations in the following are well 

defined, then: ⎥⎦
⎤

⎢⎣
⎡ ββω⎥⎦

⎤
⎢⎣
⎡ ββω≥ββωβωη ∫∫∫

ηηη )t(
0

T)t(
0

)t(
0

T d)(Md)(d)(M)()t(  

 
 
3. Main Results 
 
Let the matrices R, Q and Q~  be given by: 
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And let, 
)R( 11min1 λ=β  (7) 

( ) ( )imax
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2
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4
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We will first give exponential stability conditions for the nominal systems of (1) 
i.e. the system described by: 

0   ti    )),t(ht(xD)t(xA)t(x ii >∈−+=    I,&  (10) 
 
Theorem 1. For given α≥0, switched linear system (12) is α-exponentially stable 
if there exist symmetric positive definite matrices M, P, Q11, Q22, R11, R22, 
matrices R12, Q12, F0, F1, F2 and F3 satisfying, 

There exist ρi≥0, i=1,2,…,N such that ∑ = >ρN
1i i 0  and ∑ = <ρN

1i ii 0L . (11) 
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 (12) 

The switching rule is chosen as { })t(xL)t(xminarg)x( i
T=σ . Moreover the 

solution x(t,φ) of the system satisfies: 

0  t,  ,e),t(x
1

2t ≥
β
β

=βφβ≤φ α−  (13) 
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Where '*' denotes the symmetric part, 22

T
22

i
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Proof. Let [ ]{ },0h-s ),st(x:x t ∈+=  and consider the following Lyapunov 
Krasovskii functional: 

( ) ( ) ( ) ( )t3t2t1t xVxVxVxV ++=  
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It is easy to verify that, 
( ) 2

t2t
2

1 xxV)t(x β≤≤β  (14) 
where β1 and β2 are defined by (7) and (8). Computing the first time derivative of 
( )txV , we obtain: 
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where, 
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Adding (16) to the right hand side of (15), and adding and subtracting the term 
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of (14) we obtain ( ) 2t2
2

t2
t

2
1 eeV)x(V)t(x φβ≤φ≤≤β α−α− . And then, 

0   t,e)t(x t ≥φβ≤ α−  which concludes the proof.   � 
Remark 2. In [11] the results are given in terms of a set of generalized Lyapunov 
equations type and in [1] the results are expressed in terms of generalized 
algebraic Riccati equation type while in this paper the results are expressed in 
terms of linear matrix inequalities. 
 
Theorem 2. For given α≥0, switched linear system (1) is robustly α-exponentially 
stable if there exist symmetric positive definite matrices M, P, Q11, Q22, R11, R22, 
S1, S2, matrices R12, Q12, F0, F1, F2 and F3 such that condition (11) holds and 
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The switching rule is chosen as { })t(xL)t(xminarg)x( i
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Proof. By letting [ ]0IDDAAB~ iiiii −Δ+Δ+= , we can verify that 
0  ,0B~i ≠ξ∀=ξ . We can write [ ]00DAB  with  BBB~ iiiiii ΔΔ=ΔΔ+= .  
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Rewriting iBΔ  as: [ ] ⎥⎦
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For the case when N=1 (without switching), theorem 2 gives an exponential 
estimate for the robust stability of linear time delay uncertain system described 
by, 
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Corollary 1. For given α≥0, linear time delay system (19) is α-exponentially 
stable if there exist symmetric positive definite matrices P, Q11, Q22, R11, R22, S1, 
S2 matrices R12, Q12, F0, F1, F2 and F3 satisfying the following LMI: 
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Moreover the solution x(t,φ) of the system satisfies:  
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4. Examples 
 
In this section we will give three examples to illustrate the feasibility of the 
approach. 
Example 1 [1]: Consider the uncertain switched linear systems (1) where N=2, 
h(t)=0.5sin2t and 
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In this case we have 0.5µ  and  5.0h == . Applying theorem 3.1 of [1] it is found 
that the system is robustly stable with decay rate α=1. Applying our results, by 
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0005.00014.00037.00460.0
0011.00037.00163.00472.0

0054.00160.00472.02065.0
Q  

⎟
⎠
⎞⎜

⎝
⎛
−

−= 0098.00135.0
0135.00372.0G1 , ⎟

⎠
⎞⎜

⎝
⎛
−

−= 0022.00031.0
0031.00078.0G2 , ⎟

⎠
⎞⎜

⎝
⎛
−

−= 0386.00619.0
0511.01457.0F0 , 

⎟
⎠
⎞⎜

⎝
⎛

−−= 0022.00011.0
0017.00023.0F1 , ⎟

⎠
⎞⎜

⎝
⎛= −

4922.03640.0
3579.08562.010F 3

2 , ⎟
⎠
⎞⎜

⎝
⎛ −−= −

0459.03018.0
1154.05149.010F 4

3  

Satisfy 0H1 > , 0H2 > , and the matrices  

⎟
⎠
⎞⎜

⎝
⎛

−=⎟
⎠
⎞⎜

⎝
⎛
−

−−= 2686.10987.0
0987.03777.3L   ,2664.10947.0

0947.03942.3L 21  

Satisfy 0.5 L1+0.5 L2 < -0.006 I. And the system is robustly stable with decay rate 
2.15 which is greater that that in [1]. Moreover the solution of the system satisfies  

0   t,e6108.4),t(x t15.2 ≥φ≤φ −  
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Example 2 [11]: consider switched linear delay system with N=2, 

t5.0sin)t(h 2= , and  

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛=

4
3

2
2

1
1 a0

0aA  ,a0
0aA ,  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟

⎠
⎞⎜

⎝
⎛= −

−
22

22
21 ee

eeD  ,11
11D  

Where ,3e75.3a  ,3e875.1a 4
2

4
1 −−=−−=  5.3e3125.0e125.0a 48

3 −−−=  

and 5.3e5e2a 48
4 −−−= . In this case we have 1h =  and µ=0.5. In [11] it is 

found that the systems is exponentially stable with decay rate α=2. Applying 
theorem 1 with the decay rate α=3.2, we found that both the condition (11) and 
(12) are satisfied with the system matrices Li given by:.  

⎭
⎬
⎫

⎩
⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛

−−
−−=⎟

⎠
⎞⎜

⎝
⎛

−−
−−= 8317.10594.0

0594.00632.010L   ,5107.74387.2
4387.27084.3L 4

21  

Consequently the system is robustly stable with decay rate α=3.2.  
 
Example 3 [2]: consider the uncertain linear time delay systems (21) with,  

⎟
⎠
⎞⎜

⎝
⎛

−
−= 41

04A , ⎟
⎠
⎞⎜

⎝
⎛= 1.01

01.0D , h(t)=0.2cos2(2.5t) 

⎟
⎠
⎞⎜

⎝
⎛== 10

01EE 10 , ⎟
⎠
⎞⎜

⎝
⎛== 2.00

02.0HH 10 ,  

Then we have 2.0h = , µ=0.5. the criteria for exponential stability obtained in [4, 
7] are not applicable. Applying corollary 1, we obtain a decay rate α=3.4039. For 
the comparison with other approaches we give table 1. 
 
 

approach Decay rate α 
Corollary 2 3.4039 
Hien and Phat [2] 2.03 
Mondie and Kharitonov [8] 1.786 
Niculescu  et al. [10] 1.625 

Table 1: decay rate α 
From the numerical examples it is clear that our approach may give improved 
decay rate for both switched or non switched systems. 
 
 
5. Conclusion 
 
In this paper, some new delay dependent robust exponential stability criteria for 
switched linear systems have been presented. These criteria are expressed in terms 
of linear matrix inequality. The approach uses Lyapunov Krasovskii functional 
combined with slack variable approach. Some numerical examples are given to 
illustrate these results presented in this paper have significant improvement over 
the existing ones. 
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