Applied Mathematical Sciences, Vol. 5, 2011, no. 8, 395 - 405

Exponential Stability of Switched Linear Systems
with Time-Varying Delay

El Houssaine Tissir

Department of Physics, Faculty of Sciences
Dhar El Mehraz B.P. 1796
Fés-Atlas Morocco

Abstract. This paper investigates the exponential stability of uncertain switched
linear system with time varying delay. Based on Lyapunov functional method,
new sufficient exponential stability robustness criteria are presented. The
conditions are delay dependent and can be easily checked. Numerical examples
are provided to demonstrate efficiency and reduced conservatism of the results in
this paper.
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1. Introduction

In the past decades, the researches focus on the stability of switched systems and
designing stabilizing controllers in both continuous time domain and discrete-time
domain [13, 20, 16-17]. In fact switching systems arise in many practical
processes that cannot be described by exclusively continuous or exclusively
discrete models in manufacturing, communication networks automotive engine
control, chemical processes and so on see e.g. [12, 14].

The stability analysis of switched time delay systems has attracted a lot of
attention [6, 9]. The main approach for stability analysis relies on the use of
Lyapunov Krasovskii functionals and LMI approach for constructing common
Lyapunov function and switching rules [1, 3, 19]. In [18], the asymptotic stability
of switched linear time delay symmetric systems has been studied. Switching
systems composed by a finite number of linear point time delay differential
equations has been considered in [3], it has been shown that the asymptotic
stability may be achieved by using a common Lyapunov function method
switching rule. In [9], sufficient stability conditions have been obtained by using a
generalisation of Halanay’s inequality. The exponential stability problem was
considered in [21] for switching linear systems with impulsive effects by using the
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matrix measure concept. The exponential stability of time delay systems has not
received much attention [11, 1].

In this paper, we study the exponential stability of a class of switched linear
systems with time varying delay. Our objective is to derive delay dependent
conditions for the exponential asymptotic stability. The approach is based on
Lyapunov Krasovskii functional. The results allow easily to design switching
rules and to compute the exponential stability rate of the systems solution. Some
numerical examples are given for illustration.

2. Preliminaries

Consider a class of switched uncertain linear systems with time varying delay of
the form:

x(t) =[Ag + AA; x(t) +[Dg + ADg Jx(t—h(t)), t>0

{x(t) =o(t), te[-h0]
Where xeR" is the state, o(x): R"—>I:={1,2,...,N} is the switching rule which is
piece-wise constant function depending on the state in each time, ¢ C([-h,0],R")
is the initial function, with norm ||(|)|| = sup ||(|)(9)
e[-h,0]

(1)

2

Ag.Ds €{A;,D;]i=1.2.....N}, A; and D; are given matrices. Moreover o(x)=i
implies that the ith subsystem is activated and we have the following subsystem,

X(t) =[A; + AA; [x(t) +[D; + AD; Jx(t —h(t)), t>0 2)
h(t), is the unknown time varying delay term, but bounded by:
0<h(t)<h, h)<p (3)

Where h and p are given non negative constants. The uncertainty matrices
AA;(t) and AD;(t) satisfy the following conditions,

AA; (D) = EgiFoi (DHoj; AD;(t) = EjiFy (HH; 4)
Where Ey;, Hy;, k=0,1,i=1,2,...,N are given constant matrices with
appropriate dimensions, Fy;(t) are unknown real matrices satisfying,

T .
FLF. <L k=0,1,i=12,.,N (5)

Definition 1. Given o>0, the system (1) is robustly a-exponentially stable if there
exist a switching rule ¢ and a constant $>1 such that every solution x(t,$) of the
system satisfies the following inequality:

Ix(t,¢)] <Be™[¢], t=0
Lemma 1. For any vectors X,Y € R™, and any matrix M>0, one has
2xTy < x™M7Ix+vyTmy
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Lemma 2. For any constant matrix M=M" e R™", M>0, scalar y >n(t) >0, vector

function m:[O,y]—) R" such that the integrations in the following are well

defined, then: n()[" 0" B)Ma(B)dp > [ [ m(B)dBJT M[ [ m(B)dB}

3. Main Results

Let the matrices R, Q and (N) be given by:

Rijp Ry Qi Q] = [T AT} (1 0
R:( T Q[ on on Qe[ i e ©)
Rz Ry Q2 Q2 0 D, ) \Ai Dj
And let,
B1 = Amin (Ry1) 7)
~2ah ~2ah T
T l-e e +20h -1 ~
B2 = (1+h2))"max(R)+—7bmax(P)+ 5 max kmaX(Qi) (8)
20 4o 1<i<N
Li =Riz +R} +P—1_Tue_2ahQ22 +FoAj +A[Fy +M 9)

We will first give exponential stability conditions for the nominal systems of (1)
i.e. the system described by:
x(t) = Ajx(t) +Dix(t-h(t)), 1e, t>0 (10)

Theorem 1. For given >0, switched linear system (12) is a-exponentially stable

if there exist symmetric positive definite matrices M, P, Q;1, Q2, Ry, Rao,
matrices Riz, Qi2, Fo, F1, F> and F5 satisfying,

There exist p;i>0, i=1,2,...,N such that Ziliﬂ)i >0 and Zil\ilpiLi <0. (11)
. . . 1_ _ -
Gi; Gia Gis T”e 22 Q) ~Ryy —20R —AiTF3T

o L
* Ghy Ghy  (1-wRy ———re 2"Qf, -D'Ff

G, = _ h >0 (12)
* % Gi Fj R,
*ooox 1_Tpe_zthn —20R 5,

The switching rule is chosen as o(x) = argmin {XT (t)Lix(t)}. Moreover the

solution x(t,$) of the system satisfies:

[x(t.0)| <Be™*[4]. B= P2 50 (13)

B
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Where '*' denotes the symmetric part, Gi33 =F + F;_T ~hQy; Gi23 =F - DITFZT ;

i — TET. i I-u —20h TRT
Gi3=Fp—Ry;—hQp —~A{ Fy ; G12=(1—H)R12—Te *Qp -FyDj A/ F

. BN 1_ Ak . —
G122 = (l—u)e 2ahP+Tue 2ahQ22 _FlDi —D;IFIT;Gil ZM—2O(,R11 _thl

Proof. Let x; = {X(t +5),s € [— H,O]} and consider the following Lyapunov
Krasovskii functional:

V(x¢) = Vi(xg)+ Vo lx)+ Va(xy)
With

x(t) ) x(t)
Vilko)= .[t h()X(s) J.tt—h(t)x(s)ds ’

\%) (Xt ) = J-—h(t) 2os T (t+s)Px(t+s)ds

T
t+0 t+0
V3(Xt)=ﬁ) J-oezae >f( +0) 9 >_<( *9)) 104
h(t)Js x(t+0) x(t+0)
It is easy to verify that,

Bilx(O]F < V()< Bafx, ] (14)
where [3; and 3, are defined by (7) and (8). Computing the first time derivative of
V(x4 ), we obtain:

| (0 (0
= t
Vi(x) Tt XS (X(t) 1- h(t))x(t—h(t)J

Va(x¢)=xT (OPx(t) - (1= h(t)e >*MOxT (t - h(t))Px(t - h(t) — 2aV (x)

v (xO) (x@®) —2an(n[ X() b xe),

Vg(xt)—hm(x(t)j Q[X(t)] A-hof e o)) Usge) B 20V300

Let &(t) = |:XT('[) xT(t—h(t) x'(b)

(3) and applying lemma 2 we obtain,
Vi(x0) < xTOR 1 + R k0 - ET 0Ty - 20V (x,)
Vy(x¢) < x T (0)Px(t) — &7 (OTE(H) — 20V, (x)

Va(x)< - IH“ 200 T (1)Qapx(t) €T (O T3E(1) - 2a0V3 (x, )

T
jt xT (s)ds} . Taking account of
t—h(t)

where,
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—20R (I-wR1> —Rjp =Ry —2aRyy

. (1-pR 0 0 (I-wRy
l =
—R11 0 0 -Ryp
~Ry —20R{, (I-pRy -Rf, —20R 2
0 0O 00
T, =| 0 (1-pe 2*"p 0 0
0 0 00
0 0 00
o —2ah = 1 —2ah
—hQq, hu) “'Qp —hQyy (hu) *hql,
(I-p) —20h (I=p) —20h (I-1) 2ah AT
—————C 0 ————C
T, = P Q2 — Q22 ) = Q2
~hQ, 0 —hQy, 0
1- —20h 1- _2qh 1-— _
( Hu)e 2(1th2 ( Hu)e 2c>mQ12 0 (I-p) . 1)) ZochQH

Letting T =T + T, + T3 we have,
V(x)+20V(x,) < XT(t)[Rlz R}, +P—“%—”e‘Z“thz}xm—aT(oTa(t)
(15)
Now let B; :[Ai D; -1 O] and F = [FOT FIT F2T F3T]T We can easily verify
that B;£ =0, V& #0, and,
gT(t)[FBi +BiTFTJa(t) =0,i=1,2....,N (16)
Adding (16) to the right hand side of (15), and adding and subtracting the term
XT(t)Mx(t) with M a positive definite matrix we get, V(x;)+2aV(x,) <
x T (HL;x(t)— ET (1)G;(t) . Since the condition (12) holds, it follows that
V(x,)+2aV(x,) < x T (HL;x(t) (17)
From condition (11) we have Z _,piLi <0, where p>0, =1,2,...N and
ZNlpl >0. Since p>0, and Z —1Pi >0, so Z “1Pi . rlnmNX (t)L x(t) <

ERRAE]

Zizlpix (t)L;x(t) < 0. By choosing the switching rule as:

G(x)—arg min X (t)L x(t)

LRARE]

We have V(Xt) +20V(x¢)<x (t)LiX(t) < nzizlpix (t)L;x(t) <0. Where

-1
n= (Zililpij . This implies that V(x;) < V((i))e_ZOLt , t>0. Taking account
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of (14) we obtain Byx(D)[* < V(x) < V(0)e 2* <Bre2*[¢|*. And then,
[x(o] <pe™ |

Remark 2. In [11] the results are given in terms of a set of generalized Lyapunov
equations type and in [1] the results are expressed in terms of generalized
algebraic Riccati equation type while in this paper the results are expressed in
terms of linear matrix inequalities.

, t>0 which concludes the proof. 1

Theorem 2. For given a>0, switched linear system (1) is robustly a-exponentially
stable if there exist symmetric positive definite matrices M, P, Q;1, Q22, Ry, Raa,
S1, Sz, matrices Ry», Q12, Fo, F1, F» and F;5 such that condition (11) holds and

Hj; Hjy Hj; Hjsy -FoEq; —FoEy
* Hy Hy; Hy -FiEg -FiEj;
H=| * * Hj; H§4 —FoEoi —F2E4i |50,i=12...N (18)
* %% Hy -F3Eq -F3E
* * * * S; 0

The switching rule is chosen as o(x) = arg min{xT (t)LiX(t)}. Moreover the

, t>0

solution x(t,¢$) of the system satisfies: ||x(t,¢)|| < \/EZ ot ” 0
1

Where '*' denotes the symmetric part, 3; given by (11), B, = (1 +h? )Kmax (R)+

_ _—2ah —20h L - - .
lez—akmax (P) + : 4;§ah : 12?1(\1[7\'max (Ql )"‘ A max (Ql ))‘max (Hi )]

And where Q; =[Eq; Ej;] Qu[Eq Eji} H; :dlag{HOiHOiaHliHli };

i T i I-p _2qh TT
Hij =M-20Ry; —hQ —HSiH; s Hip =(1—M)R12—T“e *"Q -FD; A

i = TeT. i 1=H 2ah AT ToT
Hi; =Fy—Ry; —hQ; — A; Fz,Hi4=—H e “*"Qi—Rp —20R;, A Fy
i —2ahp =M —20h TeT _yT
H122 :(l—u)e aP+TC anz—FlDi—Di Fl —H1-82H1i

1

' TpT. i -0 2gh AT  ToT
H123:F1_Di FZ;H124:(1_H)R22_THG ¢ le_Di F3

i T 1+ i T i -0 _20h
Hy3 =F, +F; —hQp;H34 =F; —Ryp;Hyg = H“e *1Qi1 —20R )

Proof. By letting B; =[A; + AA; D; +AD; —1 0], we can verify that
B;& =0, V&= 0. We can write B; = B; + AB; with AB; =[AA; AD; 0 0].
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Rewriting AB; as: AB; = [EOi Ey; (F()io(t) Fl-o(t)j[H(;)i Hol 8 8} , using (5) and
1 1

Lemma 1, the proof follows as in theorem 1 with the use of Schur complement.
The computation of B, may be easily carried when taking account of (5) and the

following equality where y(0) = x! (0) x! Chs h)]T ,

T T
x(6) xXON\_. TG, T 0 0 0 0
[36) o) 00a@ 0% 4D, ) Qad, ab, 1O :
For the case when N=1 (without switching), theorem 2 gives an exponential
estimate for the robust stability of linear time delay uncertain system described
by,
X(t) = (A + AA(t) )x(t) + (D + AD(t) )x(t —h(t)), t>0
where

AA(t) = EOFO (t)Ho, AD(t) = ElFl (t)Hl, FkTFk < I, k= 0,1

Corollary 1. For given 0>0, linear time delay system (19) is o-exponentially
stable if there exist symmetric positive definite matrices P, Q1, Q22, Ri1, Rao, Sy,
S, matrices Rz, Qi2, Fo, F1, F2 and F5 satistying the following LMI:

T
G11+HpSiHyg G2 Gz G FEp FE;
T
* Gy +HiSyHy Gz Gpy FEp HRE;
G- * * G33 Gy FBEg BE;|_,
* * * Gu RE) KE;

Moreover the solution x(t,d) of the system satisfies:

||x<t,¢>||sj%e-m|¢

Where "*' denotes the symmetric part, B; = Apin (R),
B2 = 102 o (R) + e ()12 10 B (@) s (@ (1] with

, t20

- T B B
QZG) gTJQ@ [())j Q=[E, E,["QnlE, Ei} H=diag{1{gH0,HlTHl}

And where G,; =Rj5 +R{, +20R | +P+hQ —I_T“e‘zo‘th2 +FA +ATE];

—2ahp =W —2ah TrT TrT
GZZ =—(l—u)e a P—Te a Q22+F1D+D Fl ;G23 =—F1+D Fz;

(19)

(20)

21)

(22)
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= T. T. - _2ah~ .
G33=hQo -F, —F ;G54 =Ry —F3 ;G =20R; - = © Qs
= TpT. - 26h AT | ATgT.
G13 =R11+hQ12—F0+A F2,G14 :R22+2aR12—Te @ Q12+A F3 5
l-p _2ah TwT
Gpp ==(=pRp +—"c "Qp +FD+AF ;

no
Gy =~(I-WRyy +—Fe"Qh + DTE

4. Examples

In this section we will give three examples to illustrate the feasibility of the
approach.

Example 1 [1]: Consider the uncertain switched linear systems (1) where N=2,
h(t)=0.5sin’t and

(=20 1 (5 -1 (1 -1 (1 -1
Al‘(—4 6)’ A2‘(1 -30j’D1 “(1 —1)’ D2‘(3 —4)
10 02 0
Hoi =Hj; =(0 1), Epi = Ej; =( 0 0_2)

In this case we have h = 0.5 and p = 0.5. Applying theorem 3.1 of [1] it is found

that the system is robustly stable with decay rate a=1. Applying our results, by
theorem 2 it is found that the solutions
0.1441 -0.0583 0.0014 -0.0004
P _( 0.4503 —0.3576) R =| —0.0583 0.0476  0.0002 —0.0001
~\—03576 0.4542 )> ™ | 0.0014 0.0002 0.0015 -0.0003
—0.0004 —-0.0001 —0.0003 0.0001

0.2065 —0.0472 0.0160 0.0054

M—( 1.5703 —0.6601) Q= —-0.0472 0.0163 -0.0037 —0.0011
| —-0.6601 0.4725 )> <~ | 0.0460 -0.0037 0.0014 0.0005
0.0054 -0.0011 0.0005 0.0002

G, = 0.0372 -0.0135 G, = 0.0078 —-0.0031 Fo = 0.1457 -0.0511
17(-0.0135 0.0098 )> =2 7(-0.0031 0.0022 )> "0 ~(-0.0619 0.0386 )’

E = 0.0023 0.0017 E =107 0.8562 03579 F =104 -0.5149 -0.1154
17(-0.0011 -0.0022)> "2~ 0.3640 0.4922)> "3 0.3018 0.0459

Satisfy H; >0, H, >0, and the matrices

L, = -3.3942 —-0.0947 L, = 3.3777 0.0987
I71-0.0947 12664 ) =2 710.0987 —1.2686

Satisty 0.5 L;+0.5 L, <-0.006 I. And the system is robustly stable with decay rate
2.15 which is greater that that in [1]. Moreover the solution of the system satisfies

[x(t,0)] < 4.6108¢2"g], t=0
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Example 2 [11]: consider switched linear delay system with N=2,
h(t) =sin? 0.5t , and

_(aq 0 _(aj3 0 (11 _ 6_2 62
Al_(o azja A2_(0 a4j9 Dl _(1 1)9 D2_(e2 e—2
Where a; =—1.875¢% =3, a, =—3.75¢* =3, a3 =-0.125¢% —0.3125¢* -3.5

and ay = —2e% —5¢* —3.5. In this case we have h =1 and p=0.5.In[11]itis

found that the systems is exponentially stable with decay rate a=2. Applying
theorem 1 with the decay rate a=3.2, we found that both the condition (11) and
(12) are satisfied with the system matrices L; given by:.

L, = —3.7084 —2.4387 L, =104 —0.0632 —0.0594
171 -24387 -7.5107) ~2~ —-0.0594 -1.8317

Consequently the system is robustly stable with decay rate a=3.2.

Example 3 [2]: consider the uncertain linear time delay systems (21) with,

-4 0 0.1 0
A:( 1 _4j, D:( 1 O‘J,h(t)=0.2cosz(2.5t)

10 02 0
EO:EI:(O 1)’H0:H1:(0 0.2)’

Then we have h = 0.2, p=0.5. the criteria for exponential stability obtained in [4,
7] are not applicable. Applying corollary 1, we obtain a decay rate a=3.4039. For
the comparison with other approaches we give table 1.

approach Decay rate o
Corollary 2 3.4039

Hien and Phat [2] 2.03

Mondie and Kharitonov [8] 1.786
Niculescu et al. [10] 1.625

Table 1: decay rate a
From the numerical examples it is clear that our approach may give improved
decay rate for both switched or non switched systems.

5. Conclusion

In this paper, some new delay dependent robust exponential stability criteria for
switched linear systems have been presented. These criteria are expressed in terms
of linear matrix inequality. The approach uses Lyapunov Krasovskii functional
combined with slack variable approach. Some numerical examples are given to
illustrate these results presented in this paper have significant improvement over
the existing ones.
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