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1. Introduction

The real world problems in scientific fields such as solid state physics, plasma
physics, fluid mechanics, chemical kinetics and mathematical biology are nonlinear in
general when formulated as partial differential equations or integral equations. In the
last two decades, many powerful and simple methods have been proposed and applied
successfully to approximate various types of singular integral equations with a wide
range of applications [1,2,6-8].
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The generalized Abel’s integral equation of the second kind is given by

y(x) = f(x)+ﬁf%dt, 0<x<1, (1)

where 1 € C is a parameter and 0 < a <1.A well known result for the above
equation is the following.

Theorem 1: For each complex A # o,

y(x) = f(x)+£R(x—t)f (t)dt, )

Where R(X) _ i [/11“(1— a)x(lfa)]n

~  xn@-a)] 3)

is the unique solution of equation (1), [4].

The closed form solution (2) is not very useful in many cases where it is difficult to
evaluate the integral appearing in (2). So, it is desirable to have numerical solution for
the generalized Abel’s integral equation (1).

Recently, Pandey et al [7] obtained numerical solution of (1) for A =1and o = %
using HPM, ADM, MHPM and MADM. This motivated us for the present work where
we have taken & to be any number between 0 and 1.

The aim of the present paper is to propose HPM to solve the generalized Abel’s
integral equation (1) and show that ADM and MADM is HPM and MHPM with the
constructed convex homotopy to solve (1) respectively.

2. Homotopy Perturbation Method and its modification

In this method, using the homotopy technique of topology, a homotopy is constructed
with an embedding parameter p < [0,1]which is considered as a “small parameter”.

This method became very popular amongst the scientists and engineers, even though it
involves continuous deformation of a simple problem into a more difficult problem
under consideration. Most of the perturbation methods depend on the existence of a
small perturbation parameter but many nonlinear problems have no small perturbation
parameter at all. Many new methods have been proposed in the late nineties to solve
such nonlinear equation devoid of such small parameters. Late 1990s saw a surge in
applications of homotopy theory in the scientific and engineering
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computations[i, 2,5—-7] When the homotopy theory is coupled with perturbation theory

it provides a powerful mathematical tool. A review of recently developed methods of
nonlinear analysis can be found in [6]. To illustrate the basic concept of HPM, consider
the following nonlinear functional equation

A(u) = f(r), reQ,withthe boundary conditions B(u,%jzo, reoQ, 4)
where Ais a general functional operator, B is a boundary operator, f(r)is a known

analytic function, andoQ is the boundary of the domainQ. The operator A is
decomposed as A= L + N, whereL is the linear and N is the nonlinear operator. Hence

Equation (4) can be written as
L(u)+ N(u)- f(r)=0, reQ.

We construct a homotopy v(r, p) : Qx[0,1] - R satisfying

H(v, p)=(L- p)[LVv) - Luy)]+ p[AV) - T (1)]=0, pe[0l], reQ. (5)
Hence
H (v, p) = L(v) = L(uy) + pL(Uy) + p[N (V) - F(r)]=0, (6)

where u, is an initial approximation for the solution of (4). As
H(v,0) = L(v) - L(u,) and H(v,1) = A(v) — f(r), (7)

it shows that H (v, p) continuously traces an implicitly defined curve from a starting
point H(u,0) to a solution H(v,1).The embedding parameter p increases
monotonously from zero to one as the trivial linear part L(u) = O deforms continuously
to the original problem A(u) = f(r). The embedding parameter p [0,1] can be
considered as an expanding parameter [5] to obtain

V=V, + PV, + PV, +.... (8)
The solution is obtained by taking the limitas p tends to 1 in equation. (8). Hence

u=Ilimv=vy+v,+v,+.... (9)
p—1

The series (9) converges for most cases and the rate of convergence depends on

A(u) - f(r) [6].



226 S. Kumar, O. P. Singh and S. Dixit

3. Method of Solution

We consider the following convex homotopy

(x-1)°

We seek the solution of (1) in the following form,

- PILOO -y, (]+ | LOO— £ ()~ [0 }:, (10)

L(x) = lim> p'L, (x) (11)

where, L;(x),i=0.1,2,3,... is the function to be determined. We use the following
iterative  scheme to evaluateL, (x).The initial approximation to the

solution L, (x) = y,(x) is taken to be f (x), therefore, L,(x) = y,(x) = f (x).
Substituting (11) in(0) and equating the corresponding powers of P , we get

P’ Ly(x) = f(x),

o Lo - [l

0t 100 - [l

ot L0 = [

p": Ln(X)=i%dt. (12)

Hence, the solution of Equation (1) is given by
= i = N . l
y(x) =lim L(x) Z; L; (x) (13)

In the modified Homotopy perturbation method (MHPM), we break f(x) into an
infinite sum as follows,
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£(x) = 3 K (x), and define, ¥ (x, p) = 3 p'k,(X) > f(x) as p—>L (14)

i=0 i=0

The initial approximation to the solution is taken to be k,(x). Substituting (11) and (14)

into (10) and equating coefficients of P with the same power one gets the exact
solution.

It is to be noted that the rate of the convergence of the series (14) depends upon the
initial choice yo(x) also as illustrated by the given numerical examples.

4. Adomian Decomposition Method and its modification

The Adomian decomposition method has been applied to a wide class of functional
equations [3,9] by scientists and engineers since the beginning of the 1980s. Adomian
gives the solution as an infinite series usually converging to a solution. Consider the
following singular integral equation of the second kind of the form

y(x) = f(x) +_|.k(x,t)y(t)dt, f(x) e L?(a,b). (15)
0
The ADM assumes an infinite series solution for the unknown function y(x), given by

V00 = X ¥, (0. (16)

Substituting (16) into (15), we get
3y, (0= £+ KD v, (. an

The ADM use the following recursive relation to evaluate the various iterates

Y1, ¥2) Y3+ in (16)

Yo (X) = f(X), Yor () = [K(X D)y, (Ddt, n>0. (18)
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Recently, Wazwaz [9] proposed a modification in ADM by constructing the zeroth
componenty,(x) of the decomposition in a slightly different way. He splitted the

function f(x) as the sum of two functions f,(x) and f,(x) inL? (R ). and suggested
the following recursive scheme:

YO(X) = f (X)1

Yo (X) = £ + [ k(1) yo (D),

Yo (X) = [K(X,) Y, (t)dt, n>1. (19)
0

This type of modification provides more flexibility to the ADM in solving complicated
integral equations and avoids the unnecessary complexity in calculating the Adomian
polynomials. In this case, the decomposition series (16) has a rapid rate of convergence
in real physical problem. The rapid convergence ensures that only a few iterations are
required to get the accurate solution of the problem. In this paper, we assume the kernel
k(x,t) to be generalized Abel’s kernel i.e.

, 0<x<l O<eax<l

Theorem?2. The Adomian decomposition method is a special case of the He’s homotopy
perturbation method. Likewise modified Adomian decomposition method follows from
the modified homotopy perturbation method.

Proof. Follows trivially from equations (11), (12), (16) and (18).

5. llustrative Examples

The simplicity and accuracy of the proposed method is illustrated by the following
numerical example and by computing the absolute errors
E(x) =] y(X) -y, (X |, wherey(x) is the exact solution and y, (x) is an approximate

solution of the problem obtained by truncating equation (11).

Example 1 Consider the Generalized Abel’s integral equation of second kind
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y(x):x2+£x%—.|x‘&dt, (20)
40 0 (X —-t)13

with the exact Solution y(x) = x>.

Case 1(a) Homotopy perturbation method

Taking L,(x) = x* + %x%, the various iterates are obtained from equation (12).

The first few iterates are as follows:

2x%4[F[ZJJ
25 3))

Ll(X) = -
40 r(13 j
3
<(r(3)) (S5
L, (x) = 8)) . 3) \3
T 40 r(lsj |
3
3 3
<[r(3)) e (r(3)
L =_ —
(%) 12 6160 ’

The Fig.1 shows the absolute error between the exact solution y(x) and the
approximate solutiony, (x) obtained from (11) by truncating it at level n=13.
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Figure 1. The absolute error for Examplel, case 1(a) (n=13).

Case 1(b) Now choosing a different initial guess

L, (X) = X, the following iterates of the solution are obtained

L,(x) = —Xx+ x* - S 3% 2%
10 40
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N
3 3
The Fig. (2) is drawn at the same level of truncation, n (=13) as was the case of Figure

D).
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Figure 2. The absolute error for Example 1, case 1(b) (n=13).

From Figs.1 and 2, one observes the dependence of the convergence rate of the series
(13) on the initial choice vy, (x).

Case 1(c) Modified Homotopy perturbation method
© 27 8
Writing f (x) = Y k;(x).wherek, (X) = X%,k (X) = Exéand k. (x) = 0 for
i=0
i > 2, weget L,(x) = x>
Hence, the various iterates are as follows:

pO: LO(X):XZ’

pt: L(X)= i—7x% —ILO—(t)dt =0,
0

0 (x—t)
2 . (Li(t)
p?: Ly(x)=[—=U g~ o
'c[(X—t)A

Therefore, one can see that L, (X) = O, forall n > 1, and hence,
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L(X) = Lo(Xx)+ L,(X)+ L,(X)+..= x>,

is the exact solution.

5. Conclusions

We have proposed a simple algorithm based on homotopy perturbation method to solve
generalized Abel’s integral equation. It is proved that ADM is special case of HPM.
From the above numerical example, it is obvious that when we apply MHPM, the
iterates become zero from second iterates itself. The rate of convergence for the series
representing the solution obtained by HPM depends upon the initial choice L, (x) .
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